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Preface

The first international conference on boundary value problems,
integral equations and related problems was convened from Septem-
ber 2 to 7, 1990 in Beijing, China. The second international con-
ference on the same subjects was convened from August 8 to 14,
1999 in Beijing and Chengde, Hebei, China. From August 20 to 25,
2010, we held the third international conference on boundary value
problems, integral equations and related problems in Beijing and
Baoding, Hebei, China.

In this third conference, the following topics were discussed:

1. Various boundary value problems for partial differential equa-
tions and functional equations.

2. The theory and methods of integral equations and integral
operators including singular integral equations.

3. Applications of boundary value problems and integral equa-
tions to mechanics and physics.

4. Numerical methods of integral equations and boundary value
problems.

5. Theory and methods for inverse problems in mathematical
physics.

6. Clifford analysis, and some related problems.

The conference was organized by Peking University, Fudan Uni-
versity, Wuhan University, Beijing Normal University, Sun Yat-Sen
University, Ningxia University, Hebei University, Hebei Normal Uni-
versity and Renmin University of China. The conference was sup-
ported by the Education Ministry, the Chinese Mathematical So-
ciety, the Mathematical Center of Ministry of Education and the
National Natural Science Foundation of China, and also supported
by many colleagues in China and abroad. There were about 110 at-
tendants at the conference and 16 of them were foreign experts from
USA, Russia, Greece, Poland, Japan, France, Iran, Canada, etc. The
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attendants proposed about 70 talks.

Now our international conference has just come to a successful
close. Through the one-week interaction, we exchanged the views of
mathematical problems through talks and academical materials, we
can gather to learn the recent achievements, to explore the future,
to share our knowledge, we promoted mutual understanding and
friendship among the colleagues and made progress on further devel-
opment of research on boundary value problems, integral equations
and related problems. We often organize symposia, but this was the
third international conference. This proceedings volume contains 44
papers. The editors apologize for being unable to include all the
talks given during the conference.

Finally, as editors we express our gratitude to the contributors
of the volume for sending us their manuscripts. We also thank the
editorial staff of World Scientific Publishing Company for making
the publication of this volume possible.

Cheif Editor :

Guo Chun Wen (Peking University)

Editorial Board:

Jin Cheng (FudanUniversity)

Dai Qing Dai (Sun Yat-Sen University)

Jin Yuan Du (Wuhan University)

Hong Ya Gao (Hebei University)

Xing Li (Ningxia University)

Yu Ying Qiao (Hebei Normal University)

Zuo Liang Xu (Remin University of China)

Zhen Zhao (Beijing Normal University)
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GALERKIN METHOD FOR A QUASILINEAR PARABOLIC
EQUATION WITH NONLOCAL BOUNDARY CONDITIONS

BAI-LI CHEN
Gustavus Adolphus College, MN 56082, USA

E-mail: bchen@gustavus.edu

Existence of a generalized solution is proved for a quasilinear parabolic equa-
tion with nonlocal boundary conditions using Faedo-Galerkin approximation.
Keywords: Faedo-Galerkin method, nonlocal boundary conditions, a priori es-
timates, quasilinear parabolic equations, generalized solution.
AMS No: 35K20, 35K59, 35B45, 35D30.

1. Introduction

In this paper, we apply Faedo-Galerkin method to the following quasilinear
parabolic equation with nonlocal boundary conditions, and establish the
existence of a generalized solution for the problem

∂u

∂t
−

n∑

i=1

∂

∂xi
(|u|p−2 ∂u

∂xi
)+|u|p−2u=f(x, t), x∈Ω, t∈ [0, T ], (1.1)

u(x, t) =
∫

Ω

k(x, y)u(y, t)dy, x ∈ Γ, (1.2)

u(x, 0) = u0(x). (1.3)

It is well known that Faedo-Galerkin method is used to prove the existence
of solutions for linear parabolic equations in [6]. In [5], Faedo-Galerkin
method is coupled with contraction mapping theorems to prove the exis-
tence of weak solutions of semilinear wave equations with dynamic bound-
ary conditions. Bouziani et al. use Faedo-Galerkin method to show the
existence of a unique weak solution for a linear parabolic equation with
nonlocal boundary conditions (see [2]). J. L. Lion’s book (see Ch I, [7]), col-
lects the work of Dubinskii and Raviart, in which they use Faedo-Galerkin
method to prove the existence and uniqueness of weak solution for a quasi-
linear parabolic equation with homogeneous boundary condition.

However, to the author’s best knowledge, the literatures studying quasi-
linear parabolic equations with nonlocal boundary conditions are very lim-
ited. In [4], T. D. Dzhuraev et al. study a quasilinear parabolic equation
with nonlocal boundary conditions of a different type.

Problem (1.1)–(1.3) is the extension of the problem in (p. 140, [7]), in
which the boundary conditions are homogeneous.

The paper is organized as follows: in Section 2, we give the definition of
the generalized solution of problem (1.1)–(1.3) and introduce the function
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spaces related to the generalized solution. In Section 3, we demonstrate
the construction of approximation solutions by Faedo-Galerkin method,
and derive a priori estimates for the approximation solution. Section 4 is
devoted to the proof of existence of the generalized solution by compactness
arguments.

2. Preliminaries

Throughout this paper, we use the following notations:

Ω : regular and bounded domain of Rn.
Γ : boundary of Ω
( , ) : usual inner product in L2(Ω).
W k,p(Ω) : Sobelev space on Ω.
Hr(Ω) : Sobelev space W r,2(Ω).
Lp(Ω) : Lp space defined on Ω.
Lp(Γ) : Lp space defined on Γ.
| |p : norm in Lp(Ω).
| |p,Γ : norm in Lp(Γ).
H−r(Ω) : dual space of Hr(Ω).
| |H−r(Ω) : norm in H−r(Ω).
c : nonzero constant which may take different values

on each occurrence.
C : nonnegative constant which may take different values

on each occurrence.
↪→ : continuous embedding
K(x) : norm of k(x, y) in Lq(Ω) with respect to y, i.e.

K(x) = (
∫
Ω
|k(x, y)|qdy)

1
q .

Ki(x) : norm of Dik(x, y) in Lq(Ω) with respect to y, i.e.
Ki(x) =

∫
Ω
|∂k(x,y)

∂xi
|qdy)

1
q .

Throughout this paper, we make the following assumptions:

(A1) n ≥ 2, p > n, r >
n

2
+ 2.

(A2)
1
p

+
1
q

= 1.

(A3) f ∈ Lq(0, T ;Lq(Ω)) and u0 ∈ L∞(Ω).

(A4) For any x ∈ Γ, K(x) < ∞, Ki(x) < ∞.

(A5)
n∑

i=1

∫

Γ

K(x)p−1Ki(x)dΓ < 1− 1
p
.
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With assumption (A1), using Sobelev embedding theorems (see [1]), we
have

Hr(Ω) ↪→ W 2,p(Ω) ↪→ W 1,p(Ω) ↪→ Lp(Ω) ↪→ L2(Ω).

Define a space V :

V = {v ∈ Hr(Ω) : v(x) =
∫

Ω

k(x, y)v(y)dy, for x ∈ Γ}. (2.1)

It is easy to see that V is a subspace of Hr(Ω).

Definition 2.1. Define a generalized solution of problem (1.1)–(1.3) as a
function u, such that

(1) u ∈ L∞(0, T ;L2(Ω)) ∩ C([0, T ],H−r(Ω)).
(2) du

dt ∈ Lq(0, T ;H−r(Ω)).
(3) u(x, 0) = u0(x).
(4) The identity:

(
du

dt
, v)− (

n∑

i=1

∂

∂xi
(|u|p−2 ∂u

∂xi
), v) + (|u|p−2u, v) = (f, v) (2.2)

holds for all v ∈ V and a.e. t ∈ [0, T ].

Remark 2.1. From the proof of existence theorem in Section 4, we will see
that each inner product in the identity (2.2) is a function of t in Lq(0, T ),
hence the identity holds for a.e. t ∈ [0, T ]. On the other hand, since u(t) ∈
V, the boundary condition (1.2) is satisfied.

3. Construction of an Approximate Solution and a Priori
Estimates

Since V is a subspace of Hr(Ω), which is separable. We can choose a
countable set of distinct basis elements wj , j = 1, 2, · · · , which generate
V and are orthonormal in L2(Ω). Let Vm be the subspace of V generated
by the first m elements: w1, w2, · · · , wm. We construct the approximate
solution of the form:

um(x, t) =
m∑

j=1

gjm(t)wj(x), (x, t) ∈ Ω× [0, T ], (3.1)

where (gjm(t))m
j=1 remains to be determined.

Denote the orthogonal projection of u0 on Vm as u0
m = PVmu0, then

u0
m → u0 in V , as m → ∞. Let (g0

jm)m
j=1 be the coordinate of u0

m in the
basis (wj)m

j=1 of Vm, i.e. u0
m =

∑m
j=1 g0

jmwj , let gjm(0) = g0
jm. We need to

determine (gjm(t))m
j=1 to satisfy
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(um
′, wj)− (

n∑

i=1

∂

∂xi
(|um|p−2 ∂um

∂xi
), wj) + (|um|p−2um, wj)

= (f, wj), 1 ≤ j ≤ m.

(3.2)

Do integration by parts on the second term of LHS, we have

(um
′, wj) +

n∑

i=1

∫

Ω

(|um|p−2Dium)(Diwj)dx

−
n∑

i=1

∫

Γ

(|um|p−2Dium)wjdΓ+(|um|p−2um,wj)=(f, wj), 1≤j≤m.

(3.3)

The above system is a system of ordinary differential equations in
(gjm(t))m

j=1. By Caratheodory theorem (see [3]), there exists solution
(gjm(t))m

j=1, t ∈ [0, tm). We need a priori estimates that permit to extend
the solution to the whole domain [0, T ].

We derive a priori estimates for the approximate solution as follows:
Multiply (3.3) by gjm(t), then sum over j from 1 to m, we have

1
2

d

dt
|um(t)|22+

4
p2

n∑

i=1

∫

Ω

(Di(|um|
p−2
2 um))2dx+|um(t)|pp

= (f, um) +
n∑

i=1

∫

Γ

(|um|p−2Dium)umdΓ.

(3.4)

Integrate with respect to t from 0 to T on both sides, we obtain

1
2
|um(T )|22+

∫ T

0

4
p2

n∑

i=1

∫

Ω

(Di(|um|
p−2
2 um))2dxdt+

∫ T

0

|um(t)|ppdt

=
∫ T

0

(f, um)dt+
∫ T

0

n∑

i=1

∫

Γ

(|um|p−2Dium)umdΓdt+
1
2
|um(0)|22.

(3.5)

This gives

1
2
|um(T )|22 +

∫ T

0

4
p2

n∑

i=1

∫

Ω

(Di(|um|
p−2
2 um))2dxdt +

∫ T

0

|um(t)|ppdt

≤
∫ T

0

|(f, um)|dt +
∫ T

0

n∑

i=1

∫

Γ

|(|um|p−2Dium)um|dΓdt+
1
2
|um(0)|22.

(3.6)

The first term in the RHS of (3.6) can be estimated as follows:
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∫ T

0

|(f, um)|dt =
∫ T

0

∫

Ω

|fum|dxdt

≤
∫ T

0

|f |q|um|pdt (Hölder′s inequality)

≤
∫ T

0

(
1
p
|um|pp +

p− 1
p

|f |
p

p−1
q )dt.

(3.7)

The Young’s inequality can be seen as in [6].
Next, we estimate second term in the RHS of (3.6): For x ∈ Γ, we have

|um(x, t)| =
∫

Ω

|k(x, y)um(y, t)|dy ≤ |k(x, y)|q|um|p. (3.8)

Then we have |um(x, t)| ≤ K(x)|um|p for x ∈ Γ. Similarly, we have
|Dium(x, t)| ≤ Ki(x)|um|p for x ∈ Γ. Moreover we have

∫ T

0

∣∣∣∣
n∑

i=1

∫

Γ

(|um|p−2Dium)umdΓ
∣∣∣∣dt

≤
∫ T

0

n∑

i=1

∫

Γ

K(x)p−1|um|p−1
p Ki(x)|um|pdΓdt

≤
∫ T

0

(
n∑

i=1

∫

Γ

K(x)p−1Ki(x)dΓ)|um|ppdt

=(
n∑

i=1

∫

Γ

K(x)p−1Ki(x)dΓ)(
∫ T

0

|um|ppdt)

=C(
∫ T

0

|um|ppdt).

(3.9)

With the above estimates, together with (3.6), we have

1
2
|um(T )|22 +

∫ T

0

4
p2

n∑

i=1

∫

Ω

(Di(|um|
p−2
2 um))2dxdt

+
∫ T

0

(1− 1
p
− C)|um(t)|ppdt ≤

∫ T

0

(
p− 1

p
|f |

p
p−1
q )dt +

1
2
|um(0)|22

holds for any finite T > 0.
Under the assumption (A1)–(A5), we have the following a priori esti-

mates:
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(B) um is bounded in L∞(0, T ; L2(Ω)).
(C) |um| p−2

2 |um| is bounded in L2(0, T ;H1(Ω)).
(D) um is bounded in Lp(0, T ;Lp(Ω)).

Since T is an arbitrary positive number, we have |um|pp < ∞ a.e. t.

4. Existence of a Generalized Solution

To prove the existence of a generalized solution, we first prove there exists
subsequence of um, still denoted as um, such that

(E) um → u in Lp(0, T ; Lp(Ω)) strongly and almost everywhere.
To prove (E), we need the following lemma:

Lemma 4.1. Let um, constructed as in (3.1), be the approximate solu-
tion of (1.1)−(1.3) in the sense of definition 2.1. Then u′m is bounded in
Lq(0, T ; H−r(Ω)).

Proof. For v ∈ V ⊂ Hr, from (3.3), we have

(um
′, v) + (

n∑

i=1

∫

Ω

(|um|p−2Dium)(Div)dx

−
n∑

i=1

∫

Γ

(|um|p−2Dium)vdΓ+(|um|p−2um, v)=(f, v).
(4.1)

The last term in the LHS can be estimated as in [7]:

|(|um|p−2um, v)| ≤ | |um|p−1|q|v|p
≤ (|um|pp)

1
q |v|p

≤ (|um|pp)
1
q C|v|Hr (since Hr ↪→ Lp).

Hence ||um|p−2um|H−r(Ω) ≤ C(|um|pp)
1
q < ∞, and the norm of |um|p−2um

in Lq(0, T ; H−r(Ω)) is bounded by

(
∫ T

0

(C(|um|pp)
1
q )qdt)

1
q = (

∫ T

0

Cq|um|ppdt)
1
q < ∞.

Therefore, |um|p−2um is bounded in Lq(0, T ; H−r(Ω)).

Next, we consider the term
∑n

i=1

∫
Γ
(|um|p−2Dium)vdΓ in the LHS of

(4.1):

v −→
n∑

i=1

∫

Γ

(|um|p−2Dium)vdΓ = (a(um), v).

We have
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n∑

i=1

∫

Γ

(|um|p−2Dium)vdΓ

≤
n∑

i=1

| (|um|p−2Dium)|q,Γ|v|p,Γ

≤
n∑

i=1

∣∣(K(x)p−2Ki(x)|um|p−1
p )

∣∣
q,Γ
|(K(x)|v|p)|p,Γ

≤
n∑

i=1

∣∣K(x)p−2Ki(x)
∣∣
q,Γ
|K(x)|p,Γ|um|p−1

p |v|p

≤
n∑

i=1

|K(x)p−2Ki(x)|q,Γ|K(x)|p,Γ|um|p−1
p C|v|Hr .

Then

|a(um)|H−r(Ω) ≤
n∑

i=1

|K(x)p−2Ki(x)|q,Γ|K(x)|p,Γ|um|p−1
p C < ∞.

Moreover the norm of a(um) in Lq(0, T ;H−r(Ω)) is bounded by

(
∫ T

0

n∑

i=1

(|K(x)p−2Ki(x)|q,Γ|K(x)|p,ΓC)q|um|ppdt)
1
q < ∞.

Hence, a(um) is bounded in Lq(0, T ;H−r(Ω)).

Next, we consider the second term in the LHS of (4.1). Integrating by
parts gives

n∑

i=1

∫

Ω

(|um|p−2Dium)(Div)dx

=
1
c
(

n∑

i=1

∫

Γ

|um|p−2umDivdΓ−
∫

Ω

|um|p−2um∆vdx).

(4.2)

Consider v −→ ∑n
i=1

∫
Γ
|u|p−2uDivdΓ = (I1(u), v), we have

|(I1(u), v)| ≤
n∑

i=1

| |u|p−2u|q,Γ|Div|p,Γ
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=
n∑

i=1

∣∣∣∣
( ∫

Ω

k(x, y)u(y, t)dy

)p−1∣∣∣∣
q,Γ

∣∣∣∣
∫

Ω

Dik(x, y)v(y, t)dy

∣∣∣∣
p,Γ

≤
n∑

i=1

∣∣(K(x)p−1|u|p−1
p )

∣∣
q,Γ
|(Ki(x)|v|p)|p,Γ

=
n∑

i=1

|K(x)p−1|q,Γ|Ki(x)|p,Γ|u|p−1
p |v|p

≤
n∑

i=1

|K(x)p−1|q,Γ|Ki(x)|p,Γ|u|p−1
p C|v|Hr .

So we have

|I1(um)|H−r(Ω) ≤
n∑

i=1

|K(x)p−1|q,Γ|Ki(x)|p,Γ|um|p−1
p C < ∞.

With this, it is easy to see that norm of I1(um) in Lq(0, T ;H−r(Ω)) is
bounded.

Next, consider v −→ ∫
Ω
|u|p−2u∆vdx = (I2(u), v). From the proof of

Theorem 12.2 in [7], we know I2(um) is bounded in Lq(0, T ;H−r(Ω)). Since
f ∈ Lq(0, T ;Lq(Ω)) ⊂ Lq(0, T ;H−r(Ω)), from (4.1) and the above discus-
sion, we have u′m is bounded in Lq(0, T ;H−r(Ω)). This is the end of proof.
With Lemma 4.1, we can make use of Theorem 12.1 in [7]. We quote the
theorem here:

Theorem 4.2. Let B,B1 be Banach space, S is a set, define M(v) =
(
∑n

i=1

∫
Ω
|v|p−2( ∂v

∂xi
)2dx)

1
p on S with

(a) S ⊂ B ⊂ B1, and M(v) ≥ 0 on S, M(λv) = |λ|M(v).
(b) The set {v|v ∈ S,M(v) ≤ 1} is relatively compact in B.

Define the set F as follows:

F = {v : v locally summable on [0, T ] with value inB1,∫ T

0

(M(v(t)))p0dt ≤ C, v′ bounded in Lp1(0, T ;B1)},

where 1 < pi < ∞, i = 0, 1. Then F ⊂ Lp0(0, T ;B) and F is relatively
compact in Lp0(0, T ;B).

To apply Theorem 4.2, we let S = {v : |v| p−2
2 v ∈ H1(Ω)}. Since H1(Ω)

is also compactly embedded in L2(Ω), the proof of Proposition 12.1 in (p.
143, [7]) also works for |v| p−2

2 v ∈ H1(Ω), then (b) holds.
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Let B=Lp(Ω), B1 =H−r(Ω), p0 =p, p1 =q, and um be the approximate
solution of equations (1.1)–(1.3), constructed as in Section 3, we have∫ T

0

(M(um))p0dt

=
∫ T

0

(
n∑

i=1

∫

Ω

|um|p−2(
∂um

∂xi
)2dx)dt

=C

∫ T

0

n∑

i=1

∫

Ω

(Di(|um|
p−2
2 um))2dxdt

<∞.

Hence together with Lemma 4.1 and a priori estimates, we finish the proof
of (E).

Next, we prove that we can pass the limit in (4.1), to prove this, we
consider each term in the LHS of (4.1):

(F) (|um|p−2um, v) −→ (|u|p−2u, v).
To prove (F), we need to show that |um|p−2um ⇀ |u|p−2u in Lq(Ω)

weakly, this is a consequence of Lemma 1.3 in [7].

(G)
∫

Γ

(|um|p−2Dium)vdΓ −→
∫

Γ

(|u|p−2Diu)vdΓ.

Proof of (G). By a priori estimates, um is bounded in Lp(Ω) for almost
every t, then there exists subsequence of um, still denoted as um, converges
to u weak star in Lp(Ω) (Alaoglu’s Theorem) for almost every t ∈ [0, T ].

Under the assumption that for fixed x, |k(x, y)|q = (
∫ |k(x, y)|qdy)

1
q <

∞, i.e. k(x, y) ∈ Lq(Ω) for fixed x ∈ Γ, we have
∫

Ω

k(x, y)um(y, t)dy −→
∫

Ω

k(x, y)u(y, t)dy as m −→∞.

Similarly,
∫

Ω

Dik(x, y)um(y, t)dy −→
∫

Ω

Dik(x, y)u(y, t)dy as m −→∞.

Therefore, for x ∈ Γ, we have

|um(x, t)|p−2Dium(x, t) −→ |u(x, t)|p−2Diu(x, t) a.e.

Next, we prove that
∣∣ (|um(x, t)|p−2Dium(x, t))

∣∣
q,Γ

< ∞ : For x ∈ Γ,
we have

um(x, t)=
∫

Ω

k(x, y)um(y, t)dy,

|um(x, t)|< |k(x, y)|q|um|p ≤ K(x)C.
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Since K(x) ∈ Lp(Γ), we have |um|p,Γ < ∞. Similarly, we have |Dium|p,Γ <
∞ and |v|p,Γ < ∞. Then

∣∣ |um|p−2Dium

∣∣
q,Γ

≤
∣∣ |um|p−2

∣∣
p

p−2 ,Γ
|Dium|p,Γ (since 1

q = p−2
p + 1

p , see [p. 25, 1])

= (|um|p,Γ)p−2|Dium|p,Γ < ∞.

By Lemma 1.3 in [7], we get |um|p−2Dium ⇀ |u|p−2Diu weakly in Lq(Γ)
for a.e. t ∈ [0, T ]. Since |v|p,Γ < ∞, (G) is proved.

(H)
∫

Ω

(|um|p−2Dium)(Div)dx −→
∫

Ω

(|u|p−2Diu)(Div)dx.

From (4.2) we know, we need to prove:

(i)
∫

Γ

|um|p−2umDivdΓ −→
∫

Γ

|u|p−2uDivdΓ,

and
(ii)

∫

Ω

|um|p−2um∆vdx −→
∫

Ω

|u|p−2u∆vdx.

Proof of (i). From the proof of (G), we have, for x ∈ Γ,

|um(x, t)|p−2um(x, t) −→ |u(x, t)|p−2u(x, t) almost everywhere,
∣∣ |um|p−2um

∣∣
q,Γ

= |um|p−1
p,Γ < ∞.

Therefore, we can apply Lemma 1.3 in [7] to conclude that |um(x, t)|p−2

×um(x, t) ⇀ |u(x, t)|p−2u(x, t) weakly in Lq(Γ). Since Div ∈ Lp(Γ), (i) is
proved.

Proof of (ii). From (E), we have for x ∈ Ω, |um(x, t)|p−2um(x, t) −→
|u(x, t)|p−2u(x, t) almost everywhere. Since

∣∣ |um|p−2um

∣∣
q

= |um|p−1
p < ∞,

by Lemma 1.3 in [7], we have:

|um|p−2um ⇀ |u|p−2u weakly in Lq(Ω).

Since ∆v ∈ Lp(Ω), we finish the proof of (ii).

(I) (u′m, v) −→ (u′, v) and u(t) is continuous on [0, T ].

Proof of (I). Since u′m is bounded in Lq(0, T ;H−r(Ω)), by Alaoglu’s the-
orem, there exists a subsequence of u′m, still denoted as u′m, converges to χ
weak star in Lq(0, T ;H−r(Ω)). By slightly modifying the proof of Theorem
1 in [2] (consider the space Lq(0, T ;H−r(Ω)), instead of L2(0, T ;B1

2(0, 1)).),
we have χ = u′ and u(t) is continuous on [0, T ].

Based on the above discussion, we summerize the existence theorem as
follows:
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Theorem 4.3. Under the assumptions (A1)−(A5), there exists a gener-
alized solution u, such that

(1) u ∈ L∞(0, T ;L2(Ω)) ∩ C([0, T ],H−r(Ω)).
(2) |u| p−2

2 u is bounded in L2(0, T ;H1(Ω)).
(3) du

dt ∈ Lq(0, T ;H−r(Ω)).
(4) u(x, 0) = u0(x).
(5) The identity

(
du

dt
, v)− (

n∑

i=1

∂

∂xi
(|u|p−2 ∂u

∂xi
), v) + (|u|p−2u, v) = (f, v)

holds for all v ∈ V and a.e. t ∈ [0, T ].
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1. Formulation of Oblique Derivative Problems

Let Q be a bounded domain in RN and the boundary ∂Q ∈ C 2
α (0 < α < 1).

We consider the nonlinear elliptic equation of second order

F (k)(x, u, Dxu,D2
xu) = 0 in Q, k = 1, ..., m.

Under certain conditions, the system (1.1) can be reduced to the form

N∑

i,j=1

a
(k)
ij ukxixj +

m∑

h=1

[
N∑

i=1

b
(k)
hi uhxi +c

(k)
h uh]=f (k) in Q, k=1, ..., m, (1.1)

where u = (u1, ..., um)T is the transposition of (u1, ..., um), Dxu =
(uxi), D2

xu = (uxixj ), and

a
(k)
ij =

∫ 1

0

F (k)
τrkij

(x, u, p, τr)dτ, b
(k)
hi =

∫ 1

0

F (k)
τphi

(x, u, τp, 0)dτ,

c
(k)
h =

∫ 1

0

F (k)
τuh

(x, τu, 0, 0)dτ, f (k) = −F (k)(x, 0, 0, 0), r = D2
xu,

p = Dxu, rhij = uhxixj
, phi = uhxi

, h, k = 1, ..., m.

1This research is supported by NSFC (No.10971224)
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In this paper we consider

N∑

i,j=1

a
(k)
ij ukxixj

+
m∑

h=1

[
N∑

i=1

b
(k)
hi uhxi

+ĉ
(k)
h uh]=f (k) in Q, k=1, ..., m, (1.2)

in which ĉ
(k)
h = c

(k)
h − |uh|nh , h, k = 1, ..., m, nh (h = 1, ..., m) are positive

numbers. Suppose that (1.2) satisfies Condition C, i.e. for arbitrary func-
tions u1

k(x), u2
k(x) ∈ C1

β(Q) ∩ W 2
2 (Q), F (k)(x, u, Dxu,D2

xu) (k = 1, ..., m)
satisfy the conditions

F (k)(x, u1, Dxu1, D2
xu1)− F (k)(x, u2, Dxu2, D2

xu2)

=
N∑

i,j=1

ã
(k)
ij ukxixj +

m∑

h=1

[
N∑

i=1

b̃
(k)
hi uhxi + c̃

(k)
h uh], k = 1, ..., m,

where β (0 < β < 1) is a constant, u = u1 − u2 and

ã
(k)
ij =

∫ 1

0

F (k)
ukxixj

(x, ũ, p̃, r̃)dτ, b̃
(k)
hi =

∫ 1

0

F (k)
uhxi

(x, ũ, p̃, r̃)dτ,

c̃
(k)
h =

∫ 1

0

F (k)
uh

(x, ũ, p̃, r̃)dτ, r̃ = D2
x[u2 + τ(u1 − u2)],

p̃ = Dx[u2+τ(u1−u2)], ũ=u2+τ(u1−u2), h, k=1, ..., m,

and ã
(k)
ij , b̃

(k)
hi , c̃

(k)
h , f (k) satisfy the conditions

q0

n∑

j=1

|ξj |2 ≤
N∑

i,j=1

ã
(k)
ij ξiξj ≤ q−1

0

n∑

j=1

|ξj |2, 0 < q0 < 1, (1.3)

sup
Q

[
N∑

i,j=1

(ã(k)
ij )2]/inf

Q
[

N∑

i=1

ã
(k)
ii ]2 ≤ q1 <

2N − 1
2N2 − 2N − 1

, (1.4)

|ã(k)
ij | ≤ k0, |b̃(k)

hi | ≤ q
(k)
h ≤ k0, Lp(f (k), Q) ≤ k1,

|c(k)
h | ≤ q

(k)
h ≤ k0 (k 6= h), |ch

h| ≤ k0,

supQ c
(k)
k < 0, i, j = 1, ..., N, h, k = 1, ..., m,

(1.5)

in which q0, q1, q
(k)
h (k, h = 1, ..., m), k0, k1, p (> N + 2) are non-negative

constants. Moreover, for almost every point x ∈ Q and D2
xu, ã

(k)
ij (x, u,

Dxu,D2
xu), b̃

(k)
hi (x, u, Dxu), c̃

(k)
h (x, u) are continuous in u ∈ R, Dxu ∈ RN .
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Now we explain the condition (1.4). It is enough to consider the linear
elliptic equation of (1.1) with m = 1, namely

N∑

i,j=1

aij(x)uxixj
+

N∑

i=1

bi(x)uxi
+ c(x)u = f(x) in Q. (1.6)

Let (1.6) be divided by Λ = τ infQ

∑N
i=1 aii, here τ is an undetermined

positive constant, and denote âij = aij/Λ, b̂i = bi/Λ (i, j = 1, ..., N), ĉ =
c/Λ, f̂ = f/Λ, equation (1.6) is reduced to the form

N∑

i,j=1

âij(x)uxixj +
N∑

i=1

b̂i(x)uxi +ĉ(x)u = f̂(x), i.e.

∆u = −
N∑

i,j=1

[âij(x)− δij ]uxixj
−

N∑

i=1

b̂i(x)uxi
−ĉ(x)u + f̂(x) in Q.

We require that the above coefficients satisfy

sup
Q

[2
N∑

i,j=1,i<j

â2
ij +

N∑

i=1

(âii−1)2]

=sup
Q

[
N∑

i,j=1

â2
ij +N−2

N∑

i=1

âii]<
N + 1
2N − 1

, i.e.

sup
Q

[
N∑

i,j=1

â2
ij − 2

N∑

i=1

âii] <
N + 1
2N − 1

−N,

(1.7)

with the constant τ = (2N − 1)/(2N2 − 2N − 1), it can be derived from
the condition in (1.4). In fact, we consider

sup
Q

N∑

i,j=1

â2
ij − 2 inf

Q

N∑

i=1

âii <
N + 1
2N − 1

−N, i.e.

supQ

∑N
i,j=1 a2

ij

τ2 infQ[
∑N

i=1 aii]2
<

2
τ

+
N + 1
2N − 1

−N, i.e.
supQ

∑N
i,j=1 a2

ij

infQ[
∑N

i,j=1 aii]2
<f(τ),

and can find the maximum of f(τ) = 2τ + (1 + 2N − 2N2)τ2/(2N − 1) on
[0,∞) at the point τ = (2N − 1)/(2N2 − 2N − 1), and the maximum of
f(τ) equals f((2N − 1)/(2N2 − 2N − 1)) = (2N − 1)/(2N2 − 2N − 1), the
above inequality with τ = (2N − 1)/(2N2 − 2N − 1) is just the inequality
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in (1.4). From the inequality (1.4), it follows that (1.7) with τ = (2N −
1)/(2N2 − 2N − 1) holds.

The so-called oblique derivative boundary value problem (Problem O)
is to find a continuously differentiable solution u = u(x) = (u1, ..., um)T ∈
B∗ = C1

β(Q) ∩W 2
2 (Q) satisfying the boundary conditions

lu = d
∂u

∂ν
+ σu = τ(x), x ∈ ∂Q, i.e.

lu =
N∑

j=1

dj
∂u

∂xj
+ σu = τ(x), x ∈ ∂Q,

(1.8)

in which d(x), dj(x)(j = 1, ..., N), σ(x), τ(x) satisfy the conditions

C1
α[σ(x), ∂Q]≤k0, Cα[dj(x), ∂Q]≤k0, C1

α[τ(x), ∂Q]≤k2,

cos(ν, µ) ≥ q0 > 0, d > 0, σ ≥ 0, x∈∂Q,
(1.9)

where µ is the unit outward normal on ∂Q, α, β (0 < β ≤ α < 1), k0, k2,
q0 (0 < q0 < 1) are non-negative constants. In particular, Problem O with
the condition ν = µ, σ = 0 on ∂Q is the initial-Neumenn problem (Problem
N).

Theorem 1.1. If system (1.2) satisfies Condition C and f (k) = 0, q
(k)
h

(k 6=k, k, h=1, ..., m, i, j = 1, ..., N) are small enough, then the solutions of
Problem O for the above equation only has the trivial solution.

Proof. Let u(x) = [u1(x), ..., um(x)]T be two solutions of Problem O. It
is easy to see that u(x) satisfies the following boundary value problem

N∑

i,j=1

a
(k)
ij ukxixj

+
m∑

h=1

[
N∑

i=1

b
(k)
hi uhxi

+ĉ
(k)
h uh]=0, x∈Q, k=1, ..., m, (1.10)

d
∂u

∂ν
+ σ(x)u = 0, x ∈ ∂Q, (1.11)

where a
(k)
ij , b

(k)
hi , ĉ

(k)
h are as stated in (1.2). Let us multiply uk to each

equation of system (1.10). Thus a system for u2
k = (uk)2 (k = 1, ..., m) can

be obtained, i.e.

1
2

N∑

i,j=1

a
(k)
ij (u2

k)xixj
=

N∑

i,j=1

a
(k)
ij ukxi

ukxj

−
m∑

h=1

[
N∑

i=1

b
(k)
hi ukuhxi

+ĉ
(k)
h ukuh]=0 in Q, k = 1, ..., m.

(1.12)
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Noting that Condition C and q
(k)
h (h 6= k, h, k = 1, ..., m) are small enough,

there exists a small positive number ε0 such that |b(k)
hi | ≤ ε0, |ĉ(k)

h | ≤ ε0 (h 6=
k, h, k = 1, ..., m, j = 1, ..., N), if the maximum of u2

k = (uk)2 attains at an
inner point P0 = x0 ∈ Q, and

M0 = max[|uk(P0)|nk+1, |uk(P0)|2] > 0,

we choose a sufficiently small neighborhood G0 of P0 such that 2|ukukxi | ≤
ε2
0/NM0 in G0 and min1≤h≤m(− supQ ĉ

(h)
h ) − [m2N/4q0 + k0 + 1]ε2

0 > 0,
thus we have

N∑

i,j=1

a
(k)
ij ukxi

ukxj
≥ q0

N∑

i=1

|ukxi
|2,

−
m∑

h=1

[
N∑

i=1

b
(k)
hi ukuhxi ] ≥ −

m∑

h=1

N∑

i=1

[
q0

m
|ukxi |2 − [

m

4q0
u2

k +
k0

NM0
]ε2

0

≥ −q0

m∑

h=1

N∑

i=1

|uhxi |2 − [
m2N

4q0
+ k0]ε2

0u
2
k,

−
m∑

h=1

ĉ
(k)
h ukuh ≥

m∑

h=1

[ min
1≤h≤m

(− sup
Q

ĉ
(h)
h )− ε2

0]u
2
k, k = 1, ..., m,

and then

N∑

i,j=1

a
(k)
ij ukxiukxj ≥{ min

1≤h≤m
(− sup

Q
ĉ
(h)
h )−[

m2N

4q0
+k0+1]ε2

0}u2 >0

in G0, 1 ≤ k ≤ m.

On the basis of the maximum principle of the solution u2
k (1 ≤ k ≤ m)

for equation (1.12), we see that u2
k (1 ≤ k ≤ m) cannot take a positive

maximum in Q. Hence u2(x) =
∑m

k=1 u2
k = 0, namely u(x) = 0 in Q.

2. Estimates of Solutions of Oblique Derivative Problems

Theorem 2.1. Suppose that (1.2) satisfies Condition C and qkh (k 6=
h, k, h = 1, ..., N) are small enough. Then any solution u(x) of Problem O
satisfies the estimates

Ĉ1
β(u, Q) =

m∑

k=1

C1
β(|uk|n+1, Q) ≤ M1 = M1(q, p, α, k,Q), (2.1)
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||u||W 2
2 (Q) =

m∑

k=1

||u||W 2
2 (Q) ≤ M2 = M2(q, p, α, k,Q), (2.2)

where β (0 < β ≤ α), q = (q0, q1), k = (k0, k1, k2), M1, M2 are non-
negative constants.

Proof. First of all, under Condition C, we substitute the solution u(x) of
Problem O into system (1.2), thus we can only discuss the linear elliptic
system in the form

N∑

i,j=1

a
(k)
ij ukxixj

+
m∑

h=1

[
N∑

i=1

b
(k)
hi uhxi

+ ĉ(k)uh] = f (k) in Q, k = 1, ..., m, (2.3)

and verify the boundedness estimate of the solution u(x)

Ĉ1[u, Q] =
m∑

k=1

[C1[|uk|n+1, Q] ≤ M3, (2.4)

where M3 = M3(q, p, α, k,Q). Suppose that (2.4) is not true, then there ex-
ist sequences of functions {a(kl)

ij }, {b(kl)
hi }, {ĉ(kl)

h }, {f (kl)} and {σ(l)}, {τ (l)},
which satisfy Condition C and (1.5), (1.9), and {a(k)

ij }, {b(kl)
hi }, {ĉ(kl)

h },
{f (kl)} weakly converge to a

(0)
ij , b

(k0)
hi , ĉ

(k0)
h , f (k0), and {σ(l)}, {τ (l)} uni-

formly converge to σ0, τ (0) in Ω or ∂Q respectively, and the boundary value
problem

N∑

i,j=1

a
(kl)
ij ukxixj

+
m∑

h=1

[
N∑

i=1

b
(kl)
hi uhxi

+ĉ
(kl)
h uh]=f (kl) in Q, k=1, ..., m, (2.5)

d
∂u(l)

∂ν
+ σ(l)u(l) = τ (l)(x) on ∂Q, (2.6)

have solutions u(l)(x) (l = 1, 2, ...) such that ||u(l)||Ĉ1(Q) = h(l) is un-
bounded. There is no harm assuming that h(l) ≥ 1, and lim l→∞ h(l) = +∞.
It is easy to see that U (l) = u(l)/h(l) is a solution of the following boundary
value problem

N∑

i,j=1

a
(kl)
ij U

(l)
kxixj

+
m∑

h=1

[
N∑

i=1

b
(kl)
hi U

(l)
hxi

+ĉ
(kl)
h U

(l)
h ]=

f (kl)

h(l)
in Q, k=1, ..., m,

(2.7)

d
∂U (l)

∂ν
+ σ(l)U (l) =

τ (l)

h(l)
on ∂Q. (2.8)
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Noting that
∑m

h=1[
∑N

i=1 b
(kl)
hi U

(l)
hxi

+ ĉ
(kl)
h U

(l)
h ] in (2.8) are bounded, by the

method in Theorem 3.1, Chapter IV, [5], we can obtain the estimate

Ĉ1
β(U (l), Q) ≤ M4, ||U (l)||W 2

2 (Q) ≤ M5, (2.9)

where β (0 < β ≤ α),Mj = Mj(q, p, α, k,Q, M3) (j = 4, 5) are non-negative
constants. Hence from {U (l)}, we can choose a subsequence {U (lk)} such
that {U (lk)}, {U (lk)

xi } uniformly converge to U (0), U
(0)
xi in Q respectively, and

{U (lk)
xixj} weakly converge to U

(0)
xixj in Q respectively, and U (0) is a solution

of the following boundary value problem
N∑

i,j=1

a
(k0)
ij U

(0)
kxixj

+
m∑

h=1

[
N∑

i=1

b
(k0)
hi U

(0)
hxi

+ĉ(k0)U
(0)
h ]=0 on Q, k=1, ..., m,

(2.10)

d
∂U (0)

∂ν
+ σ(0)U (0) = 0 on ∂Q. (2.11)

According to Theorem 1.1, we can get U (0)(x) = 0, x ∈ Q. However, from
Ĉ1[U (l), Q)] = 1, there exists a point x∗ ∈ Q, such that

∑m
k=1[|U (0)

k (x∗)|+∑N
i=1 |U (0)

kxi
(x∗)|] > 0. This contradiction proves that (2.4) is true. By the

same way as stated before, we can derive the estimates (2.1) and (2.2).
Moreover by using the method in Chapter IV, [5], we can prove the

following theorem.

Theorem 2.2. Suppose that equation (1.2) satisfies the same as in Theo-
rem 2.1. Then any solution u(x) of Problem O satisfies the estimates

Ĉ1
β [u, Q̄] ≤ M6(k1 + k2), ||u||W 2

2 (Q) ≤ M7(k1 + k2), (2.12)

where β (0 < β ≤ α), Mj = Mj(q, p, α, k0, Q) (j = 6, 7) are non-negative
constants.

3. Solvability of Oblique Derivative Problems

We first consider the other form of system (1.2), namely

∆uk = gkl(x, u, Du,D2u), gkl =∆uk+
N∑

i,j=1

akl
ijukxixj

+
m∑

h=1

[
N∑

i=1

bkl
hiuhxi + ĉkl

h uh] = fkl in Q,

(3.1)

where k = 1, ..., m, ∆uk =
∑N

i=1 ∂2uk/∂x2
i and the coefficients

akl
ij =

{
a
(k)
ij ,

δij ,
bkl
hi =

{
b
(k)
hi ,

0,
ĉkl
h =

{
ĉ
(k)
h ,

0,
fkl =

{
f (k) in Ql,

0 in RN\Ql,
(3.2)
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where Ql = {x ∈ Q |dist(x, ∂Q) ≥ 1/l}, l is a positive integer.

Theorem 3.1. Under the same conditions in Theorem 2.1, if u(x) =
[u1(x), ..., um(x)] is any solution of Problem O for system (3.1), then u(x)
can be expressed in the form

u(x)=U(x)+V (x)=U(x)+v0(x)+v(x), v(x)=Hρ

=
∫

Q0

G(x− ζ)ρ(ζ)dζ, G=

{
|x−ζ|2−N/N(2−N)ωN , N >2,

log |x−ζ|/2π, N = 2,

(3.3)

where ωN = 2πN/2/(NΓ(N/2)) is the volume of unit ball in RN , ρ(x) = ∆u
and V (x) is a solution of Problem D0 for (3.1), namely the equation (3.1)
in Q0 = {|x| < R} with the boundary condition V (x) = 0 on ∂Q, here R
is a large number, such that Q0 ⊃ Q, and U(x) is a solution of Problem O
for ∆U = 0 in Q with the boundary condition (3.11) below, which satisfy
the estimates

Ĉ1
β [U,Q]+ ‖ U ‖W 2

2 (Q)≤ M8, C1
β [V, Q0]+ ‖ V ‖W 2

2 (Q0)≤ M9, (3.4)

where β (0 < β ≤ α), Mj = Mj(q, p, α, k,Ql) (j = 8, 9) are non-negative
constants, q = (q0, q1), k = (k0, k1, k2).

Proof. It is easy to see that the solution u(x) of Problem O for system
(3.1) can be expressed by the form (3.3). Noting that akl

ij = 0 (i 6= j), bkl
hi =

0, ckl
h = 0, fkl(x) = 0 in RN\Ql and V (x) is a solution of Problem D0 for

(3.1) in Q0, we can obtain that V (x) in Q̂2l = Q\Q2l satisfies the estimate

C2[V (x), Q̂2l] ≤ M10 = M10(q, p, α, k,Ql).

On the basis of Theorem 2.1, we can see that U(x) satisfies the first estimate
in (3.4), and then V (x) satisfies the second estimate in (3.4).

Theorem 3.2. If system (1.2) satisfies the same conditions as in Theorem
2.1, then Problem O for (3.1) has a solution u(x).

Proof. In order to prove the existence of solutions of Problem O for the
nonlinear system (3.1) by using the Larey-Schauder theorem, we introduce
the system with the parameter h ∈ [0, 1]:

∆uk = hgkl(x, u, Du,D2u) in Q, k = 1, ..., m. (3.5)

Denote by BM a bounded open set in the Banach space B = Ŵ 2
2 (Q0) =

Ĉ1
β(Q0) ∩ W 2

2 (Q0)(0 < β ≤ α), the elements of which are real functions
V (x) satisfying the inequalities

‖ V ‖Ŵ 2
2 (Q0)

= Ĉ1
β [V, Q0] + ||V ||W 2

2 (Q0) < M11 = M9 + 1, (3.6)
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in which M9 is a non-negative constant as stated in (3.4). We choose any
function Ṽ (x) ∈ BM and substitute it into the appropriate positions in
the right hand side of (3.5), and then we make an integral ṽ(x) = Hρ as
follows:

ṽ(x) = Hρ̃, ρ̃(x) = ∆Ṽ . (3.7)

Next we find a solution ṽ0(x) of the boundary value problem in Q0:

∆ṽ0 = 0 on Q0, (3.8)

ṽ0(x) = −ṽ(x) on ∂Q0, (3.9)

and denote the solution V̂ (x) = ṽ(x)+ ṽ0(x) of the corresponding Problem
D0. Moreover on the basis of the result in [5], we can find a solution Ũ(x)
of the corresponding Problem Õ in Q:

∆Ũ = 0 on Q, (3.10)

d
∂Ũ

∂~ν
+ σ(x)Ũ = τ(x)− d

∂V̂

∂~ν
+ σ(x)V̂ on ∂Q. (3.11)

Now we discuss the system

∆V =hgkl(x, ũ,Dũ,D2Ũ+D2V ), k = 1, ..., m, 0 ≤ h ≤ 1, (3.12)

where ũ = Ũ + V̂ . By Condition C, applying the principle of contracting
mapping, we can find a unique solution V (x) of Problem D0 for system
(3.12) in Q0 satisfying the boundary condition

V (x) = 0 on ∂Q0. (3.13)

Denote u(x) = U(x) + V (x), where the relation between U and V is same
that between Ũ and Ṽ , and by V = S(Ṽ , h), u = S1(Ṽ , h) (0 ≤ h ≤ 1)
the mappings from Ṽ onto V and u respectively. Furthermore, if V (x) is a
solution of Problem O in Q0 for the system

∆V = hgkl(x, u, Du,D2(U + V )), 0 ≤ h ≤ 1, (3.14)

where u = S1(V, h), then from Theorem 3.1, the solution V (x) of Problem
D0 for (3.14) satisfies the second estimate (3.4), consequently V (x) ∈ BM .
Set B0 = BM × [0, 1], we can verify that the mapping V = S(Ṽ , h) satisfies
the three conditions of Leray-Schauder theorem:

1) For every h ∈ [0, 1], V = S(Ṽ , h) continuously maps the Banach
space B into itself, and is completely continuous on BM . Besides, for
every function Ṽ (x) ∈ BM , S(Ṽ , h) is uniformly continuous with respect
to h ∈ [0, 1].
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2) For h = 0, from (3.6) and (3.12), it is clear that V = S(Ṽ , 0) ∈ BM .
3) From Theorems 3.1, we know that the system of functions V =

S(Ṽ , h) (0 ≤ h ≤ 1) satisfies the second estimate in (3.4). Moreover by
the inequality (3.6), it is not difficult to see that the functional equation
V = S(Ṽ , h) (0 ≤ h ≤ 1) has not a solution V (x) on the boundary ∂BM =
BM\BM .

Hence by the Leray-Schauder theorem, we know that Problem D0 for
system (3.12) with h = 1 has a solution V (x) ∈ BM , and then Problem
O of system (3.5) with h = 1, i.e. (3.1) has a solution u(x) = S1(V, h) =
U(x)+V (x)=U(x)+v0(x)+v(x) ∈ B.

Theorem 3.3. Under the same conditions in Theorem 2.1, Problem O for
system (1.2) has a solution.

Proof. By Theorems 2.1 and 3.2, Problem O for system (3.1) possesses
a solution ul(x), and the solution ul(x) of Problem O for (3.1) satisfies
the estimates (2.1) and (2.2), where l = 1, 2, .... Thus, we can choose
a subsequence {ulk(x)}, such that {ulk(x)}, {ulk

xi
(x)} (i = 1, ..., N) in Q

uniformly converge to u0(x), u0
xi

(x) (i = 1, ..., N) respectively. Obviously,
u0(x) satisfies the boundary condition of Problem O. On the basis of
principle of compactness of solutions for system (3.1) (see Theorem 5.5,
Chapter I, [5]), it is easy to see that u0(x) is a solution of Problem O for
(1.2).
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We introduce some new classes of time dependent functions whose defining
properties take into account of oscillations around singularities. We study
properties of solutions to the heat equation with coefficients in these classes
which are much more singular than those allowed under the current theory.
In the case of L2 potentials and L2 solutions, we give a characterization of
potentials which allow the Schrödinger heat equation to have a positive solu-
tion. This provides a new result on the long running problem of identifying
potentials permitting a positive solution to the Schrödinger equation. We also
establish a nearly necessary and sufficient condition on certain sign changing
potentials such that the corresponding heat kernel has Gaussian upper and
lower bound. An application to Navier Stokes equation is also given.
Keywords: Schrödinger equation, positive solution.
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1. Introduction

In the first part of the paper we would like to study the heat equation with
a singular L2 potential V = V (x, t), i.e.

∆u+V u−ut =0 in Rn× (0,∞), V ∈L2(Rn × (0,∞)), n ≥ 3,

u(x, 0) = u0(x), x ∈ Rn, u0 ∈ L2(Rn).
(1.1)

Since we are only concerned with local regularity issue in this paper, we
will always assume that V is zero outside of a cylinder in space time:
B(0, R0) × [0, T0], unless stated otherwise. Here R0 and T0 are fixed pos-
itive number. The L2 condition on the potential V is modeled after the
three dimensional vorticity equation derived from the Navier-Stokes equa-
tion. There the potential V is in fact the gradient of the velocity which is
known to be in L2. The unknown function u in (1.1) corresponds to the
vorticity which is also known to be a L2 function.

We will use the following definition of weak solutions.

Definition 1.1. Let T > 0. We say that u ∈ L1
loc(Rn×(0, T )) is a solution

to (1.1), if V (.), u(., t) ∈ L1
loc(Rn × (0, T )) and

∫

Rn

u0(x)φ(x)dx+
∫ T

0

∫

Rn

uφtdxdt+
∫ T

0

∫

D

u∆φdxdt+
∫ T

0

∫

Rn

V uφdxdt=0



When Does a Schrödinger Heat Equation Permit Positive Solutions 23

for all smooth, compactly supported φ vanishing on Rn × {T}.
It is well known that L2 potentials in general are too singular to allow

weak solutions of (1.1) to be bounded or unique. Therefore further as-
sumptions must be imposed in order to establish a regularity theory. The
classical condition on the potential V for Hölder continuity and uniqueness
of weak solutions is that V ∈ Lp,q

loc with n
p + 2

q < 2. This condition is sharp
in general since one can easily construct a counter example. For instance
for V = a/|x|2 with a > 0, then there is no bounded positive solution to
(1.1) (see [2]). In fact in that paper, it is shown that if a is sufficiently
large, then even weak positive solutions can not exist. There is a long his-
tory of finding larger class of potentials such that some regularity of the
weak solutions is possible. Among them is the Kato class, time indepen-
dent or otherwise. Roughly speaking a function is in a Kato type class if
the convolution of the absolute value of the function and the fundamental
solution of Laplace or the heat equation is bounded. This class of func-
tions are moderately more general than the standard Lp,q class. However,
it is still far from enough for applications in such places as the vorticity
equation mentioned above. We refer the reader to the papers [1,11,16,18]
and reference therein for results in this direction. The main results there is
the continuity of weak solutions with potentials in the Kato class. In ad-
dition, equation (1.1) with V in Morrey or Besov classes are also studied.
However, these classes are essentially logarithmic improvements over the
standard Lp,q class. In the paper [17], K. Sturm proved Gaussian upper
and lower bound for the fundamental solution when the potential belongs
to a class of time independent, singular oscillating functions. His condi-
tion is on the L1 bound of the fundamental solution of a slightly “larger”
potential.

In this paper we introduce a new class of time dependent potentials
which can be written as a nonlinear combination of derivatives of a function.
The general idea of studying elliptic and parabolic equations with potentials
as the spatial derivative of some functions is not new. This has been used
in the classical books [7,12,13]. Here we also allow the appearance of time
derivative which can not be dominated by the Laplace operator. Another
innovation is the use of a suitable combination of derivatives. The class
we are going to define in section 2 essentially characterize all L2 potentials
which allow (1.1) to have positive L2 solutions.

The question of whether the Laplace or the heat equation with a po-
tential possesses a positive solution has been a long standing one. For the
Laplace equation, when the potential has only mild singularity, i.e. in the
Kato class, a satisfactory answer can be found in the Allegretto-Piepenbrink
theory. See Theorem C.8.1 in the survey paper [16]. Brezis and J. L. Lions
(see [2], p.122) asked when (1.1) with more singular potential has a posi-
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tive solutions. This problem was solved in [2] when V = a/|x|2 with a > 0.
In the case of general time independent potentials V ≥ 0, it was solved
in [3] and later generalized in [8]. However the case of time dependent or
sign changing potentials is completely open. One of the main results of
the paper (Theorem 2.1) gives a solution of the problem with L2 poten-
tials. The main advantage of the new class of potentials is that it correctly
captures the cancelation effect of sign changing functions. Moreover, we
show in Theorems 2.2–2.3 below that, if we just narrow the class a little,
then the weak fundamental solutions not only exist but also have Gaussian
upper bound. A Gaussian lower bound is also established under further
but necessary restrictions.

Some of the results of the paper can be generalized beyond L2 potentials.
However we will not seek full generalization this time.

Before proceeding further let us fix some notations and symbols, to
which will refer the reader going over the rest of the paper.

Notations. We will use R+ to denote (0,∞). The letter C, c with or with-
out index will denote generic positive constants whose value may change
from line to line, unless specified otherwise. When we say a time dependent
function is in L2 we mean its square is integrable in Rn ×R+. We use GV

to denote the fundamental solution of (1.1) if it exists. Please see the next
section for its existence and uniqueness. The symbol G0 will denote the
fundamental solution of the heat equation free of potentials. Give b > 0,
we will use gb to denote a Gaussian with b as the exponential parameter,
i.e.

gb = gb(x, t; y, s) =
1

(t− s)n/2
e−b|x−y|2/(t−s).

Given a L1
loc function f in space time, we will use gb ? f(x, t) to denote

∫ t

0

∫

Rn

gb(x, t; y, s)f(y, s)dyds.

When we say that GV has Gaussian upper bound, we mean that exists
b > 0 and c > 0 such that GV (x, t; y, s) ≤ cgb(x, t; y, s). The same goes for
the Gaussian lower bound.

When we say a function is a positive solution to (1.1) we mean it is a
nonnegative weak solution which is not identically zero.

Here is the plan of the paper. In the next section we provide the defi-
nitions, statements and proofs of the main results. In Section 3, we define
another class of singular potentials, called heat bounded class. Some ap-
plications to the Navier-Stokes equation is given in Section 4.
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2. Singular Potentials as Combinations of Derivatives

2.1. Definitions, statements of theorems

Definition 2.1. Given two functions V ∈ L2(Rn×R+), f ∈ L1
loc(Rn×R+)

and α > 0, we say that

V = ∆f − α|∇f |2 − ft,

if there exists sequences of functions {Vi} and {fi} such that the following
conditions hold for all i = 1, 2...:

(i) Vi ∈ L2(Rn × R+), ∆fi ∈ L2(Rn × R+), ∂tfi ∈ L2(Rn × R+),
fi ∈ C(Rn × R+).

(ii) Vi → V strongly in L2(Rn × R+), |Vi| ≤ |Vi+1|, fi → f a.e. and
fi(x, 0) = fi+1(x, 0).

(iii) Vi = ∆fi − α|∇fi|2 − ∂tfi.
Here we remark that we do not assume ∆f , |∇f |2 or ∂tf are in L2

individually. This explains the lengthy appearance of the definition.
The main results of Section 2 are the next three theorems. The first

one states a necessary and sufficient condition such that (1.1) possesses
a positive solution. The second theorem establishes Gaussian upper and
lower bound for the fundamental solutions of (1.1). The third theorem is
an application of the second one in the more traditional setting of Lp,q

conditions on the potential. It will show that our conditions are genuinely
much broader than the traditional ones.

It should be made clear that there is no claim on uniqueness in any
of the theorems. In the absence of uniqueness how does one define the
fundamental solution? This is possible due to the uniqueness of problem
(1.1) when the potential V is truncated from above. This fact is proved in
Proposition 2.1 below. Consequently we can state

Definition 2.2. The fundamental solution GV is defined as the pointwise
limit of the (increasing) sequence of the fundamental solution GVi

where
Vi = min{V, i} with i = 1, 2, ....

We remark that GV thus defined may be infinity somewhere or ev-
erywhere. However we will show that they have better behavior or even
Gaussian bounds under further conditions.

Theorem 2.1. (i) Suppose (1.1) with some u0 ≥ 0 has a positive solution.
Then

V = ∆f − |∇f |2 − ∂tf,

with e−f ∈ L2(Rn×R+). Moreover f ∈ L1
loc(Rn×R+) if lnu0 ∈ L1

loc(Rn).
(ii) Suppose V = ∆f−|∇f |2−∂tf for some f such that e−f ∈ L2(Rn×

R+). Then the equation in (1.1) has a positive L2 solution for some u0 ∈
L2(Rn).



26 Qi S. Zhang

Theorem 2.2. (i) Suppose V = ∆f − α|∇f |2 − ∂tf for one given α > 1
and f ∈ L∞(Rn × R+). Then GV has Gaussian upper bound in all space
time.

(ii) Under the same assumption as in (i), if g1/4?|∇f |2 ∈ L∞(Rn×R+),
then GV has Gaussian lower bound in all space time.

(iii) Under the same assumption as in (i), suppose GV has Gaussian
lower bound in all space time. Then there exists b > 0 such that gb?|∇f |2 ∈
L∞(Rn × R+).

Remark 2.1. At the first glance, Theorem 2.1 may seem like a restatement
of existence of positive solutions without much work. However Theorem 2.2
shows that if one just puts a little more restriction on the potential V , then
the fundamental solution actually has a Gaussian upper bound. Under an
additional but necessary assumption, a Gaussian lower bound also holds.
Even the widely studied potential a/|x|2 in Rn can be recast in the form
of Theorem 1.1, as indicated in the following

Example 2.1. For a real number b, we write f = b ln r with r = |x|. Then
direct calculation shows, for r 6= 0,

b(n− 2− b)
r2

= ∆f − |∇f |2.

Let a = b(n−2−b). Then it is clear that the range of a is (−∞, (n−2)2/4].
In this interval (1.1) with V = a/|x|2 permits positive solutions. This
recovers the existence part in the classical result [2]. Highly singular, time
dependent examples can be constructed by taking f = sin( 1

|x|−√t
) e.g.

Moreover the corollaries below relate our class of potentials with the tra-
ditional “form bounded” or domination class (2.1) below (see also [16]). In
the difficult time dependent case, Corollary 2.1 shows that potentials per-
mitting positive solutions, can be written as the sum of one form bounded
potentials and the time derivative of a function almost bounded from above
by a constant.

Remark 2.2. From the proof, it will be clear that under the assumption
of part (i) of Theorem 2.2, one has

∫
GαV (x, t; y, s)dy ≤ C < ∞.

This is one of the main assumptions used by Sturm [17] in the time inde-
pendent case (Theorem 4.12). If α = 1, then the conclusion of Theorem
2.2 may not hold even for time independent potentials (see [17]). Also note
that this theorem provides a nearly necessary and sufficient condition on
certain sign changing potential such that the corresponding heat kernel has
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Gaussian upper and lower bound. The only “gap” in the condition is the
difference in the parameters of the kernels g1/4 and gb. It is well know and
easy to check if |∇f | ∈ Lp,q with n

p + 2
q < 1 and f = 0 outside a compact

set, then gb ? |∇f |2 is a bounded function for all b > 0.

Corollary 2.1. Let V ∈ L2(Rn × (0,∞)). (a) Suppose

∫ T

0

∫
V φ2 ≤

∫ T

0

∫
|∇φ|2 + b

∫ T

0

∫
φ2 (2.1)

for all smooth, compactly supported function φ in Rn × (0, T ) and some
b > 0 and T > 0. Then (1.1) has a positive solution when u0 ≥ 0 and
moreover

V = ∆f − |∇f |2 − ∂tf.

(b) Suppose V = ∆f − |∇f |2 then V is form bounded, i.e. it satisfies
(2.1).

(c) Let V be a L2 potential permitting positive L2 solutions for (1.1).
Then V can be written as the sum of one form bounded potentials and the
time derivative of a function almost bounded from above by a constant.

In the next corollary, we consider only time-independent, nonnegative
potentials. Here the definition of V = ∆f − |∇f |2 is slightly different
from that of Definition (1.1) since we do not have to worry about time
derivatives. One interesting consequence is that these class of potentials is
exactly the usual form boundedness potentials.

Corollary 2.2. Suppose 0 ≤ V ∈ L1(Rn). Then the following statements
are equivalent. (1) For some f ∈ L1

loc(Rn) and a constant b > 0,

V = ∆f − |∇f |2 + b.

This mean there exist Vj ∈ L∞ such that Vj → V in L2(R1) and Vj =
∆fj − |∇fj |2 + b for some fj ∈ W 2,2(Rn), j = 1, 2, ....

(2) ∫
V φ2dx ≤

∫
|∇φ|2dx + b

∫
φ2dx.

for all smooth, compactly supported function φ in Rn and some b ≥ 0.

Remark 2.3. Condition (2) in the above corollary just means that the
bottom of the spectrum for the operator −∆− V is finite. This condition
is the same as those given in [3,8].

It is a fact that most people feel more familiar with the case when the
potential V is written as Lp,q functions. Also there may be some incon-
venience about the presence of the nonlinear term |∇f |2 in the potential
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in Theorem 2.2. Therefore in our next theorem, we will use only Lp,q

conditions on f without nonlinear terms.

Theorem 2.3. Suppose
(a) f ∈ L∞(Rn × R+);
(b) f = 0 outside a cylinder B(0, R0)× [0, T0], R0, T0 > 0;
(c) |∇f | ∈ Lp,q(Rn × R+) with n

p + 2
q < 1;

(d) V = ∆f − ∂tf ∈ L2(Rn × R+).
Then there exists a constant A0 depending only on n, p, q such that the

following statements hold, provided that

‖ |∇f | ‖Lp,q(Rn×R+) < A0.

(i) The kernel GV has Gaussian upper and lower bound in all space
time.

(ii) The kernel G∂tf has Gaussian upper and lower bound in all space
time.

Remark 2.4. If V is independent of time, then Theorem 2.3. reduces to
the known classical fact:

If a potential V is the derivative a of a small Ln+ε function, then GV

has Gaussian upper and lower bound (see [11] e.g.).
In the time dependent case our result is genuinely new due to the pres-

ence of the term ∂tf . Let us mention that some smallness condition on the
potential is needed for the existence of Gaussian bounds for GV . This is
the case even for time independent, smooth potentials due to the possible
presence of ground state.

Preliminaries. In order to prove the theorems we need to prove a propo-
sition concerning the existence, uniqueness and maximum principle for so-
lutions of (1.1) under the assumptions that V is bounded from above by a
constant. The result is standard if one assumes that the gradient of solu-
tions are L2. However we only assume that solutions are L2. Therefore a
little extra work is needed.

Proposition 2.1. Suppose that V ∈ L2(Rn × R+) and that V ≤ b for a
positive constant b. Then the following conclusions hold.

(i) The only L2 solution to the problem

∆u + V u− ∂tu = 0, Rn × (0, T ), T > 0, u(x, 0) = 0

is zero.
(ii) Let u be a solution to the problem in (i) such that u(·, t) ∈ L1(Rn),

u ∈ L1(Rn × (0, T )) and V u ∈ L1(Rn × (0, T )). Then u is identically zero.
(iii) Under the same assumptions as in (i), the problem

∆u+V u−∂tu=0, Rn × (0, T ), T > 0, u(·, 0)=u0(·) ≥ 0, u0∈L2(Rn)
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has a unique L2 nonnegative solution.
(iv) Under the same assumptions as in (i), let u be a L2 solution to the

following problem

∆u + V u− ∂tu = f, Rn × (0, T ), T > 0, u(·, 0) = 0.

Here f ≤ 0 and f ∈ L1(Rn × (0, T )). Then u ≥ 0 in Rn × (0, T ).

Proof of (i). Let u be a L2 solution to the problem in (i). Choose a
standard mollifier ρ and define, for j = 1, 2, ...,

uj(x, t) = jn

∫
ρ(j(x− y))u(y, t)dy ≡

∫
ρj(x− y)u(y, t)dy.

Then ∇uj and ∆uj exist in the classical sense. From the equation on u, it
holds

∆uj +
∫

ρj(x− y)V (y, t)u(y, t)dy − ∂tuj = 0,

where ∂tuj is understood in the weak sense.
Given ε > 0, we define

hj =
√

u2
j + ε.

Let 0 ≤ φ ∈ C∞0 (Rn). Then direct calculation shows
∫

φhj(x, s)|t0dx=
∫ t

0

∫
uj∆uj√
u2

j + +ε
(x, t)φ(x)dxds

+
∫ t

0

∫
φ(x)

uj(x, s)√
u2

j + ε

∫
ρj(x− y)V (y, t)u(y, t)dydxdt≡T1 + T2.

Using integration by parts, we deduce

T1 = −
∫ t

0

∫ |∇uj |2√
u2

j + φ(x, s)
dxds

+
∫ t

0

∫
u2

j

u2
j + ε

|∇uj |2√
u2

j +ε
φ(x, s)dxds−

∫ t

0

∫
uj
∇uj∇φ√

u2
j + ε

dxds.

Since the sum of the first two terms on the right-hand side of the above
inequality is non-positive, we have

T1 ≤
∫ t

0

∫
uj
|∇uj | |∇φ|√

u2
j + ε

dxds.
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Taking ε to zero, we obtain
∫

φ|uj(x, t)|dx≤
∫ t

0

∫
|∇uj ||∇φ|dxds+

∫ t

0

∫
φ(x)|

∫
ρjV

+u(y, s)dy|dxds

−
∫ t

0

∫
φ(x)

uj

|uj | (x, s)
∫

ρj(x−y)V −u(y, s)dydxds.

Here and later we set uj

|uj | (x, s) = 0, if uj(x, s) = 0.
Next, since u, V ∈ L2(Rn×(0, T )), one has uV ∈ L1(Rn×(0, T )). From

the equation
∆u + V u− ∂tu = 0,

one deduces

u(x, t) =
∫ t

0

∫
G0(x, t; y, s)(V u)(y, s)dyds.

Here, as always, G0 is the fundamental solution of the free heat equation.
Hence u(·, t) ∈ L1(Rn) and u ∈ L1(Rn × (0, T )). Therefore, for any fixed
j, there holds

|∇uj | ∈ L1(Rn × (0, T )).

Now, for each R > 0, we choose φ so that φ = 1 in B(0, R), φ = 0 in
B(0, R + 1)c and |∇φ| ≤ 2. Observing

∫ t

0

∫
|∇uj | |∇φ|dxds → 0, R →∞,

we deduce, by letting R →∞,
∫
|uj(x, t)|dx≤

∫ t

0

∫
|
∫

ρjV
+u(y, s)dy|dxds

−
∫ t

0

∫
uj

|uj | (x, s)
∫

ρj(x− y)V −u(y, s)dydxds.

(2.2)

By the fact that V −u, V +u ∈ L1(Rn × (0, T )), we know that
∫

ρj(· − y)V −u(y, ·)dy →V −u(·, ·),
∫

ρj(· − y)V +u(y, ·)dy →V +u(·, ·),

in L1(Rn × (0, T )). Since uj

|uj | (x, s) is bounded and converges to u
|u| (x, s)

a.e. in the support of u, we have
∣∣∣∣
∫ t

0

∫ [ uj

|uj | (x, s)
∫

ρj(x− y)V −u(y, s)dy − V −u2

|u|
]
dxds

∣∣∣∣

≤
∣∣∣∣
∫ t

0

∫ ( uj

|uj | −
u

|u|
)
V −udxds

∣∣∣∣+
∣∣∣∣
∫ t

0

∫
uj

|uj |
(
ρj ? V −u−V −u

)
dxds

∣∣∣∣→0.
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Substituting this to (2.2), we deduce, by taking j →∞,
∫
|u(x, t)|dx ≤

∫ t

0

∫
V +|u(x, s)|dxds−

∫ t

0

∫
V −u2

|u| (x, s)dxds.

Therefore ∫
|u(x, t)|dx ≤

∫ t

0

∫
|u(x, s)|dxds ‖V +‖∞.

By Gronwall’s inequality u(x, t) = 0 a.e. This proves part (i).

Proof of (ii). Notice that the only place we have used the L2 bounded-
ness of u is to ensure that V u ∈ L1(Rn × (0, T )). But this a part of the
assumptions in (ii). Therefore (ii) is also proven.

Proof of (iii). The uniqueness is an immediate consequence of part (i).
So we only need to prove existence. This follows from a standard limiting
process. For completeness we sketch the proof.

Given k = 1, 2, .... let Vk be the truncated potential

Vk = sup{V (x, t),−k}.

Since Vk is a bounded function there exists a unique, nonnegative solution
uk to the following problem.

{
∆uk + Vkuk − ∂tuk = 0, in Rn × (0,∞),

u(x, 0) = u0(x) ≥ 0, x ∈ Rn, u0 ∈ L2(Rn).

By the standard maximum principle, {uk} is a nonincreasing sequence and

1
2

∫
u2

k|T0 dx +
∫ T

0

∫
|∇uk|2dxdt =

∫ T

0

∫
vku2

kdxdt

≤
∫ T

0

∫
V +

k u2
kdxdt ≤ ‖V +‖∞

∫ T

0

∫
u2

kdxdt.

By Gronwall’s lemma, we have
∫ T

0

∫
|∇uk|2dxdt+

∫
u2

k(x, T )dx≤
∫

u2
0(x)dx+‖v+‖∞

∫
u2

0(x)dxe2‖v+‖∞T.

It follows that uk converges pointwise to a function u which also satisfies
the above inequality. Let φ be a test function with compact support. Then

∫
(ukφ)|T0 dx−

∫ T

0

∫
ukφtdxdt−

∫ T

0

∫
uk∆φdxdt−

∫ T

0

∫
Vkukφdxdt=0.
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Since {uk} is a monotone sequence and also since |Vkuk| ≤ |V |u1 ∈ L1(Rn×
(0, T )), the dominated convergence theorem implies that

∫
(uφ)|T0 dx−

∫ T

0

∫
uφtdxdt−

∫ T

0

∫
u∆φdxdt−

∫ T

0

∫
V uφdxdt = 0.

This shows that u is a nonnegative solution. It is clear that u is not
identically zero since u0 is not. This proves part (iii) of the proposition.

Proof of (iv).
Let Vk be a truncated potential as in part (iii). Since Vk is bounded, the

standard maximum principle shows that there exists a unique, nonnegative
solution to the following problem

∆uk + Vkuk − ∂tuk = f ≤ 0, Rn × (0, T ), T > 0, uk(·, 0) = 0.

Moreover {uk} forms a decreasing sequence. Since Vk is a bounded function,
the standard parabolic theory shows that

∫
uk(x, t)dx =

∫ t

0

∫
V +

k ukdxds−
∫ t

0

∫
V −

k ukdxds +
∫ t

0

∫
fdxds.

Therefore
∫

uk(x, t)dx ≤ ‖V +‖∞
∫ t

0

∫
ukdxds +

∫ t

0

∫
fdxds.

This implies
∫

uk(x, t)dx +
∫ t

0

∫
ukdxds ≤ C(t, ‖V +‖∞, ‖f‖1).

It follows that
∫

uk(x, t)dx +
∫ t

0

∫
ukdxds +

∫ t

0

∫
V −

k ukdxds ≤ C(t, ‖V +‖∞, ‖f‖1).

Let w be the pointwise limit of the decreasing sequence {uk}. Then we
have ∫

w(x, t)dx +
∫ t

0

∫
wdxds ≤ C(t, ‖V +‖∞, ‖f‖1).

It is straight forward to check that w is a nonnegative solution to the
problem

∆w + V w − ∂tw = f ≤ 0, Rn × (0, T ), T > 0, w(·, 0) = 0.
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Hence

∆(w− u) + V (w− u)− ∂t(w− u)=0, Rn × (0, T ), T >0, (w− u)(·, 0)=0.

Recall that u is assumed to be a L2 solution and that V ∈ L2. We have
that V u ∈ L1 and consequently u(·, t) ∈ L1(Rn) and u ∈ L1(Rn × (0, T )).
Now by Part (ii) of the proposition, we deduce w = u since w is also L1.
Hence u ≥ 0. This finishes the proof of the proposition.

2.3. Proofs of theorems

Proof of Theorem 2.1 (i).
For j = 1, 2..., let Vj = min{V (x, t), j}. Since Vj is bounded from above,

Proposition 2.1 shows that there exists a unique solution uj to the following
problem.

∆uj + Vjuj − ∂tuj = 0, (x, t) ∈ Rn×(0,∞), uj(x, 0)=u0(x), x ∈ Rn.

Notice that uj − uj−1 is a solution to the problem

∆(uj−uj−1)+Vj(uj−uj−1)−∂t(uj−uj−1)=(Vj−1−Vj)uj−1,

(x, t) ∈ Rn × (0,∞),

(uj − uj−1)(x, 0) = 0, x ∈ Rn.

Notice that

(Vj−1 − Vj)uj−1 ≤ 0, (Vj−1 − Vj)uj−1 ∈ L1(Rn × (0, T )), T > 0.

We can then apply Proposition 2.1 (iv) to conclude that

uj ≥ uj−1.

Moreover

∆(u−uj)+Vj(u−uj)− ∂t(u−uj)=(Vj−V )u, , (x, t)∈Rn×(0,∞)

(u− uj)(x, 0) = 0, x ∈ Rn,

with
(Vj − V )u ≤ 0, (Vj − V )u ∈ L1(Rn × (0, T )), T > 0.

By Proposition 2.1 (iv) again we know that u ≥ uj . Therefore {uj} is
a non-decreasing sequence of nonnegative functions bounded from above
by a L2 function. Let w be the pointwise limit of uj . The w is L2 and
|Vjuj | ≤ |V u| ∈ L1(Rn × (0, T )), T > 0. By the dominated convergence
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theorem, it is straight forward to check that w is a nonnegative L2 solution
to the equation

∆w + V w − ∂tw = 0, (x, t) ∈ Rn × (0,∞),

w(x, 0) = u0(x), x ∈ Rn.

Fixing j, for any k = 1, 2, .... Let Vjk = max{Vj(x, t),−k}. Since Vjk is
bounded, the following problem has a unique L2 solution.

∆ujk + Vjkujk − ∂tujk = 0, (x, t) ∈ Rn × (0,∞),

uj(x, 0) = u0(x), x ∈ Rn.

Due to the fact that {Vjk} is a decreasing sequence of k, the maximum
principle shows that {ujk} is also a decreasing sequence of k. Since Vjkujk ∈
L2(Rn × (0, T )), T > 0, the parabolic version of the Calderon-Zygmond
theory shows

∆ujk, ∂tujk ∈ L2(Rn × (0, T )), T > 0.

Since

0 ≤ ujk − uj ≤ uj1 − uj , 0 ≤ w − uj ≤ w − u1, k = 1, 2, 3, ...,

we can apply the dominated convergence theorem to conclude that

lim
k→∞

∫ T

0

∫
(ujk − uj)2dxdt = 0, lim

j→∞

∫ T

0

∫
(w − uj)2dxdt = 0.

Therefore we can extract a subsequence {ujkj
} such that

lim
j→∞

∫ T

0

∫
(w − ujkj )

2dxdt = 0.

Hence there exists a subsequence, still called {ujkj
} such that ujkj

→ w a.e.
Recall that u0 ≥ 0, u0 6= 0 and Vjkj

is bounded. It is clear that ujkj
> 0

when t > 0. Now we define

fj = − lnujkj
, f = − log w.

Then
Vjkj = ∆fj − |∇fj |2 − ∂tfj .

Clearly fj → f a.e. and Vjkj
→ V in L2 as j →∞. By Definition 2.1, this

means
V = ∆f − |∇f |2 − ∂tf.
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It is clear that e−fb = w is L2 by construction.

Proof of Theorem 2.1 (ii).
By assumption, there exist sequences of functions {Vj} and {fj} such

that
‖Vj‖L2 ≤ C, |Vj | ≤ |Vj+1|, fj ∈L∞,

‖Vj − V ‖L2 →∞, Vj = ∆fj − |∇fj |2 − ∂tfj .

Then for uj e−fj , we have

∆uj + Vjuj − ∂tuj = 0.

We will show that ‖uj‖L2 is uniformly bounded. To this end, we observe
that

∆(uj−uj+1)+Vj(uj−uj+1)−∂t(uj−uj+1)=−(Vj−Vj+1)uj+1≥0.

Recall from Definition 2.1 that fj(x, 0) is independent of j. Hence uj(x, 0)
= uj+1(x, 0). Therefore 0 ≤ uj ≤ uj+1. By the assumption that fj → f
a.e., we know that uj = e−fj → e−f a.e. Note that e−f ∈ L2(Rn× (0,∞)).
Hence ‖uj‖L2 is uniformly bounded.

By weak compactness in L2, there exists a subsequence, still called
{uj} such that uj converges weakly to a L2 function which we will call u.
Observe that, for any compactly supported test function φ, there holds

‖ujVjφ− uV φ‖L1 ≤ ‖uj(Vj − V )φ‖L1 + ‖(uj − u)V φ‖L1

≤ ‖uj‖L2‖Vj − V ‖L2 ‖φ‖L∞ + ‖(uj − u)V φ‖L1 .

Hence
‖ujVjφ− uV φ‖L1 → 0,

when j →∞. From here it is easy to check that u is a nonnegative solution
to (1.1) with u0 = e−fj(x,0) as the initial value. Note the u0 is independent
of j. If u0 ∈ L2(Rn), then we are done. Otherwise, we can selection a L2

function dominated by u0 to serve as the initial value.
Next we will provide a

Proof of Theorem 2.2 (i).

We will use an idea based on an argument in [17] where the heat equa-
tion with some singular, time independent potentials are studied.

By virtue of Proposition 2.1, the fundamental solution GV is defined
as the limit of fundamental solutions of the equation in (1.1), where V is
replaced by nonsingular potentials. Therefore we can and will assume that



36 Qi S. Zhang

V is smooth in this subsection. The constants involved will be independent
of the smoothness.

Since, by assumption

V = ∆f − α|∇f |2 − ∂tf, (2.3)

one has
αV = ∆(αf)− |∇(αf)|2 − ∂t(αf).

Writing F = e−αf , it is easy to show that

∆F + αV F − ∂tF = 0. (2.4)

Let us denote the fundamental solution of the equation in (2.4) by GαV .
Since f is bounded, we know that F is bounded between two positive
constants. Therefore it is clear that

0 <
inf F

supF
≤

∫
GαV (x, t; y, s)dy ≤ supF

inf F
, (2.5)

for all x ∈ Rn and t > s. Here inf F and supF are taken over the whole
domain of F .

By Feynman-Kac formula and Hölder’s inequality, for a given φ ∈
C∞0 (Rn), there holds

∣∣
∫

GV (x, t; y, s)φ(y)dy
∣∣

≤[∫
GαV (x, t; y, s)dy

]1/α[∫
G0(x, t; y, s)|φ(y)|α/(α−1)dy

](α−1)/α
.

By (2.5), we deduce

∣∣
∫

GV (x, t; y, s)φ(y)dy
∣∣ ≤ cs

1/α
0

(t− s)(α−1)n/(2α)
‖φ‖α/(α−1),

where s0 = sup F
infF . The norm on φ means the Lα/(α−1)(Rn) norm. Hence

‖GV (·, t; ·, s)‖α/(α−1),∞ ≤ cs
1/α
0

(t− s)(α−1)n/(2α)
. (2.6)

Here and later the norm ‖ · ‖p,q stands for the operator norm from Lp(Rn)
to Lq(Rn) for p, q between 1 and ∞.

Without loss of generality we assume that α/(α− 1) is an integer. This
is so because otherwise we can choose one α1 ∈ (1, α) such that α1/(α1−1)
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is an integer. Then interpolating between GαV and G0 by Feynman-Kac
formula again, we know that

∫
Gα1V (x, t; y, s)dy ≤ C(F, α, α1).

Then we can just work with Gα1V instead of GαV in the above.
Using the reproducing property of GV we deduce

‖GV (·, t; ·, s)‖1,∞ ≤
m∏

j=1

‖GV (·, s + tj ; ·, tj−1)‖pj ,qj , (2.7)

where

m=
α

α− 1
, pj =

m

m− l + 1
, qj =

m

m− l
, tj = s +

(t− s)j
m

.

For each j between 1 and m, we apply the Riesz-Thorin interpolation the-
orem to deduce

‖GV (·, tj ; ·, tj−1)‖pj ,qj

≤ ‖GV (·, s + tj ; ·, tj−1)‖1−λj

1,m/(m−1) ‖GV (·, tj ; ·, tj−1)‖λj
m,∞.

Here the parameters are determined by the following relations

1
pj

=
1−λj

1
+

λj

m
,

1
qj

=
1− λj

m/(m−1)
+

λj

∞ , λj =
j − 1
m−1

.

It follows that

‖GV (·, tj ; ·, tj−1)‖pj ,qj ≤ ‖GV (·, tj ; ·, tj−1)‖m,∞. (2.8)

Substituting (2.6) to (2.8), we deduce, after noticing that tj−tj−1 =(t−s)/m,

‖GV (·, tj ; ·, tj−1)‖pj ,qj ≤
cs

1/α
0 m(α−1)n/(2α)

(t− s)(α−1)n/(2α)
.

This and (2.7) imply that

‖GV (·, t; ·, s)‖1,∞ ≤ cs
m/α
0 mn/2

(t− s)n/2
.

Here we just used the relation m = α/(α− 1). This yields the on-diagonal
upper bound

GV (x, t; y, s) ≤ cs
1/(α−1)
0 (α/(α− 1))n/2

(t− s)n/2
. (2.9)



38 Qi S. Zhang

In order to obtain the full Gaussian bound, we observe that, for any p > 1,
the Feynman-Kac formula implies

GV (x, t; y, s) ≤ [
GpV (x, t; y, s)

]1/p [
G0(x, t; y, s)

](p−1)/p
. (2.10)

Notice also

pV = p(∆f − α|∇f |2 − ∂tf) = ∆(pf)− α

p
|∇(pf)|2 − ∂t(pf).

Taking p = (1+α)/2, then α
p > 1. Therefore pV also satisfies the condition

of Theorem 2.2 (i). Hence, the on-diagonal bound (2.9) holds for GpV , i.e.,
there exists a constant C(α, esup f−inf f ) such that

GpV (x, t; y, s) ≤ C(α, esup f−inf f )
(t− s)n/2

.

Substituting this to the inequality (2.10), we obtain the desired Gaussian
upper bound for GV .

Proof of Theorem 2.2 (ii).
In this part we prove the Gaussian lower bound. We will follow Nash’s

original idea. The novelty is a way of handling the potential term even, if it
is very singular. The main idea is to exploit the structure of the potential
when it is written as a combination of derivatives.

Since the setting of our problem is invariant under the scaling, for r > 0,

Vr(x, t) = r2V (rx, r2t), fr(x, t) = f(rx, r2t), ur(x, t) = r2u(rx, r2t),

we can just prove the lower bound for t = 1 and s = 0. We divide the proof
into three steps.

Step 1. Fixing x ∈ Rn, let us set

u(y, s) = GV (y, s; x, 0), H(s) =
∫

e−π|y|2 lnu(y, s)dy.

Differentiating H(s), one obtains

H ′(s)=
∫

e−π|y|2 ∂su(y, s)
u(y, s)

dy=−
∫
∇(e−π|y|2

u

)∇udy+
∫

e−π|y|2V (y, s)dy.

Estimating the first term on the righthand side of the above inequality as
in [6], Section 2, one arrives at

H ′(s) ≥ −C +
1
2

∫
e−π|y|2 |∇ lnu(y, s)|2dy +

∫
e−π|y|2V (y, s)dy. (2.11)
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Here C is a positive constant. Since,

V = ∆f − α|∇f |2 − ∂tf,

we know that

f(x, t) =
∫

G0(x, t; y, 0)f(y, 0)

−
∫ t

0

∫
G0(x, t; y, s)V (y, s)dyds−α

∫ t

0

∫
G0(x, t; y, s)|∇f |2dyds.

By our assumption
∫ t

0

∫
G0(x, t; y, s)|∇f |2dyds < ∞.

Hence the boundedness of f implies that

[m(x, t) ≡ −
∫ t

0

∫
G0(x, t; y, s)V (y, s)dyds ∈ L∞.

Moreover
∆m− ∂tm = V. (2.12)

Therefore
∫

e−π|y|2V (y, s)dy =
∫

e−π|y|2 [∆m− ∂sm](y, s)dy

=
∫

[∆e−π|y|2 ]mdy−∂s

∫
e−π|y|2m(y, s)dy≥−C−∂s

∫
e−π|y|2m(y, s)dy.

Here we have used the boundedness of m. Substituting the above to the
right-hand side of (2.11), we obtain

H ′(s) ≥ −C +
1
2

∫
e−π|y|2 |∇ lnu(y, s)|2dy −M ′(s), (2.13)

where
M(s) =

∫
e−π|y|2m(y, s)dy. (2.14)

Step 2. By Poincaré’s inequality with e−π|y|2 as weight, we deduce,
for some B > 0,

H ′(s)≥−C+B

∫
e−π|y|2 [lnu(y, s)−H(s)]2dy−M ′(s).
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Next, observe that (lnu − H(s))2/u is non-increasing as a function of u
when u is between e2+H(s) and ∞. Also from the Gaussian upper bound,

sup
1/2≤s≤1

u(y, s) ≤ K < ∞.

Therefore

H ′(s)≥−C + CBK−1(lnK−H(s))2
∫

u(y,s)≥exp(2+H(s))

e−π|y|2u(y, s)dy−M ′(s).

(2.15)
Using the Gaussian upper bound again, we know that H(s) ≤ C for

some C > 0 and that
∫

u(y,s)≥exp(2+H(s))

e−π|y|2u(y, s)dy ≥
∫

e−π|y|2u(y, s)dy − ce2+H(s)

≥ e−πr2
∫

|y|<r

u(y, s)dy − ce2+H(s)

= e−πr2[ ∫
u(y, s)dy −

∫

|y|<r

u(y, s)dy
]− ce2+H(s).

(2.16)
We aim to find a lower bound for the right-hand side of (2.16). By

(2.12),
V = ∆m− ∂tm ≥ ∆m− |∇m|2 − ∂tm ≡ V1.

Write h = e−m. Then
∆h + V1h− ∂tu = 0.

Since m ∈ L∞, we know that h is bounded between two positive constants.
Observe that

h(x, t) =
∫

GV1(x, t; y, s)h(y, s)dy.

Hence
0 < c1 <

∫
GV1(x, t; y, s)dy ≤ c2.

By the maximum principle, we have
∫

GV (x, t; y, s)dy ≥
∫

GV1(x, t; y, s)dy ≥ c1 > 0. (2.17)

Recall that u(y, s) = GV (y, s; x, 0). Substituting (2.17) to (2.16) and
applying the Gaussian upper bound on u(y, s), we deduce

∫

u(y,s)≥exp(2+H(s))

e−π|y|2u(y, s)dy ≥ ce−πr2
c1 − ce2+H(s), (2.18)
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when r is sufficiently large. Substituting (2.18) to (2.15), we arrive at

H ′(s) ≥ −C + CBK−1(lnK −H(s))2e−πr2
c1 − ce2+H(s) −M ′(s). (2.19)

We claim that H(1) ≥ −c0 for some sufficiently large c0 > 0. Suppose
otherwise, i.e. H(1) < −c0. From (2.19), for some C > 0,

H ′(s) ≥ −C −M ′(s).

Hence
H(1)−H(s) ≥ −C(1− s)− (M(1)−M(s)).

Therefore

H(s) ≤ H(1) + C(1− s) + (M(1)−M(s)) ≤ −c0/2,

when c0 is chosen sufficiently large. It follows from (2.19) that

H ′(s) ≥ −c1 + c2H
2(s)−M ′(s).

This shows

(H(s) + M(s))′ ≥ −c3 + c4(H(s) + M(s))2.

From here, one immediately deduces

H(1) ≥ −A, A > 0.

The claim is proven. Thus
∫

e−π|y|2 lnGV (y, s; x, 0)dy ≥ −c0,

where |x− y| ≤ 1.
Using the reproducing property of GV and Jensen’s inequality, we have,

when |x− y| ≤ 1,

lnGV (x, 2; y, 0) = ln
∫

GV (x, 2; z, 1)GV (z, 1; y, 0)dz

≥
∫

e−π|y|2 lnGV (x, 2; z, 1)dz +
∫

e−π|y|2 lnGV (z, 1; y, 0)dz ≥ −C.

This proves the on-diagonal lower bound. The full Gaussian lower bound
now follows from the standard argument in [6].
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Proof of Theorem 2.2 (iii).
Since,

V = ∆f − α|∇f |2 − ∂tf,

we have
V + (α− 1)|∇f |2 = ∆f − |∇f |2 − ∂tf.

Let u = e−f , by direct calculation,

∆u + V u− ∂tu + (α− 1)|∇f |2u = 0.

Hence
u(x, t) =

∫
GV (x, t; y, 0)u(x, 0)dy

+(α− 1)
∫ t

0

∫
GV (x, t; y, s)|∇f |2(y, s)u(y, s)dyds.

Since f ∈ L∞, we know that u is bounded between two positive constants.
If, by assumption, GV has a Gaussian lower bound, then, for some b > 0,
we have ∫ t

0

∫
gb(x, t; y, s)|∇f |2(y, s)dyds ≤ C

supu

inf u
.

This completes the proof of part (iii) of Theorem 2.2.

Proof of Theorem 2.3.
(i) We write

V1 = 2(∆f − ∂tf − 3|∇f |2), V2 = 6|∇f |2.
Let GVi (i = 1, 2), be the fundamental solution of ∆u + Viu − ∂tu = 0.
Since

V = ∆f − ∂tf = (V1/2) + (V2/2),

the Feynman-Kac formula implies

GV (x, t; y, s) ≤ [
GV1(x, t; y, s)

]1/2 [
GV2(x, t; y, s)

]1/2
.

Observe that
V1 = ∆(2f)− ∂t(2f)− 3

2
|∇(2f)|2.

Hence, by Theorem 2.2, we know that GV1 has Gaussian upper bound.
Under the smallness assumption on the Lp,q norm of |∇f |2 in the theorem,
it is well known that GV2 also has a Gaussian upper bound. Therefore GV

has Gaussian upper bound.
In order to prove the Gaussian lower bound, we observe that

V = ∆f − ∂tf ≥ V3 ≡ ∆f − ∂tf − 2|∇f |2.
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Under our assumption on the Lp,q norm of |∇f |, it is straight forward to
check that

g1/4 ? |∇f |2 ∈ L∞.

Hence Theorem 2.2 (ii) shows GV3 has Gaussian lower bound. Clearly this
Gaussian lower bound of GV3 is also a Gaussian lower bound of GV by the
maximum principle. This proves part (a).

(ii) Clearly we can choose A0 sufficiently small so that all the following
kernels have global Gaussian upper and lower bound:

G2V , GV/2, G2∆f , G∆f/2. (2.20)

The bounds on the first two kernels follow from part (i). The bounds on
the last two kernels follow from standard theory since ∆f = div(∇f) with
∇f has a small norm in the suitable Lp,q class (see [11] e.g.).

Now observe that

−∂tf = ∆f − ∂tf −∆f = V −∆f,

V

2
=

∆f

2
− ∂tf

2
.

By Feynman-Kac formula

G(−∂tf) ≤
(
G2V

)1/2(
G2∆f

)1/2;

GV/2 ≤
(
G2∆f

)1/2(
G−∂tf

)1/2
.

Hence (2.20) show that G(−∂tf) also has global Gaussian upper and lower
bound. Since the setting of the Theorem is invariant under the reflection
f → −f the result follows.

We close this section by giving proofs of the corollaries.

Proof of Corollary 2.1.
(a) Let Vk = min{V (x, t), k}, k = 1, 2, .... Then (1.1) with V replaced

by Vk has a unique solution.
Let J(t) ≡ ∫

Rn u2
k(x, t)dx. Then

J ′(t) = 2
∫

Rn

[−∇uk∇uk + Vku2
k]dx.

By our assumption on V , J ′(t) ≤ 2bJ(t) which implies
∫

Rn

u2
k(x, t)dx ≤

∫

Rn

u2
0(x)dx e2bt.
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Therefore if u0 ∈ L2(D), we conclude that uk(x, t) increases to a finite
positive limit u(x, t) as k →∞, for all t and for a.e. x. Moreover u(·, t) ∈
L2(Rn). We show that the above u is a positive L2 solution to (1.1).

Since uk is a solution to (1.1) with V replaced by Vk, for any ψ ∈
C∞0 (Rn × (0, T )), we have
∫

(ukψ)|t2t1dx−
∫ t2

t1

∫
ukψtdxdt−

∫ t2

t1

∫
uk∆ψdxdt−

∫ t2

t1

∫
Vkukψdxdt=0,

for all t1, t2 ∈ (δ, t0).
By our assumption |Vkuk| ≤ |V u| ∈ L1(Rn × (0, T )). Taking k → ∞

and using the dominated convergence theorem, we obtain
∫

(uψ)|t2t1dx−
∫ t2

t1

∫
uψtdxdt−

∫ t2

t1

∫
u∆ψdxdt−

∫ t2

t1

∫
V uψdxdt = 0.

This shows that u is a positive solution to (1.1). By Theorem 2.1

V = ∆f − |∇f |2 − ∂tf.

(b) Suppose
V = ∆f − |∇f |2.

Due to the L2 convergence, it suffices to prove that Vj in Definition 2.1
satisfies (2.). Let φ be a test function, then

∫ ∞

0

∫
Vjφ

2dxdt =
∫ ∞

0

∫
[∆fj − |∇fj |2]φ2dxdt

=−2
∫ ∞

0

∫
∇fj∇φφdxdt−

∫ ∞

0

∫
|∇fj |2φ2dxdt

≤
∫ ∞

0

∫
|∇φ|2dxdtφ.

(c) The statement is self-evident by part (b) and Theorem 2.1.

Proof of Corollary 2.2.
Suppose V = ∆f − |∇f |2 + b. Then, by the same limiting argument as

above, we have
∫

V φ2dx = lim
j→∞

∫
[∆fj − |∇fj |2]φ2dx + b

∫
φ2dx

= limj→∞

(
− 2

∫ ∇fj∇φ φdx− ∫ |∇fj |2φ2dx

)
+ b

∫
φ2dx.

Therefore ∫
V φ2dx ≤

∫
|∇φ|2dx + b

∫
φ2dx.
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Also by part (a) of Corollary 1, (1.1) has a positive solution when u0 ≥ 0.
On the other hand, suppose V satisfies

∫
V φ2dx ≤

∫
|∇φ|2dx + b

∫
φ2dx.

Write Vj = min{V, j} with j = 1, 2, .... Then
∫

(Vj − b)φ2dx ≤
∫
|∇φ|2dx.

Notice that Vj − b is a bounded function. Hence we can apply Theorem
C.8.1 in [16] to conclude that there exists uj > 0 such that

∆uj + (Vj − b)uj = 0.

Writing fj = − lnuj , we have

Vj = ∆fj − |∇fj |2 + b.

By definition, this means

V = ∆f − |∇f |2 + b.

3. Heat Bounded Functions and the Heat Equation

Here we introduce another class of singular functions that has its origin
in the Kato type class. As mentioned in the introduction, a function is in
a Kato type class if the convolution of the absolute value of the function
and the fundamental solution of Laplace or the heat equation is bounded.
Here we generalize this notion by a simple but key stroke, i.e., we delete
the absolute value sign on the function in the definition of the Kato class.
More precisely, we have

Definition 3.1. Let f = f(x, t) be a local L1 function in space time and
G0 be the standard Gaussian in Rn. We say that f is heat bounded in a
domain Ω ⊂ Rn × R1, if

G0 ? f(x, t) ≡
∫ t

0

∫

Rn

G0(x, t; y, s)f(y, s)dyds

is a bounded function in Ω.
We say that f is almost heat bounded in a domain Ω ⊂ Rn × R1 if

G0 ? f(x, t) ∈ Lp(Ω)

for all p > 1.
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Example 3.1. The function V (x) = a
χB(0,1)

|x|2 is not heat bounded but is
almost heat bounded in Rn. Here a is a nonzero constant.

In the next two propositions, we provide a comparison between the heat
bounded class and more familiar classes of functions.

Proposition 3.1. Suppose, in the distribution sense, V = ∂2
ijf with f ∈

∩p>1L
p(Rn × (0, T )). Then V is almost heat bounded in Rn × (0, T ).

Proof. Let G0 be the free heat kernel in Rn × (0,∞). By the assumption
on f , the function u = u(x, t), defined by

u(x, t) =
∫ t

0

∫

Rn

G0(x, t; y)f(y, s)dyds

is a solution to the equation

{ ∆u(x, t)−ut(x, t)=−f(x, t), x∈Rn, t>0,

u(x, 0) = 0.

By the parabolic version of the Calderon-Zygmond inequality (see [13] e.g.),
we know that

u ∈ W 2,p(Rn), ∀p > 1.

Hence

∂2
ij

∫ t

0

∫

Rn

G0(x, t; y)f(y, s)dyds ∈ Lp(Rn), ∀p > 1.

Proposition 3.2. Suppose, 0 ≤ V ∈ L1
loc is form bounded in D × [0, T ].

i.e. ∫ T

0

∫

D

V φ2 ≤ b1

∫ T

0

∫

D

|∇φ|2 + b2

∫ T

0

∫

D

φ2

for all smooth, compactly supported function φ ∈ D × [0, T ] ⊂ Rn × [0, T ].
Then V is almost heat bounded in D × [0, T ].

Proof. We will only consider the case when D = Rn. The other cases
follow from the full space case by a standard comparison method.

Since one can consider cV with c sufficiently small otherwise, we can
choose the constant b1 in the definition of form boundedness to be 1/2, i.e.
we assume that

∫ T

0

∫

D

V φ2 ≤ 1
2

∫ T

0

∫

D

|∇φ|2 + b2

∫ T

0

∫

D

φ2,

for all smooth, compactly supported function φ.
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Let uk be the solution of

∆uk + Vkuk − (uk)t = 0, in Rn × (0,∞), V ∈ L2
loc(Rn × (0,∞))

uk(x, 0) = u0(x) > 0, x ∈ Rn, u0 ∈ L2(Rn).
(3.1)

Here Vk is the truncated potential Vk = min{V, k} with k being positive
integers. Clearly Vk ≤ Vk+1.

We show that uk converge pointwise to a locally integrable function.
Let J(t) ≡ ∫

D
u2

k(x, t)dx. Then

J ′(t) = 2
∫

D

[−∇uk∇uk + Vku2
k]dx.

By our assumption on V , J ′(t) ≤ 2bJ(t) which implies
∫

D

u2
k(x, t)dx ≤

∫

D

u2
0(x)dx e2bt.

Therefore if u0 ∈ L2(D), we conclude that uk(x, t) increases to a finite
positive limit u(x, t) as k →∞, for all t and for a.e. x. Moreover u(·, t) ∈
L2(Rn).

Write wk = log uk. From (3.1), one deduces

∆wk + |∇wk|2 + Vk − (wk)t = 0.

Therefore

wk(x, t) =
∫

D

G0(x, t; y, 0)wk(x, 0)dy

+
∫ t

0

∫

D

G0(x, t; y, s)|∇wk(x, s)|2dyds +
∫ t

0

∫

D

G0(x, t; y, s)Vk(y, s)dyds.

Therefore
∫ t

0

∫

D

G0(x, t; y, s)Vk(y, s)dyds ≤ wk(x, t)−
∫

D

G0(x, t; y, 0)wk(x, 0)dy.

By the monotone convergence theorem
∫ t

0

∫

D

G0(x, t; y, s)V (y, s)dyds ≤ w(x, t)−
∫

D

G0(x, t; y, 0)w(y, 0)dy

≤ log(1 + u(x, t))−
∫

D

G0(x, t; y, 0) log u0(y)dy.

Now we take
u0(x) =

1
1 + |x|n .
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Then, since u0 ∈ L2(Rn), we have

u(·, t) ∈ L2(Rn).

By Jensen’s inequality,

log(1 + u(·, t)) ∈ Lp(Rn), ∀p > 1.

It is also clear that
∫

D

G0(·, t; y, 0) log(1 + |y|n)dy ∈ Lp
loc(R

n), ∀p > 1.

The result follows.

4. Applications to the Navier-Stokes Equation

In this section, we establish a new a priori estimate for a certain quan-
tity involving the velocity and vorticity of the 3 dimensional Navier-Stokes
equation.

ut −∆u(x, t) + u · ∇u(x, t) +∇p = 0,

∇ · u = 0, u(x, 0) = u0(x),
(4.1)

for (x, t) ∈ R3× (0,∞), where ∆ is the standard Laplacian, a vector field u
represents the velocity of the fluid, and a scalar field p the pressure. (The
viscosity is normalized, ν = 1.)

There has been an extensive and rapidly growing literature on the equa-
tion, which is impossible to quote extensively here. Let us just mention that
weak solutions are known to exist due to the seminal work of Leray (see
[10]). However it is not known if the weak solution is smooth everywhere.
Several sufficient conditions implying smoothness of weak solutions have
been made. See for example [14,15]. In these two papers, it was shown
that if the velocity u is in Lp,q class with 3

p + 2
q < 1, then u is actually

smooth. For more sufficiency results in various other spaces we refer the
reader to the more recent survey paper [4]. However it is only known that
u ∈ L10/3,10/3. Therefore there is a gap in between the a priori estimate
and the sufficiency condition.

What we will prove here is a different sufficiency condition and a pri-
ori estimate using the heat bounded and almost heat bounded potentials
defined in the previous section. There is still a gap between the two condi-
tions. However the gap seems logarithmic. More precisely, we have

Theorem 4.1. Let u be a Leray-Hopf solution of the Navier-Stokes equa-
tion, which is classical in R3× (0, T ). Let w be the vorticity ∇× u. Define
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the quantity

Q = Q(x, t) ≡ curl(u× w) · w + 2|∇
√
|w|2 + 1|2 − |∇w|2

|w|2 + 1
(x, t).

Then the following statements hold for any δ ∈ (0, T ).
(1) The quantity Q is almost heat bounded in

(
R3 × (δ, T ]

)∩{|w| ≥ 1}.
(2) u is a classical solution of the Navier-Stokes equation in R3× (δ, T ]

if and only if Q is heat bounded in
(
R3 × (δ, T ]

) ∩ {|w| ≥ 1}.
Remark 4.1. The quantity Q is well defined since we assume that u is
smooth for t ∈ (0, T ). The first term in Q is essentially the vortex stretching
factor which is the hardest to control. The point of the theorem is that if
there is blow up at time T , then the blow up just happens barely.

Proof of Theorem 4.1. We will just prove (1) since (2) is self-evident
afterward. We divide the proof into three steps.

Step 1. Rewriting the vortex equation in the log form. Let w = w(x, t)
be the vortex. It is well known that |w|2 satisfies the following scalar heat
equation with lower order terms

∆|w|2 − u · ∇|w|2 + 2α|w|2 − 2|∇w|2 − (|w|2)t = 0. (4.2)

Here α is the vortex stretching potential given by (c.f. [5])

α(x, t)=
3
4π

P.V.

∫

R3
D[ỹ, ω̃(x + y), ω̃(x)] |ω(x + y, t)| dy

|y|3 =
w∇u · w
|w|2 . (4.3)

A straightforward computation from (4.2) shows

∆ln(|w|2 + 1)− u · ∇ ln(|w|2 + 1) + 2
α|w|2
|w|2 + 1

−2
|∇w|2
|w|2 + 1

+
|(∇|w|2)|2
(|w|2 + 1)2

− ∂t(ln(|w|2 + 1)) = 0.

Write f = 1
2 ln(|w|2 + 1). We deduce

∆f − u · ∇f +
α|w|2
|w|2 + 1

+ 2|∇f |2 − |∇w|2
|w|2 + 1

− ft = 0. (4.4)

Step 2. A representation formula. By our assumption, for t ∈ (0, T ),
u and w are classical functions and f vanishes near infinity. This shows

f(x, t) =
∫

G0(x, t; y, s)f0(y)dy

+
∫ t

0

∫
G0(x, t; y, s)

[
α|w|2
|w|2 + 1

− u · ∇f + 2|∇f |2 − |∇w|2
|w|2 + 1

]
(y, s)dyds.

(4.5)
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Step 3. Apply Jensen’s inequality. For convenience, we write

Q ≡ α|w|2
|w|2 + 1

− u · ∇f + 2|∇f |2 − |∇w|2
|w|2 + 1

. (4.6)

It is clear that

Q =
w∇u · w
|w|2 + 1

− 1
2
uj∂j ln(|w|2 + 1) + 2|∇f |2 − |∇w|2

|w|2 + 1

=
u∇w · w
|w|2 − ui∂jwiwi

|w|2 + 1
+ 2|∇f |2 − |∇w|2

|w|2 + 1

=
w∇u · w − u∇w · w + 2|∇

√
|w|2 + 1|2 − |∇w|2

|w|2 + 1
.

Following the well known vector identity, we have

Q =
curl(u× w) · w + 2|∇

√
|w|2 + 1|2 − |∇w|2

|w|2 + 1
. (4.7)

It is well known that w ∈ L2(R3 ×R+). Using Jensen’s inequality, it is
easy to show that f(·, t) ∈ Lp for any p > 1, in the region where |w| ≥ 1.
Hence the quantity Q is almost heat bounded.
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In the present paper, we consider the eigenvalue problem for the Sturm-
Liouvulle equation

u′′ − q(x)u + λu = 0 (1)

on the interval (0, π) with the boundary conditions

u′(0) + (−1)θu′(π) + bu(π) = 0, u(0) + (−1)θ+1u(π) = 0, (2)

where b is a complex number, θ = 0, 1, and the function q(x) is an arbitrary
complex-valued function of the class L2(0, π).

Denote by c(x, µ), s(x, µ) (λ = µ2) the fundamental system of solutions
to (1) with the initial conditions c(0, µ) = s′(0, µ) = 1, c′(0, µ) = s(0, µ) =
0. The following identity is well known

c(x, µ)s′(x, µ)− c′(x, µ)s(x, µ) = 1. (3)

Simple calculations show that the characteristic equation of (1), (2) can be
reduced to the form ∆(µ) = 0, where

∆(µ) = c(π, µ)− s′(π, µ) + (−1)θ+1bs(π, µ). (4)

The characteristic determinant ∆(µ) of problem (1), (2), given by (4), is
referred to as the characteristic determinant corresponding to the triple
(b, θ, q(x)). We denote < q >= 1

π

∫ π

0
q(x)dx.

By PWσ we denote the class of entire functions f(z) of exponential type
≤ σ such that ||f(z)||L2(R) < ∞, and by PW−

σ we denote the set of odd
functions in PWσ.

The following two assertions provide necessary and sufficient conditions
to be satisfied by the characteristic determinant ∆(µ).

1This research is supported by RFBR (No. 10-01-00411)
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Theorem 1. If a function ∆(µ) is the characteristic determinant corre-
sponding to the triple (b, θ, q(x)), then

∆(µ) = (−1)θ+1b
sinπµ

µ
+

f(µ)
µ

,

where f(µ) ∈ PW−
π .

Proof. Let e(x, µ) be a solution to (1) satisfying the initial conditions
e(0, µ) = 1, e′(0, µ) = iµ, and let K(x, t), K+(x, t) = K(x, t) + K(x,−t),
and K−(x, t) = K(x, t) −K(x,−t) be the transformation kernels [1] that
realize the representations

e(x, µ) = eiµx +
∫ x

−x

K(x, t)eiµtdt,

c(x, µ) = cos µx +
∫ x

0

K+(x, t) cos µtdt,

s(x, µ) =
sinµx

µ
+

∫ x

0

K−(x, t)
sinµt

µ
dt.

(5)

It was shown in [2] that

c(π, µ) = cos πµ +
π

2
< q >

sinπµ

µ
−

∫ π

0

∂K+(π, t)
∂t

sinµt

µ
dt, (6)

s′(π, µ) = cos πµ +
π

2
< q >

sinπµ

µ
+

∫ π

0

∂K−(π, t)
∂x

sinµt

µ
dt. (7)

Substituting the right-hand sides of expressions (5), (6), (7) into (4), we
obtain

∆(µ) = (−1)θ+1b
sinπµ

µ

+
1
µ

∫ π

0

[−∂K+(π, t)
∂t

− ∂K−(π, t)
∂x

+ (−1)θ+1bK−(π, t)] sin µtdt.

This relation, together with the Paley-Wiener theorem implies the assertion
of Theorem 1.

Theorem 2. Let a function u(µ) have the form

u(µ) = (−1)θ+1b
sinπµ

µ
+

f(µ)
µ

,

where f(µ) ∈ PW−
π , b is a complex number. Then, there exists a function

q(x) ∈ L2(0, π) such that the characteristic determinant corresponding to
the triple (b, θ, q(x)) satisfies ∆(µ) = u(µ).
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Thus, Theorems 1 and 2 give necessary and sufficient conditions for a
function u(µ) to be the characteristic determinant of problem (1), (2).

Further we consider problem (1), (2) under the supplementary condition
b 6= 0.

Theorem 3. For a set Λ of complex numbers to be the spectrum of problem
(1), (2) it is necessary and sufficient that it has the form Λ = {λn}, where
λn = µ2

n,
µn = n + rn,

where {rn} ∈ l2, n = 1, 2, . . ..

Proof. Necessity. It follows from Theorem 1 that the characteristic equa-
tion of problem (1), (2) can be reduced to the form

(−1)θb
sinπµ

µ
=

f(µ)
µ

, (8)

where f(µ) ∈ PW−
π . It was shown in [1] that equation (8) has the roots

µn = n + rn, where rn = o(1), n = 1, 2, . . .. Hence it follows that

sinπrn = (−1)θ+n f(n + rn)
b

.

Since {f(n + rn)} ∈ l2, by [3], it follows that {rn} ∈ l2.
Sufficiency. Let the set Λ admit the representation of the above-

mentioned form. We denote

u(µ) = (−1)θ+1bπµ
∞∏

n=1

(
λn − µ2

n2

)
.

It follows from [4] and the conditions of the theorem that the infinite prod-
uct in the right-hand side of the last equality converges uniformly in any
bounded domain. We denote φ(µ) = (−1)θ+1b sinπµ−u(µ). One can prove
that φ(µ) ∈ PW−

π . It follows from Theorem 2 that there exists a function
q(x) ∈ L2(0, π) such that the characteristic determinant corresponding to
the triple (b, θ, q(x)) satisfies ∆(µ) = u(µ).

Consider problem (1), (2) if b = 0. Substituting the functions c(x, µ),
s(x, µ) into boundary conditions and taking into account (3), we find that
each root subspace contains one eigenfunction and, possibly, associated
functions. The characteristic equation has the form

f(µ)
µ

= 0,

where f(µ) ∈ PW−
π .
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Consider several examples.
1) Let

f(µ) =
sin3 πµ

3

µ2
.

It follows from well-known identity

sinπµ = πµ
∞∏

n=1

n2 − µ2

n2
, (9)

that

f(µ) =
π3

27
µ
∞∏

n=1

(
n2 − (µ

3 )2

n2

)3

.

We set

f(µ) =
π3

27
µ
∞∏

n=1

(
n2 − (µ

3 )2

n2

)2(n2 − (−1)θn(µ
3 )2

n2

)
,

where θn = 0 if n 6= 2p and n = 1 if n = 2p, p = 1, 2 . . .. Let us prove that
u(µ) ∈ PW−

π .
By Theorem 2, there exists a potential q(x) ∈ L2(0, π) such that the

corresponding characteristic determinant is ∆(µ) = u(µ)/µ. Boundary
value problem (1), (2) with this potential has a subsequence of real eigen-
values λnk

→ −∞ as k →∞. One can prove that the system of eigen- and
associated functions of problem (1), (2) is complete in L2(0, π).

2) Set

f(µ) =
sink(απµ/k) sink((1− α)πµ/k)

µ2k−1
,

where k is an arbitrary natural number, and α is an irrational number,
0 < α < 1. Obviously, f(µ) ∈ PW−

π . Then, by Theorem 2, there ex-
ists a potential q(x) ∈ L2(0, π), such that the corresponding characteristic
determinant ∆(µ) = f(µ)/µ. Since the equations sin(απµ/k) = 0 and
sin((1 − α)πµ/k) = 0 have no common roots, except zero, we see that
each root subspace of problem (1), (2) with potential q1(x) contains one
eigenfunction and associated functions up to order k − 1. One can read-
ily see that |∆(µ)| ≥ ce|Imµ|π|µ|1−2k (c > 0), if µ belongs to a sequence
of infinitely expanding contours. Then, by [5], the system of eigen-and
associated functions of problem (1), (2) is complete in L2(0, π).

3) Set f(µ) = sin2(πµ/2)/µ. It follows from (9) that

f(µ) =
π2

4
µ
∞∏

n=1

(
(2n)2 − µ2

(2n)2

)2

.



56 Alexander Makin

We denote

u(µ) =
π2

4
µ
∞∏

n=1

(
µ2

n − µ2

(2n)2

)2

, (10)

where µn = 2n, if n 6= 2p+k, k = 1, . . . , [ln p], p = p0, p0+1, . . .. µn = 2p+1,
if n = 2p + k, k = 1, . . . , [ln p], p = p0, p0 + 1, . . . (p0 ≥ 10). It can easily be
checked that

lim
n→∞

µn

n
= 2,

∞∏
n=1

µn

2n
= c1 6= 0.

This, together with [6] implies that the infinite product in right-hand side
of (10) uniformly converges in any bounded domain of the complex plane,
therefore, u(µ) is an entire analytical function.

One can prove that u(µ) ∈ PW−
π . Then by theorem 2 there exists a

potential q(x) ∈ L2(0, π), such that the corresponding characteristic deter-
minant ∆(µ) = u(µ)/µ. This yields that the dimensions of root subspaces
of problem (1), (2) with potential q(x) increase infinitely, and the system of
root functions contains associated functions of arbitrarily high order. One
can prove that the system of eigen-and associated functions of problem (1),
(2) is complete in L2(0, π).

Further we consider the following eigenvalue problem for operator (1)
with boundary conditions

u′(0) + du′(π) = 0, u(0)− du(π) = 0, (11)

where d 6= 0. By [1], the conditions in (11) are degenerate boundary con-
ditions. Simple calculations show that the characteristic equation of (1),
(11) can be reduced to the form ∆(µ) = 0, where

∆(µ) =
d2 − 1

d
+ c(π, µ)− s′(π, µ). (12)

Theorem 4. If a function u(µ) can be represented in the form

u(µ) = γ +
f(µ)

µ
,

where f(µ) ∈ PW−
π , γ is a complex number, then, there exists a func-

tion q(x) ∈ L2(0, π) such that the characteristic determinant ∆(µ) of the
problem (1), (11) with the potential q(x), where d = (γ +

√
γ2 + 4)/2 or

d = (γ −
√

γ2 + 4)/2, is identically equal to the function u(µ).

Proof. By Theorem 2, there exists a function q(x) ∈ L2(0, π) such that
c(π, µ) − s′(π, µ) = f(µ)/µ. Evidently, (d2 − 1)/d = γ. This relation,
together with (12), implies the assertion of Theorem 4.
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The famous Tricomi equation was established in 1923 by F. G. Tricomi who is
the pioneer of parabolic elliptic and hyperbolic boundary value problems and
related problems of variable type. In 1945 F. I. Frankl established a general-
ization of these problems for the well-known Chaplygin equation subject to a
certain Frankl condition. In 1953 and 1955 M. H. Protter generalized these
problems even further by improving the Frankl condition. In 1977 we gen-
eralized these results in several n-dimensional simply connected domains. In
1990 we proposed the exterior Tricomi problem in a doubly connected domain.
In 2002 we considered uniqueness of quasi-regular solutions for a bi-parabolic
elliptic bi-hyperbolic Tricomi problem. In 2006 G. C. Wen investigated the
exterior Tricomi problem for general mixed type equations. In this paper we
establish uniqueness of quasi-regular solutions for the exterior Tricomi and
Frankl problems for quaterelliptic-quaterhyperbolic mixed type partial differ-
ential equations of second order with eight parabolic degenerate lines and
propose certain open problems. These mixed type boundary value problems
are very important in fluid mechanics.
Keywords: Quasi-regular solution, Tricomi equation, Chaplygin equation,
quaterelliptic equation, quaterhyperbolic equation, Tricomi problem.
AMS No: 35MO5.

1. Introduction

In 1904 S. A. Chaplygin [11] pointed out that the nonlinear equation of
an adiabatic potential perfect gas is closely connected with the study of
a linear mixed type equation named Chaplygin equation. In 1923 F. G
Tricomi [19] initiated the work on boundary value problems for linear par-
tial differential mixed type equations of second order and related equations
of variable type. The well-known mixed type partial differential equation
was called Tricomi equation after F. G. Tricomi, who introduced this equa-
tion. In 1945 F. I. Frankl [3] drew attention to the fact that the Tricomi
problem was closely connected to the study of gas flow with nearly sonic
speeds. In 1953 and 1955 M. H. Protter [7] generalized and improved the
afore-mentioned results in the euclidean plane. In 1977 we [8] general-
ized these results in multi-dimensional domains. In 1982 we [9] established
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a maximum principle of the Cauchy problem for hyperbolic equations in
multi-dimensional domains. In 1983 we [10] solved the Tricomi problem
with two parabolic lines of degeneracy and, in 1992, we [12] established
the well-posedness of the Tricomi problem in euclidean regions. Interesting
results for the Tricomi problem were achieved by G. Baranchev [1] in 1986,
and M. Kracht and E. Kreyszig [4] in 1986, as well. Related information
was reported by G. Fichera [2] in 1985, and E. Kreyszig ([5–6]) in 1989 and
1994. Our ([11, 14–15]) work, in 1990 and 1999, was in analogous areas of
mixed type equations. In 1990-2009, G. C. Wen et al. ([17, 20–28]) have
applied the complex analytic method and achieved fundamental unique-
ness and existence results for solutions of the Tricomi and Frankl problems
for classical mixed type partial differential equations with boundary con-
ditions. In 1993 R. I. Semerdjieva [18] introduced the hyperbolic equation
K1(y)uxx + (K2(y)uy)y + ru = f in the lower half-plane. In 1997 we [13]
considered the more general case of the above hyperbolic equation, so that
it was elliptic in the upper half-plane and parabolic on the line y = 0. In
2002, we [16] considered the more general Tricomi problem with partial
differential equation the new bi-parabolic elliptic bi-hyperbolic equation

Lu ≡ K1(y)(M2(x)ux)x + M1(x)(K2(y)uy)y + r(x, y)u = f(x, y), (1.1)

which is parabolic on both segments x = 0, 0 < y ≤ 1; y = 0, 0 < x ≤ 1,
elliptic in the euclidean region Ge = {(x, y) ∈ G(⊂ R2) : x > 0, y > 0}
and hyperbolic in both regions Gh1 = {(x, y) ∈ G(⊂ R2) : x > 0, y <
0} ; Gh2 = {(x, y) ∈ G(⊂ R2) : x < 0, y > 0}, with G the mixed domain of
(1.1). In 1999 we [15] proved existence of weak solutions for a particular
Tricomi problem. Then we established uniqueness of quasi-regular solutions
( [8, 10–13, 16]) for the Tricomi problem. However, the question about the
uniqueness of quasi-regular solutions and the existence of weak solutions
for the Tricomi problem associated to the said mixed type equation (1.1)
for even more general doubly connected mixed domain is still open.

In particular via this paper we propose and investigate the exterior Tri-
comi problem for quaterelliptic and quaterhyperbolic equations with eight
parabolic lines of degeneracy and establish uniqueness of quasi-regular so-
lutions (see Figure 1). Also we propose new open problems.

2. The Exterior Tricomi Problem

Consider the quaterelliptic-quaterhyperbolic equation (1.1) with eight
parabolic lines of degeneracy in a bounded doubly connected mixed domain
D with a piecewise smooth boundary ∂D, where f = f(x, y) is continuous
in D, r = r(x, y) is once-continuously differentiable in D, Ki = Ki(y)
(i = 1, 2) are once-continuously differentiable for y ∈ [−k1, k2] with
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−k1 = inf{y : (x, y) ∈ D} and k2 = sup{y : (x, y) ∈ D}, and Mi = Mi(x)
(i = 1, 2) are once-continuously differentiable for x ∈ [−m1,m2] with
−m1 = inf{x : (x, y) ∈ D} and m2 = sup{x : (x, y) ∈ D}.

Figure 1: The exterior Tricomi problem with eight parabolic lines

Besides,

K1(y)





> 0 for {y < 0} ∪ {y > 1},
= 0 for {y = 0} ∪ {y = 1},
< 0 for {0 < y < 1},

M1(x)





> 0 for {x < −1} ∪ {x > 0},
= 0 for {x = 0} ∪ {x = −1},
< 0 for {−1 < x < 0},
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as well as K2 = K2(y) > 0, M2 = M2(x) > 0, everywhere in D, so that

K =
K1(y)
K2(y)





> 0 for {y < 0} ∪ {y > 1},
= 0 for {y = 0} ∪ {y = 1},
< 0 for {0 < y < 1},

M =
M1(x)
M2(x)





> 0 for {x < −1} ∪ {x > 0},
= 0 for {x = 0} ∪ {x = −1},
< 0 for {−1 < x < 0}.

The boundary ∂D = Ext(D)
⋃

Int(D) of the doubly connected domain D
is formed by the following two exterior and interior boundaries

Ext(D)=(Γ0 ∪ Γ0
′ ∪ Γ0

′′ ∪ Γ0
′′′) ∪ (Γ2 ∪ Γ2

′) ∪ (γ2 ∪ γ2
′) ∪ (∆1∪∆1

′)
∪(δ1 ∪ δ1

′),
Int(D) = (Γ1 ∪ Γ1

′) ∪ (γ1 ∪ γ1
′) ∪ (∆2 ∪ ∆2

′) ∪ (δ2 ∪ δ2
′),

respectively: In the right hyperbolic domain G2 = {(x, y) ∈ D : 0 <
x < 1, 0 < y < 1} with boundary ∂G2 = (O1B1) ∪ (O2B2) ∪ (Γ1 ∪ Γ1

′) ∪
(Γ2∪Γ2

′), where O1B1, O2B2 are two parabolic lines with end points O1 =
(0, 1), B1 = (1, 1) and O2 = (0, 0), B2 = (1, 0) and Γ1,Γ1

′,Γ2,Γ2
′ are four

characteristics, so that:

Γ1 :
∫ x

0

√
M(t)dt = −

∫ y

1

√
−K(t)dt : 0 < x < 1,

1
2

< y < 1, emanating

fromO1 = (0, 1),

Γ1
′ :

∫ x

0

√
M(t)dt =

∫ y

0

√
−K(t)dt : 0 < x < 1 , 0 < y <

1
2
, emanating

fromO2 = (0, 0),

Γ2 :
∫ x

1

√
M(t)dt =

∫ y

1

√
−K(t)dt : 0 < x < 1 ,

1
2

< y < 1, emanating

fromB1 = (1, 1),

Γ2
′ :

∫ x

1

√
M(t)dt = −

∫ y

0

√
−K(t)dt : 0 < x < 1, 0 < y <

1
2
, emanating

fromB2 = (1, 0),

where M = M(x) > 0, 0 < x < 1 and K = K(y) < 0, 0 < y < 1. In the
upper hyperbolic domain G2

′ = {(x, y) ∈ D : −1 < x < 0, 1 < y < 2}
with boundary ∂G2

′ = (O1Z1) ∪ (O1
′E1) ∪ (γ1 ∪ γ1

′) ∪ (γ2 ∪ γ2
′), where

O1Z1, O1
′E1 are two parabolic lines with end points O1 = (0, 1), Z1 =

(0, 2) and O1
′ = (−1, 1), E1 = (−1, 2) and γ1, γ1

′, γ2, γ2
′ are four charac-

teristics, so that:
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γ1 :
∫ x

0

√
−M(t)dt = −

∫ y

1

√
K(t)dt : −1

2
< x < 0 , 1 < y < 2,

emanating fromO1 = (0, 1),

γ1
′ :

∫ x

−1

√
−M(t)dt =

∫ y

1

√
K(t)dt : −1 < x < −1

2
, 1 < y < 2,

emanating fromO1
′ = (−1, 1),

γ2 :
∫ x

0

√
−M(t)dt =

∫ y

2

√
K(t)dt : −1

2
< x < 0, 1 < y < 2,

emanating fromZ1 = (0, 2),

γ2
′ :

∫ x

−1

√
−M(t)dt = −

∫ y

2

√
K(t)dt : −1 < x < −1

2
, 1 < y < 2,

emanating fromE1 = (−1, 2),

where M = M(x) < 0, −1 < x < 0 and K = K(y) > 0, 1 < y < 2.
In the left hyperbolic domain G2

′′ = {(x, y) ∈ D : −2 < x < −1, 0 <
y < 1} with boundary ∂G2

′′ = (O1
′A1) ∪ (O2

′A2) ∪ (∆1 ∪ ∆1
′) ∪ (∆2 ∪

∆2
′), where O1

′A1, O2
′A2 are two parabolic lines with end points O1

′ =
(−1, 1), A1 = (−2, 1) and O2

′ = (−1, 0), A2 = (−2, 0) and ∆1,∆1
′,∆2,∆2

′

are four characteristics, so that:

∆1 :
∫ x

−2

√
M(t)dt = −

∫ y

1

√
−K(t)dt : −2 < x < −1,

1
2

< y < 1,

emanating fromA1 = (−2, 1),

∆1
′ :

∫ x

−2

√
M(t)dt =

∫ y

0

√
−K(t)dt : −2 < x < −1, 0 < y <

1
2
,

emanating fromA2 = (−2, 0),

∆2 :
∫ x

−1

√
M(t)dt =

∫ y

1

√
−K(t)dt : −2 < x < −1,

1
2

< y < 1,

emanating fromO1
′ = (−1, 1),

∆2
′ :

∫ x

−1

√
M(t)dt = −

∫ y

0

√
−K(t)dt : −2 < x < −1, 0 < y <

1
2
,

emanating fromO2
′ = (−1, 0),

where M = M(x) > 0, −2 < x < −1 and K = K(y) < 0, 0 < y < 1.
In the lower hyperbolic domain G2

′′′ = {(x, y) ∈ D : −1 < x < 0,−1 <
y < 0} with boundary ∂G2

′′′ = (O2Z2) ∪ (O2
′E2) ∪ (δ1 ∪ δ1

′) ∪ (δ2 ∪
δ2
′), where O2Z2, O2

′E2 are two parabolic lines with end points O2 =
(0, 0), Z2 = (0,−1) and O2

′ = (−1, 0), E2 = (−1,−1) and δ1, δ1
′, δ2, δ2

′

are four characteristics, so that:
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δ1 :
∫ x

0

√
−M(t)dt = −

∫ y

−1

√
K(t)dt : −1

2
< x < 0, −1 < y < 0,

emanating fromZ2 = (0,−1),

δ1
′ :

∫ x

−1

√
−M(t)dt =

∫ y

−1

√
K(t)dt : −1 < x < −1

2
,−1 < y < 0,

emanating fromE2 = (−1,−1),

δ2 :
∫ x

0

√
−M(t)dt =

∫ y

0

√
K(t)dt : −1

2
< x < 0, −1 < y < 0,

emanating fromO2 = (0, 0),

δ2
′ :

∫ x

−1

√
−M(t)dt = −

∫ y

0

√
K(t)dt : −1 < x < −1

2
,−1 < y < 0,

starting fromO2
′ = (−1, 0),

where M = M(x) < 0, −1 < x < 0 and K = K(y) > 0, 1 < y < 2. In the
upper right elliptic domain G1 = {(x, y) ∈ D : x > 0, y > 1} with boundary
∂G1 = (O1B1) ∪ (O1Z1) ∪ Γ0, where O1B1, O1Z1 are two parabolic lines
with end points O1 = (0, 1), B1 = (1, 1) and O1 = (0, 1), Z1 = (0, 2) and Γ0

is the upper right elliptic arc connecting points B1 = (1, 1) and Z1 = (0, 2).
In the lower right elliptic domain G1

′ = {(x, y) ∈ D : x > 0, y < 0}
with boundary ∂G1

′ = (O2B2) ∪ (O2Z2) ∪ Γ0
′, where O2B2, O2Z2 are

two parabolic lines with end points O2 = (0, 0), B2 = (1, 0) and O2 =
(0, 0), Z2 = (0,−1) and Γ0

′ is the lower right elliptic arc connecting points
B2 = (1, 0) and Z2 = (0,−1). In the upper left elliptic domain G1

′′ =
{(x, y) ∈ D : x < −1, y > 1} with boundary ∂G1

′′ = (O1
′E1) ∪ (O1

′A1) ∪
Γ0
′′, where O1

′E1, O1
′A1 are two parabolic lines with end points O1

′ =
(−1, 1), E1 = (−1, 2) and O1

′ = (−1, 1), A1 = (−2, 1) and Γ0
′′ is the

upper left elliptic arc connecting points A1 = (−2, 1) and E1 = (−1, 2).
In the lower left elliptic domain G1

′′′ = {(x, y) ∈ D : x < −1, y < 0}
with boundary ∂G1

′′′ = (O2
′A2) ∪ (O2

′E2) ∪ Γ0
′′′, where O2

′E2, O2
′A2

are two parabolic lines with end points O2
′ = (−1, 0), E2 = (−1,−1) and

O2
′ = (−1, 0), A2 = (−2, 0) and Γ0

′′′ is the lower left elliptic arc connecting
points A2 = (−2, 0) and E2 = (−1,−1).

Let us consider the intersection points of the hyperbolic characteristics:
Γ1 ∩ Γ1

′ = {P1}, where P1 = (x1,
1
2 ), 0 < x1 < 1; Γ2 ∩ Γ2

′ = {P2}, where
P2 = (x2,

1
2 ), 0 < x1 < 1

2 < x2 < 1; ∆1 ∩ ∆1
′ = {P1

′}, where P1
′ =

(x1
′, 1

2 ), −2 < x1
′ < −1; ∆2 ∩ ∆2

′ = {P2
′}, where P2

′ = (x2
′, 1

2 ), −2 <
x1
′ < − 3

2 < x2
′ < −1; γ1 ∩ γ1

′ = {Q1}, where Q1 = (−1
2 , y1), 1 < y1 < 2;

γ2 ∩ γ2
′ = {Q2}, where Q2 = (− 1

2 , y2), 1 < y1 < 3
2 < y2 < 2; δ1 ∩ δ1

′ =
{Q1

′}, where Q1
′ = (− 1

2 , y1
′), −1 < y1

′ < 0; δ2 ∩ δ2
′ = {Q2

′}, where Q2
′ =

(− 1
2 , y2

′), −1 < y1
′ < − 1

2 < y2
′ < 0. If we denote Θ = Θ(x) =

√
|M(x)|,
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H = H(y) =
√
|K(y)|, we set

D1(x) =
∫ x

0

Θ(t)dt, D2(x) =
∫ x

1

Θ(t)dt,

D3(x) =
∫ x

−1

Θ(t)dt, D4(x) =
∫ x

−2

Θ(t)dt,

G1(y) =
∫ y

0

H(t)dt, G2(y) =
∫ y

1

H(t)dt,

G3(y) =
∫ y

−1

H(t)dt, G4(y) =
∫ y

2

H(t)dt.

Domains G1, G2 differ in notation from functions G1(y), G2(y). Thus, we
have the following equations for the hyperbolic characteristics

Γ1 ∪ γ1 : D1(x) = −G2(y), Γ1
′ ∪ γ1

′ : G2(y) =

{
D1(x) on Γ1

′,

D3(x) on γ1
′,

Γ2 ∪ γ2 :

{
D2(x) = G2(y) on Γ2,

D1(x) = G4(y) on γ2,

Γ2
′ ∪ γ2

′ :

{
D2(x) = −G1(y) on Γ2

′,

D3(x) = −G4(y) on γ2
′,

∆1 ∪ δ1 :
{

D4(x) = −G2(y) on ∆1,

D1(x) = −G3(y) on δ1,

∆1
′ ∪ δ1

′ :
{

D4(x) = G1(y) on ∆1
′,

D3(x) = G3(y) on δ1
′,

∆2 ∪ δ2 :

{
D3(x) = G2(y) on ∆2,

D1(x) = G1(y) on δ2,
∆2

′ ∪ δ2
′ : D3(x) = |G1(y)|.

Note that: 1) The boundary ∂D is assumed to be a piecewise continuously
differentiable arc. The elliptic arcs are “star-shaped” (counterclockwise).

2) We consider continuous solutions u of the quaterelliptic-quater-
hyperbolic equation (1.1) with eight parabolic lines, which have the
property that ux, uy are continuous in the closure of D. These con-
tinuity conditions may be weakened at the following eight points
A1, A2, B1, B2, O1, O2, O1

′, O2
′, by considering ux, uy continuous on the

boundary ∂D except at these points. By “quaterelliptic” and “quaterhy-
perbolic” we mean that equation (1.1) is elliptic in four different subdo-
mains and hyperbolic in four other subdomains of the whole domain D. In
fact, equation (1.1) is elliptic and hyperbolic in G1 ∪G1

′ ∪G1
′′ ∪G1

′′′ and
G2 ∪G2

′ ∪G2
′′ ∪G2

′′′, respectively.
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The Exterior Tricomi Problem or Problem (ET): Consists of finding
a solution u of the quaterelliptic -quaterhyperbolic equation (1.1) with eight
parabolic lines in D and which assumes continuous prescribed values (2.1).

Definition 2.1. A function u = u(x, y) is a quasi-regular solution ([7, 8,
10–16]) of Problem (ET), if i) u ∈ C2(D) ∩ C(D), D = D ∪ ∂D;

ii) the Green’s theorem is applicable to the integrals
∫∫
D

uxLudxdy and
∫∫
D

uyLudxdy;

iii) the boundary and region integrals, which arise, exist; and
iv) u satisfies the mixed type equation (1.1) in D and the following

boundary condition on the exterior boundary Ext(D) :

u =





ϕ1(s) on Γ0; ϕ2(s) on Γ0
′;

ϕ3(s) on Γ0
′′; ϕ4(s) on Γ0

′′′;
ψ1(x) on Γ2; ψ2(x) on Γ2

′;
ψ3(x) on γ2; ψ4(x) on γ2

′;
ψ5(x) on ∆1; ψ6(x) on ∆1

′;
ψ7(x) on δ1; ψ8(x) on δ1

′

(2.1)

with continuous prescribed values.

Uniqueness Theorem 2.2. Consider the quaterelliptic-quaterhyperbolic
equation (1.1) with eight parabolic lines and the boundary condition (2.1).
Assume the above mixed doubly connected domain D and the following con-
ditions:
(R1) r ≤ 0 on the interior boundary Int(D),

(R2)





xdy − (y − 1)dx ≥ 0 on Γ0,

xdy − ydx ≥ 0 on Γ0
′,

(x + 1)dy − (y − 1)dx ≥ 0 on Γ0
′′,

(x + 1)dy − ydx ≥ 0 on Γ0
′′′,

(R3)





2r + xrx + (y − 1)ry ≤ 0 in G1,

2r + xrx + yry ≤ 0 in G1
′,

2r + (x + 1)rx + (y − 1)ry ≤ 0 in G1
′′,

2r + (x + 1)rx + yry ≤ 0 in G1
′′′,

r + xrx ≤ 0 in G2,

r + (y − 1)ry ≤ 0 in G2
′,

r + (x + 1)rx ≤ 0 in G2
′′,

r + yry ≤ 0 in G2
′′′,

(R4) Ki >0,Mi >0 in G1∪G1
′∪G1

′′∪G1
′′′, i=1, 2,
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(R5)
{

K1 < 0, M1 > 0 in G2 ∪G2
′′,

K1 > 0, M1 < 0 in G2
′ ∪G2

′′′,

(R6)





Ṁ1 ≥ 0, Ṁ2 ≥ 0; K1
′ ≥ 0, K2

′ ≥ 0 in G1,

Ṁ1 ≥ 0, Ṁ2 ≥ 0; K1
′ ≤ 0, K2

′ ≤ 0 in G1
′,

Ṁ1 ≤ 0, Ṁ2 ≤ 0; K1
′ ≥ 0, K2

′ ≥ 0 in G1
′′,

Ṁ1 ≤ 0, Ṁ2 ≤ 0; K1
′ ≤ 0, K2

′ ≤ 0 in G1
′′′,

(R7) K2 > 0, M2 > 0 in D,

(R8)





Ṁ1 ≥ 0, Ṁ2 ≤ 0 in G2,

K1
′ ≥ 0, K2

′ ≤ 0 in G2
′,

Ṁ1 ≤ 0, Ṁ2 ≥ 0 in G2
′′,

K1
′ ≤ 0, K2

′ ≥ 0 in G2
′′′.

Let ()x = ∂()/∂x, ()· = d()/dx, ()y = ∂()/∂y, ()′ = d()/dy, where f =
f(x, y) is continuous in D, r = r(x, y) is once-continuously differentiable
in D, Ki = Ki(y) (i = 1, 2) are once-continuously differentiable for y ∈
[−k1, k2] with −k1 = inf{y : (x, y) ∈ D} and k2 = sup{y : (x, y) ∈ D},
and Mi = Mi(x) (i = 1, 2) are once-continuously differentiable for x ∈
[−m1,m2] with −m1 = inf{x : (x, y) ∈ D} and m2 = sup{x : (x, y) ∈ D}.
Then the Problem (ET) has at most one quasi-regular solution in D.

Proof. We apply the well-known a-b-c energy integral method with a =
0, and use the above mixed type equation (1.1) as well as the boundary
condition (2.1). First, we assume two quasi-regular solutions u1, u2 of the
Problem (ET). Then we claim that u = u1 − u2 = 0 holds in the domain
D. In fact, we investigate

0 = J = 2 < lu, Lu >0 =
∫∫

D

2luLudxdy, (2.2)

where lu = bux + cuy, and Lu = L(u1−u2) = Lu1−Lu2 = f − f = 0 with
choices

b = b(x) =





x in G1 ∪G1
′ ∪G2,

x + 1 in G1
′′ ∪G1

′′′ ∪G2
′′,

0 in G2
′ ∪G2

′′′,

c = c(y) =





y in G1
′ ∪G1

′′′ ∪G2
′′′,

y − 1 in G1 ∪G1
′′ ∪G2

′,

0 in G2 ∪G2
′′.

We consider the new differential identities
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2bK1M2uxuxx =
(
bK1M2ux

2
)
x
− (bM2)xK1ux

2,

2bK2M1uxuyy =
(
2bK2M1uxuy

)
y
−2bM1K2

′uxuy−
(
bK2M1uy

2
)
x

+(bM1)xK2uy
2,

2cK1M2uyuxx =
(
2cK1M2uxuy

)
x
−2cK1Ṁ2uxuy−

(
cK1M2ux

2
)
y

+(cK1)′M2ux
2,

2cK2M1uyuyy =
(
cK2M1uy

2
)
y
− (cK2)′M1uy

2,

2bruux = (bru2)x − (br)xu2, 2cruuy = (cru2)y − (cr)yu2,

as well as t1 is the coefficient of ux in Lu, or t1 = t1(x, y) = K1(y)Ṁ2(x),
and t2 is the coefficient of uy in Lu, or t2 = t2(x, y) = K2

′(y)M1(x).
Employing these identities and the classical Green’s theorem of the integral
calculus we obtain that

0=J =
∫∫

D

2(bux + cuy)
[
K1(M2ux)x + M1(K2uy)y + ru

]
dxdy

=
∫∫

D

2(bux+cuy)
[
K1M2uxx+K2M1uyy+t1ux+t2uy+ru

]
dxdy

= ID + I∂D,

(2.3)

where

ID =
∫∫

D

Q(ux, uy)dxdy=
∫∫

D

(Aux
2+Buy

2+Γu2+2∆uxuy)dxdy,

I∂D =
∫

∂D

Q̃(ux, uy)ds =
∫

∂D

(Ãux
2 + B̃uy

2 + Γ̃u2 + 2∆̃uxuy)ds,

with

A=−K1(bM2)x + (cK1)′M2+2bt1, B=K2(bM1)x−(cK2)′M1+2ct2,

Γ = −[
(br)x + (cr)y

]
,

∆=−[
bK2

′M1+cK1Ṁ2−bt2−ct1
]
=−[

b(K2
′M1−t2)+c(K1Ṁ2−t1)

]
=0

in D, and Ã = (bv1−cv2)K1M2, B̃ = (−bv1 +cv2)K2M1, Γ̃ = (bv1 +cv2)r,
∆̃ = bK2M1v2 + cK1M2v1 on ∂D, where v = (v1, v2) = (dy/ds,−dx/ds) is
the outer unit normal vector on the boundary ∂D of the domain D such that
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ds2 = dx2 + dy2 > 0, |v| = 1;
∫∫
D

()xdxdy=
∫

∂D

()v1ds,
∫∫
D

()ydxdy=
∫

∂D

()v2ds

are the Green’s integral formulas. From the above conditions, we obtain

0 ≤ A=





xK1Ṁ2 + (y − 1)K1
′M2 in G1,

xK1Ṁ2 + yK1
′M2 in G1

′,

(x + 1)K1Ṁ2 + (y − 1)K1
′M2 in G1

′′,

(x + 1)K1Ṁ2 + yK1
′M2 in G1

′′′;
−K1(M2 − xṀ2) in G2,

M2

(
K1 + (y − 1)K1

′) in G2
′,

−K1

(
M2 − (x + 1)Ṁ2

)
in G2

′′,
M2

(
K1 + yK1

′) in G2
′′′.

Similarly we get

0 ≤ B=





xK2Ṁ1 + (y − 1)K2
′M1 in G1,

xK2Ṁ1 + yK2
′M1 in G1

′,

(x + 1)K2Ṁ1 + (y − 1)K2
′M1 in G1

′′,

(x + 1)K2Ṁ1 + yK2
′M1 in G1

′′′;
K2(M1 + xṀ1) in G2,

−M1

(
K2 − (y − 1)K2

′) in G2
′,

K2

(
M1 + (x + 1)Ṁ1

)
in G2

′′,
−M1

(
K2 − yK2

′) in G2
′′′.

Also

0 ≤ Γ=−





2r + xrx + (y − 1)ry in G1,

2r + xrx + yry in G1
′,

2r + (x + 1)rx + (y − 1)ry in G1
′′,

2r + (x + 1)rx + yry in G1
′′′;

r + xrx in G2,

r + (y − 1)ry in G2
′,

r + (x + 1)rx in G2
′′,

r + yry in G2
′′′.

Therefore,

ID =
∫ ∫

D

=
∫ ∫

G1∪G1
′∪G1

′′∪G1
′′′

+
∫ ∫

G2∪G2
′∪G2

′′∪G2
′′′

=
( ∫∫

G1

+
∫∫

G1
′

+
∫∫

G1
′′

+
∫∫

G1
′′′

)
+

( ∫∫

G2

+
∫∫

G2
′

+
∫∫

G2
′′

+
∫∫

G2
′′′

) ≥ 0.
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Similarly we prove I∂D = IExt(D)
⋃

Int(D) = IExt(D) + IInt(D) ≥ 0, where

IExt(D) =
( ∫

Γ0

+
∫

Γ0
′

+
∫

Γ0
′′

+
∫

Γ0
′′′

)
+

( ∫

Γ2

+
∫

Γ2
′

)

+
( ∫

γ2

+
∫

γ2′

)
+

( ∫

∆1

+
∫

∆1
′

)
+

( ∫

δ1

+
∫

δ1
′

) ≥ 0,

and

IInt(D) =
( ∫

Γ1

+
∫

Γ1
′

)
+

( ∫

γ1

+
∫

γ1′

)
+

( ∫

∆2

+
∫

∆2
′

)
+

( ∫

δ2

+
∫

δ2
′

) ≥ 0.

There is the following general uniqueness approach:
First, from the maximum principle, if u|G2

⋃
G
′
2

⋃
G
′′
2

⋃
G
′′′
2

= 0, it fol-
lows that u|G1

⋃
G
′
1

⋃
G
′′
1

⋃
G
′′′
1

= 0. Second, from the uniqueness of the
solution of the Cauchy problem, if u|G1

⋃
G
′
1

⋃
G
′′
1

⋃
G
′′′
1

= 0, it follows
u|G2

⋃
G
′
2

⋃
G
′′
2

⋃
G
′′′
2

= 0. Thus, u(x, y) ≡ 0 everywhere in D, completing
the proof of the uniqueness theorem.

Remarks 2.3. 2.3.1. For the existence of weak solutions we follow the
pertinent results established by the author in 1999 [15].
2.3.2. Relative results easily follow for the Frankl problem.

Example 2.4. A very simple example with K2 = M2 = 1 and K =
K1 = y(y − 1) and M = M1 = x(x + 1) verifies all the above conditions in
our Uniqueness Theorem 2.2. This example may be extended to a general
Gellerstedt type example [11].

3. Open Problems

3.1. Extend “quasi-regularity” of solutions to “regularity” by fixing sin-
gularities at the following twelve points:

O1 = (0, 1), O1
′ = (−1, 1), O2 = (0, 0), O2

′ = (−1, 0);
A1 = (−2, 1), B1 = (1, 1), A2 = (−2, 0), B2 = (1, 0);

E1 = (−1, 2), Z1 = (0, 2), E2 = (−1,−1), Z2 = (0,−1).

3.2. Investigate the exterior Tricomi and Frankl problems in a multiply
connected mixed domain.
3.3. Establish “well-posedness” of solutions for the exterior Tricomi and
Frankl problems, in the sense that there is at most one quasi-regular solu-
tion and a weak solution exists.
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3.4. Solve the n-dimensional Tricomi and Frankl problems in a multiply
connected mixed domain.
3.5. Establish the extremum principle for the exterior Tricomi problem:
“A solution of the exterior Tricomi (or Frankl) problem, vanishing on the
exterior boundary of the considered mixed domain, achieves neither a posi-
tive maximum nor a negative minimum on open arcs of the type-degeneracy
curves.”
3.6. Solve the Tricomi problem for PDE of second order:
3.6.1 K(y − xm − xn)uxx + uyy + r(x, y)u = f(x, y);
3.6.2 uxx + M(x− ym − yn)uyy + r(x, y)u = f(x, y);
3.6.3 K(xm + yn − 1)uxx + uyy + r(x, y)u = f(x, y),
for example m = n = 2 or = 2/3;
3.6.4 K

(
(y − xm)(y − xn)

)
uxx + uyy + r(x, y)u = f(x, y);

3.6.5 K(y − xn)uxx + M(x− ym)uyy + r(x, y)u = f(x, y);
3.6.6 K(yk − xm ± xn)uxx + M(xk − ym ± yn)uyy + r(x, y)u = f(x, y);
3.6.7 K

(
ym(y − xn)

)
uxx + M

(
xm(x− yn)

)
uyy + r(x, y)u = f(x, y);

3.6.8 K
(
(y−xm)(y−xn)

)
uxx+M

(
(x−yα)(x−yβ)

)
uyy+r(x, y)u = f(x, y).

3.7. Solve the Tricomi problem for PDE of fourth order:

(
sgn(y − xl)|y − xl|k ∂2

∂x2
+ sgn(x− yn)|x− yn|m ∂2

∂y2
+ r

)2
u = f.

3.8. Solve the 3-dimensional Tricomi problem for mixed type PDE of
second order:

sgn(z)|z|k(uxx ± uyy) + sgn(xy)|x|m|y|nuzz + ru = f.

Acknowledgment. I am grateful to Professor Guochun Wen for his invi-
tation to the 3rd International Conference, in Beijing, China.
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first give the representation of solutions of the boundary value problem for
the systems, and then prove the existence and uniqueness of solutions for the
problem.
Keywords: Riemann-Hilbert problem, degenerate elliptic complex equations.
AMS No: 35J70, 35J55.

1. Formulation of the Riemann-Hilbert Problem for Degenerate
Elliptic Complex Equations

Let D be a domain in the upper half-plane with the boundary ∂D, which
consists of γ = {−1 < x < 1, ŷ = y− x2 = 0} and a curve Γ(∈ C1

α, 0 < α <
1) with the end points −1, 1 in the upper half-plane: −∞ < x < ∞, ŷ =
y − x2 > 0}. We consider the linear degenerate elliptic equation of first
order {

H(ŷ)ux − vy = a1u + b1v + c1

H(ŷ)vx + uy = a2u + b2v + c2

in D, (1)

where ŷ = y−x2, H(ŷ)=
√

K(ŷ), G(ŷ)=
∫ ŷ

0
H(t)dt, G′(ŷ)=H(ŷ), K(ŷ) =

ŷmh(ŷ) is continuous in D, here m is a positive number and h(ŷ) is a
continuously differentiable positive function in D, and aj , bj , cj (j = 1, 2)
are functions of z (∈ D). The following degenerate elliptic system is a
special case of system (1) with H(ŷ) = ŷm/2:

{
ŷm/2ux − vy = a1u + b1v + c1

ŷm/2vx + uy = a2u + b2v + c2

in D. (2)

For convenience, we mainly discuss equation (2), and equation (1) can be
similarly discussed. From the elliptic condition of system (1), namely

J = 4K1K4 − (K2 + K3)2 = 4H2(ŷ) > 0 in D\γ, (3)
1This research is supported by NSFC (No.10971224)
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in which Kj(j = 1, ..., 4) are as stated in Chapter II, [1] and Chapter I, [3],
and J = 0 on γ = {−1 < x < 1, ŷ = y−x2 = 0}, hence system (1) or (2) is
elliptic system of first order equations in D with the parabolic degenerate
line γ = (−1, 1) on the x-axis. Setting Y = G(ŷ) =

∫ ŷ

0
H(t)dt, Z = x + iY

in D, if H(ŷ) = ŷm/2, Y =
∫ ŷ

0
H(t)dt = 2ŷ(m+2)/2/(m+2), then its inverse

function is ŷ = [(m + 2)Y/2]2/(m+2) = JY 2/(m+2). Denote

w(z) = u + iv, wz̃ =
1
2

[H(ŷ)wx + iwy] =

=
H(ŷ)

2
[wx+iwY ]=H(ŷ)wx−iY =H(ŷ)wZ ,

(4)

then the system (1.1) can be written in the complex form

wz̃ = H(ŷ)wZ = A1(z)w + A2(z)w + A3(z) = g(Z) in D,

A1 =
1
4
[a1+ia2−ib1+b2], A2 =

1
4
[a1+ia2+ib1−b2], A3 =

1
2
[c1+ic2],

(5)

in which DZ is the image domain of D with respect to the mapping Z =
Z(z) = x + iY = x + iG(ŷ) in D. For the equation (5), we can give
a conformal mapping ζ = ζ(Z), which maps the domain DZ onto Dζ ,
such that γ and boundary points −1, 1 in Z = x + iŷ -plane are mapped
onto themselves, and the boundary ∂Dζ\γ(∈ C1

α) is a curve with the form
Re ζ = G(Imζ) − 1 and Re ζ = 1 − G(Imζ) near the points ζ = −1, 1
respectively. Denote by Z = Z(ζ) the inverse function of ζ = ζ(Z), thus
equation (5) is reduced to

wζ = g[Z(ζ)]Z ′(ζ)/H(ŷ), i.e.

wζ =[A1(z)w+A2(z)w+A3(z)]Z ′(ζ)/H(ŷ) in Dζ .
(6)

In this article, there is no harm in assuming that the boundary Γ is a
curve with the form x = G(ŷ) − 1 and x = 1 − G(ŷ) near the points
ẑ = x + iŷ = −1, 1 respectively.

Suppose that equation (5) satisfies the following conditions:

Condition C. The coefficients Aj [z(Z)] (j = 1, 2, 3) in (5) satisfy

L∞[Aj(z(Z)), DZ ] ≤ k0, j = 1, 2, L∞[A3(z(Z)), DZ ] ≤ k1, (7)

where z(Z) is the inverse function of Z(z), and k0, k1 are non-negative
constants.

Now we formulate the Riemann-Hilbert boundary value problem as fol-
lows:
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Problem A. Find a solution w(z) of (5) in D, which is continuous in
D∗ = D\{−1, 1} and satisfies the boundary conditions

Re[λ(z)w(z)]=r(z) on ∂D∗=∂D\{−1, 1}, Im[λ(z0)w(z0)]=b0, (8)

where λ(z) = a(x) + ib(x) (|λ(z)| = 1), b0 is a real constants, z0 (∈ Γ\
{−1, 1}) is a point, and λ(z), r(z), b0 satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[λ(z), γ] ≤ k0,

Cα[r(z),Γ]≤k2, Cα[r(z),γ]≤k2, |b0|≤k2,
(9)

where α (0 < α < 1), k0, k2 are non-negative constants. In particular, if
λ(z) = a(x) + ib(x) = 1, then Problem A is the Dirichlet boundary value
problem, which will be called Problem D. Denote by λ(zj−0) and λ(zj +0)
the left limit and right limit of λ(z) as z → zj(j = 1, 2) on ∂D∗, and

eiφj =
λ(zj−0)
λ(zj +0)

, γj =
1
πi

ln
[
λ(zj−0)
λ(zj +0)

]
=

φj

π
−Kj ,

Kj =
[
φj

π

]
+ Jj , Jj = 0 or 1, j = 1, 2,

(10)

in which z1 = ẑ1 = −1, z2 = ẑ2 = 1, 0 ≤ γj < 1 when Jj = 0, and
−1 < γj < 0 when Jj = 1, j = 1, 2, and

K =
1
2
(K1 + K2) =

1
2

2∑

j=1

[
φj

π
− γj ]

is called the index of Problem A. If λ(z) on ∂D is continuous, then K =
∆Γ arg λ(z)/2π is a unique integer. If the function λ(z) on ∂D is not
continuous, we can choose Jj = 0 or 1 (j= 1,2), hence the index K is not
unique. We shall only discuss the case K = 0 later on, and the other cases
for instance K = −1/2, the last point condition in (8) should be cancelled,
we can similarly discussed.

2. Representations and Estimates of Solutions of the Riemann-
Hilbert Problem for Elliptic Complex Equations

It is clear that the complex equation

wZ = 0 in DZ (11)

is a special case of equation (5). On the basis of Theorem 1.3, Chapter I,
[3], we can find a unique solution of Problem A for equation (11) in DZ .
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Now we consider the function g(Z) ∈ L∞(DZ), and first extend the
function g(Z) to the exterior of DZ in C, i.e. set g(Z)=0 in C\DZ , hence
we can only discuss the domain D0 = {|x|<R0} ∩ {ImY ≥ 0} ⊃ DZ , here
Z = x + iY, R0 is a positive number. In the following we shall verify that
the integral

Ψ(Z)=Tg/H =− 1
π

∫ ∫

D0

g(t)/H(Imt)
t−Z

dσt in D0,

L∞[g(Z),D0] ≤ k3,

(12)

satisfies the estimate (13) below, where H(ŷ) = ŷm/2, m ia a positive num-
ber. It is clear that the function g(Z)/H(ŷ) belongs to the space L1(D0)
and in general is not belonging to the space Lp(D0) (p > 2, m ≥ 2), and
the integral Ψ(Z0) is definite when ImZ0 > 0. If Z0 ∈ D0 and ImZ0 = 0,
we can define the integral Ψ(Z0) as the limit of the corresponding integral
over D0 ∩ {|Ret − ReZ0| ≥ ε} ∩ {|Imt − ImZ0| ≥ ε} as ε → 0, where ε is
a sufficiently small positive number. The Hölder continuity of the integral
can be proved by the method similar to Lemma 2.1, Chapter I, [3].

Lemma 1. If the function g(Z) in DZ satisfies the condition in (12),
and H(ŷ) = ŷm/2, where m is a positive number, then the integral in (12)
satisfies the estimate

Cβ [Ψ(Z), DZ ] ≤ M1, (13)

where β = 2/(m + 2) − δ, δ is a sufficiently small positive constant, and
M1 = M1(β, k3,H, DZ) is a positive constant.

Remark 1. If the condition H(ŷ) = ŷm/2 in Lemma 1 is replaced by
H(ŷ) = ŷη, herein η is a positive constant satisfying the inequality η <
(m+2)/2, then by the same method we can prove that the integral Ψ(Z) =
T (g/H) satisfies the estimate

Cβ [Ψ(Z), DZ ] ≤ M1,

where β = 1−2η/(m+2)−δ, δ is a sufficiently small positive constant, and
M1 = M1(β, k3,H, DZ) is a positive constant. In particular if H(ŷ) = ŷ,
i.e. η = 1, then we can choose β = m/(m + 2)− δ, δ is a sufficiently small
positive constant.

Now we give two representation theorems of solutions of Problem A for
system (2) or equation (5).

Theorem 2. Suppose that the equation (5) satisfies Condition C. Then
any solution of Problem A for (5) can be expressed as

w[z(Z)] = [Φ̃(Z) + ψ̃(Z)]eφ̃(Z) in DZ , (14)
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where ψ̃(Z), φ̃(Z) possess the form

φ̃(Z)=T h̃=− 1
π

∫ ∫

D0

h̃(t)
t− Z

dσt in DZ ,

h̃(Z)=





1
H(ŷ)

{A1[z(Z)]+A2[z(Z)]
w[z(Z)]
w[z(Z)]

} if w[z(Z)] 6=0, Z∈DZ ,

0 if w[z(Z)] = 0, Z ∈ DZ , or Z∈D0\DZ ,

ψ̃(Z)=T f̃ =− 1
π

∫ ∫

D0

f̃(t)
t−Z

dσt, f̃(Z)=
A3[z(Z)]

H(ŷ)
e−φ̃(Z),

in which D0 is as stated before, φ̃(Z), ψ̃(Z) satisfy the estimate similar to
that in (13), Z = x + iY = x + iG(ŷ), and Φ̃(Z) is an analytic function in
DZ satisfying the estimate

Cδ[X(Z)Φ̃(Z), DZ ] ≤ M2, (15)

where X(Z) = |Z − t1|η1 |Z − t2|η2 , here ηj = max(−4γj , 0) + 8δ, j = 1, 2,
γj (j = 1, 2) are as stated in (10), and t1 = −1, t2 = 1, δ is a sufficiently
small positive constant, k = (k0, k1, k2), and M2 = M2(δ, k, H, DZ) is a
non-negative constant.

Proof. On the basis of Lemma 1, we see that φ̃(Z), ψ̃(Z) in DZ satisfy
the similar estimate as in (13). Next it is easy to derive that

Φ̃Z =[wZ−w(A1+A2w/w)/H−A3/H]e−φ̃(Z) =0 in DZ ,

namely Φ̃(Z) is an analytic function in DZ , which satisfies the boundary
conditions

Re[λ(z(Z))eφ̃(Z)Φ(Z)]=r[z(Z)]−Re[λ(z(Z))eφ̃(Z)ψ̃(Z)] on ∂D∗
Z ,

Im[λ(z0)eφ̃(Z0)Φ̃(Z0)] = b0 − Im[λ(z0)eφ̃(Z0)ψ̃(Z0)],
(16)

in which z(Z) is the inverse function of Z(z), Z0 = Z(z0), ∂D∗
Z = ∂DZ\

{−1, 1}, and the index of λ[z(Z)] exp[φ̃(Z)] on ∂DZ is K = 0. Hence
according to the proof of Theorems 1.1 and 1.8, Chapter IV, [1], we can
derive that Φ̃(Z) in DZ satisfies the estimate (15). This completes the
proof.

Theorem 3. Suppose that the equation (5) satisfies Condition C. Then
any solution of Problem A for (5) can be expressed as

w[z(Z)] = Φ(Z)eφ(Z) + ψ(Z) in DZ , (17)
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where ψ(Z), φ(Z) possess the form

ψ(Z)=Tf =− 1
π

∫ ∫

D0

f(t)
t−Z

dσt, L∞[f(Z)H(ŷ), DZ ] < ∞

φ(Z)=Th=− 1
π

∫ ∫

D0

h(t)
t−Z

dσt in DZ ,

h(Z)=





1
H(ŷ)

{A1[z(Z)]+A2[z(Z)]
W (Z)
W (Z)

} if W (Z) 6=0, Z ∈ DZ ,

0 if W (Z) = 0, Z ∈ DZ ∪ {D0\DZ},

in which ψ(Z), φ(Z) satisfy the estimate (13), W (Z) = w[z(Z)] − ψ(Z),
Z = x + iY = x + iG(ŷ), and Φ[z(Z)] is an analytic function in DZ .

Proof. First of all, by using the method of parameter extension as stated
in the proof of Theorem 5 below, or Theorem 3.3, Chapter II, [1], we can
find a solution of equation (5) in the form

ψ(Z) = − 1
π

∫

D0

f(t)
t− Z

dσt, H(ŷ)f(Z) ∈ L∞(DZ).

On the basis of Theorem 2, the solution of (5) in DZ can be expressed by
ψ(Z) = ψ̃(Z)eφ̃(Z), where

φ̃(Z)=T h̃=− 1
π

∫ ∫

D0

h̃(t)
t−Z

dσt in DZ ,

h̃(Z)=





1
H(y)

{A1[z(Z)]+A2[z(Z)]
ψ(Z)
ψ(Z)

} if ψ(Z) 6=0, Z ∈ D0,

0 if ψ(Z) = 0, Z ∈ D0,

ψ̃(Z)=T f̃ =− 1
π

∫ ∫

D0

f̃(t)
t−Z

dσt, f̃(Z)=A3[z(Z)]e−φ̃(Z),

it is clear that the functions φ̃(Z), ψ̃(Z) satisfy the estimate similar to (13).
Next let w(z) be a solution of Problem A for equation (5), it is clear

that W (Z) = Φ(Z)eφ(Z) = w[z(Z)] − ψ(Z) is a solution of the complex
equation

WZ = A1W (Z) + A2W (Z) in DZ ,

where ψ(Z) is as stated in (17), and we can verify that the function Φ(Z)
is an analytic function in DZ . Finally applying the result as in [2], we can
find an analytic function Φ(Z) in DZ satisfying the boundary conditions
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Re[λ(z(Z))eiImφ(Z)Φ(Z)]={r[z(Z)]−Re[λ(z(Z))ψ(Z)]}e−Reφ(Z)

on ∂D∗, Im[λ(z0)eiImφ(Z0)Φ(Z0)]={b0−Im[λ(z0)ψ(Z0)]}e−Reφ(Z0),
(18)

herein Z0 = Z(z0), hence the function w[z(Z)] = Φ(Z)eφ(Z) +ψ(Z) in (17)
is just the solution of Problem A in DZ for equation (5).

On the basis of Lemma 1 and the above discussion, we can obtain the
estimates of solutions of Problem A for equation (5), namely

Theorem 4. Any solution w[z(Z)] of Problem A for equation (5) satisfies
the estimates

Ĉδ[w(z),D]=Cδ[X(Z)w(z(Z)),DZ ]≤M3, Ĉδ[w(z), D]≤M4(k1+k2), (19)

in which X(Z) = |Z−t1|η1 |Z−t2|η2 , here ηj = max(−4γj , 0)+8δ, j = 1, 2,
γj(j = 1, 2) are as stated in (10), and t1 = −1, t2 = 1, δ is a sufficiently
small positive constant, k = (k0, k1, k2), and M3 = M3(δ, k, H, D), M4 =
M4(δ, k0,H,D) are non-negative constants.

Proof. Noticing the condition (7), and using Lemma 1 and Theorem 3,
we see that the functions ψ(Z), φ(Z) in (17) satisfy the estimates

Cβ [ψ(Z), DZ ] ≤ M5, Cβ [φ(Z), DZ ] ≤ M5, (20)

where β = 2/(m+2)−ε, ε is a sufficiently small positive constant, and M5 =
M5(β, k, H,D) is a non-negative constant. Due to the analytic function
Φ(Z) satisfies the boundary condition (18), and from (15) and Theorem 3,
we can get the representation and estimate of the analytic function Φ(Z)
in DZ similar to those in (17) and (15), thus the first estimate of (19) is
derived. Moreover we verify the second estimate in (19). If k = k1+k2 > 0,
then the function w∗(z) = u∗(z) + iv∗(z) = u(z)/k + iv(z)/k is a solution
of Problem A for equation

w∗
Z

=g∗(Z), g∗(Z)=
g(Z)

kH(ŷ)
=

1
H(ŷ)

[A1w
∗+A2w∗+

A3

k
] in DZ , (21)

By the proof of the first estimate in (19), we can derive the estimate of the
solution w∗(z):

Ĉβ [w∗(z), D] ≤ M4 = M4(β, k0,H, D). (22)

From the above estimate it follows that the second estimate of (19) holds
with k > 0. If k = 0, we can choose any positive number ε to replace k = 0.
By using the same proof as before, we have

Ĉβ [w(z), D] ≤ M4ε.

Let ε → 0, it is obvious that the second estimate in (19) with k = 0 is
derived.
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3. Solvability of the Riemann-Hilbert Problem for Degenerate
Elliptic Complex Equations

Theorem 5. Suppose that equation (2) satisfies Condition C. Then Prob-
lem A for (5) has a unique solution in D.

Proof. We first verify the uniqueness of the solution of Problem A for
system (2) or equation (5). Let w1(z), w2(z) be any two solutions of Prob-
lem A for (5). It is easy to see that w(z) = w1(z) − w2(z) satisfies the
homogeneous equation and boundary conditions

wZ = [A1w + A2w]/H(ŷ) in DZ ,

Re[λ((Z))w(z(Z))]=0 in ∂D∗, Im[λ(z0)Φ(Z0)]=0.
(23)

Due to the solution w[z(Z)] possesses the expression (17), but ψ(Z) = 0 in
DZ , and the index K = 0 of λ[z(Z)] on ∂DZ , from the second estimate in
(19) with k1 = k2 = 0, it is easy to derive that w(z) = w1(z) − w2(z) = 0
in D.

As for the existence of solutions of Problem A for equation (5), we can
prove by using the method of parameter extension. In fact, the complex
equation (5) can be rewritten as

wZ = F (Z, w),

F (Z, w)=
1

H(ŷ)
{A1[z(Z)]w+A2[z(Z)]w+A3[z(Z)]} inDZ .

(24)

In order to find a solution w(z) of Problem A in D, we can express w(z) in
the form (17), and consider the equation with the parameter t ∈ [0, 1]:

wZ − tF (z, w) = S(z) in DZ , (25)

in which the function S(z) satisfies the condition

H(y)X(Z)S(z) ∈ L∞(DZ), (26)

where X(Z) is as stated in (15). This problem is called Problem At.
When t = 0, the complex equation (25) becomes the equation

wZ = S(z) in DZ . (27)

It is clear that the unique solution of Problem A0, i.e. Problem A for
wZ = S(z) can be found, namely X(Z)w[z(Z)] = Φ(Z) + TXS. Suppose
that when t = t0 (0 ≤ t0 < 1), Problem At0 is solvable, i.e. Problem At0 for
(25) has a solution w0(z) (w0(z) ∈ Ĉ(D), hence X[Z(z)]w0(z) ∈ C(D)).
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We can find a neighborhood Tε = {|t − t0| ≤ ε, 0 ≤ t ≤ 1}(0 < ε < 1) of
t0 such that for every t ∈ Tε, Problem At is solvable. In fact, Problem At

can be written in the form

wZ − t0F (z, w) = (t0 − t)F (z, w) + S(z) in DZ . (28)

Replacing w0(z) into the right-hand side of (28) by a function w0(z) ∈
Ĉ(D)), especially, we select w0(z) = 0 and substitute it into the right-hand
side of (28), it is obvious that the boundary value problem for such equation
in (28) then has a solution w1(z) ∈ Ĉ(D). Using successive iteration, we
obtain a sequence of solutions wn(z) (wn(z) ∈ Ĉ(D), n = 1, 2, ...), which
satisfy the equations

wn+1Z − t0F (z, wn+1) = (t− t0)F (z, wn) + S(z) in D,

Re[λ(z)wn+1(z)]=r(z) on ∂D∗, Im[λ(z0)wn+1(z0)]= b0.

From the above formulas, it follows that

[wn+1−wn]Z−t0[F (z, wn+1)− F (z, wn)]

= (t− t0)[F (z, wn)− F (z, wn−1)] in D,

Re[λ(z)(wn+1(z)− wn(z))] = 0 on ∂D∗,

Im[λ(z0)(wn+1(z0)− wn(z0))] = 0.

Noting that

L∞[H(ŷ)X(Z)(F (z, wn)−F (z, wn−1)),DZ ] ≤ 2k0Ĉ[wn−wn−1,DZ ],

and then by Theorem 4, we can derive

Ĉ[wn+1 − wn, DZ ] ≤ 2|t− t0|M4Ĉ[wn − wn−1, DZ ],

where the constant M4 = M4(β, k0,H,D) is as stated in (19). Choosing
the constant ε so small such that 2εM4 ≤ 1/2 and |t − t0| ≤ ε, it follows
that

Ĉ[wn+1−wn,DZ ]≤2εM4Ĉ[wn−wn−1,DZ ]≤ 1
2
Ĉ[wn−wn−1,DZ ],

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉ[wn+1−wn, DZ ]≤2−N0

∞∑

j=0

2−jĈ[w1−w0, DZ ]≤2−N0+1Ĉ[w1−w0,DZ ].
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Hence {wn(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉ(DZ), there exists a function w∗(z) ∈ Ĉ(DZ), so that
Ĉ[wn − w∗, DZ ] → 0 as n → ∞, we can see that w∗(z) is a solution of
Problem At for every t ∈ Tε = {|t − t0| ≤ ε}. Because the constant ε is
independent of t0 (0 ≤ t0 < 1), therefore from the solvability of Problem
At0 when t0 = 0, we can derive the solvability of Problem At when t =
ε, 2ε, ..., [1/ε]ε, 1, where [1/ε] means the integer part of 1/ε. In particular,
when t = 1 and S(z) = 0, Problem A1, namely Problem A for (5) in D has
a solution w(z).
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1. Formulation of Discontinuous Oblique Derivative Problems
for Second Order Mixed Equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ∪L, where Γ (⊂ {y > 0}) ∈ C2

α (0 < α < 1) is a curve
with the end points z = 0, 2, without loss of generality, we may assume
that the boundary Γ possesses the form x = −1 + G̃(y) and x = 1− G̃(y)
including line segments x = 0 and x = 2 near 0 and 2 respectively, and
L = L1 ∪ L2, where

L1 = {x +
∫ y

0

√
|K(t)|dt = 0, x ∈ [0, 1]},

L2 = {x−
∫ y

0

√
|K(t)|dt = 2, x ∈ [1, 2]},

(1)

where K(y) = sgny|y|mh(y) is continuous in D, possesses the derivative
K ′(y) and yK(y) > 0 on y 6= 0, K(0) = 0, here m is a positive number,
h(y) is a continuously differentiable function on |y| ≥ 0, and z0 is the
intersection point of L1 and L2. Denote D+ = D ∩ {y > 0}, D− =
D ∩ {y < 0}. Consider second order linear equation of mixed type with
parabolic degeneracy

Lu=K(y)uxx+uyy+a(x, y)ux+b(x, y)uy + c(x, y)u=−d(x, y) in D, (2)
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where a = b = c = d = 0 in D, then (2) is so-called Chaplygin equation
in gas dynamics. Suppose that the coefficients of (2) satisfy the following
conditions, namely

Condition C. The coefficients a, b, c, d satisfy

L̃∞[η, D+]=L∞[η, D+]+L∞[ηx, D+]≤k0, η=a, b, c, L̃∞[d, D+]≤k1,

C̃[η, D−] = [η, D−] + C[ηx, D−] ≤ k0, η = a, b, c, C̃[d, D−]≤k1,

c ≤ 0 in D+, |a(x, y)||y|1−m/2 =o(1) in D−, m ≥ 2,
(3)

where k0 (≥ max[2
√

h(y), 1/
√

h(y), 1]), k1 (≥ k0) are two positive con-
stants. There exist n points z1 = a1 = 0, z2 = a2, ..., zn−1 = an−1, zn =
an = 2 on Γ arranged according to the oppositive direction successively.

The discontinuous oblique derivative problems for equation (2) may be
formulated as follows:

Problem P. Find a continuous solution u(z) of equation (2) in D, where
H(y)ux, uy satisfy the boundary conditions

1
2

∂u

∂l
=

1
H(y)

Re [λ(z)uz̃] = Re [Λ(z)uz] = r(z), z ∈ Γ∗ ∪ L1,

1
H(y)

Im[λ(z)uz̄]|z=z0 =c0, u(a1) = c1, u(an) = c2,

(4)

where l is the vector of Γ∗ ∪ L1, Γ∗ = Γ\{a1, a2, ..., an}, l is a vector at
every point on Γ, λ(z) = cos(l, x) − i cos(l, y), z ∈ Γ∗, λ(z) = cos(l, x) +
j cos(l, y), z ∈ L1, c0, c1, c2 are real constants, and λ(z), r(z), c0, c1, c2

satisfy the conditions

C1
α[λ(z),Γ∗]≤k0, C

1
α[r(z),Γ∗]≤k2, C

1
α[λ(x), L1]≤k0,

C1
α[r(x), L1]≤k2, cos(l, n) ≥ 0 on Γ∗∪L1,

|c0|, |c1|, |c2| ≤ k2, max
z∈L1

1
|a(x)− b(x)| ≤ k0,

(5)

where n is the outward normal vector on Γ, α (0 < α < 1), k0, k2 are
positive constants. Here we mention that if c = 0 in equation (1), then we
can cancel the condition cos(l, n) ≥ 0 on Γ∗, and the last condition in (4)
can be replaced by

lw(zn+1) = Im[λ(z)uz̃]|z=zn+1 = H(Imzn+1)c2 = c′2, (6)

where zn+1 is a fixed point at Γ∗, such that c2 is a real constant satisfying
the condition |c2|≤k2. Later on we shall use the notation lw(zn+1) in some
formulas below. The above boundary value problem is called Problem Q.
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In particular, for the Tricomi problem with the boundary conditions

u(z) = φ(z) on Γ, u(z) = ψ(z) on L1, (7)

in which φ(z), ψ(x) satisfy the conditions

C2
α[φ(z),Γ] ≤ k2, C2

α[ψ(z), L1] ≤ k2, (8)

where k2 is as stated before.
If the boundary Γ near z = 0, 2 possesses the form x = G(y) or x = 2−

G(y) respectively, we find the derivative for (7) according to the parameter
s = Re z = y on Γ, and obtain

us = uxxy + uy = H̃(y)ux + uy = φ′(y) on Γ near x = 0,

us = uxxy + uy = −H̃(y)ux + uy/H̃(y) = φ′(y) on Γ near x=2,

us =uxxy+uy =−H(y)ux+uy =ψ′(y) on L1,

in which H̃(y) = G̃′(y) on Γ, H(y) = |K(y)|1/2, if H(y) = |y|m/2, then
x = G(y) = 2|y|(m+2)/2/(m+2), and its inverse function is |y| = G−1(x) =
[(m + 2)x/2]2/(m+2) = Jx2/(m+2) and H(y) = [(m + 2)x/2]m/(m+2) =
Jm/2xm/(m+2) on L1. It is clear that the complex form of above conditions
is as follows

Re[λ(z)(U+iV )] = Re[λ(z)(H(y)ux−iuy)]/2=R(z) on Γ,

Re[λ(z)(U+jV )]=Re[λ(z)(H(y)ux−juy)]/2=R(z) on L1,

Im[λ(z)uz̃]|z0 =H(Imz0)c0 = c′0, u(0) = c1, u(2) = c2,

where U = H(y)Ux/2, V = −uy/2, c1 = φ(0), c2 = φ(2), λ(z) = a + ib on
Γ, λ(z) = a + jb on L1, and

λ(z)=





−i on Γ, if xy = H̃(y) at 0,

i on Γ, if xy = −H̃(y) at 2,

i on L0,

1− j on L1, if xy = −H(y),

R(z)=





φy/2 on Γ at 0,

−φy/2 on Γ at 2,

−uy/2 on L0,

−ψy/2 on L1,

and b1 = Im[(1 + j)uz̃(0)] = −ψy/2|z=0, where L0 = {0 < x < 2, y =
0}, xy|z=0 = G̃′(y)|z=0 = H̃(y)|z=0 = 0, and xy|z=2 = −G̃′(y)|z=2 =
−H̃(y)|z=2 = 0. Thus the boundary condition of Problem T in D+ can be
rewritten in the complex form
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Re[λ(z)W (z)] = R(z), z ∈ Γ∗ ∪ L1,

Im[λ(z0)W (z0)]=c′1, u(0)=c0, u(2)=c2,

in which R1(x)=Jm/2xm/(m+2)ψ′(x)/2
√

2, and R4(x) is an undetermined
function. We have

eiφ1 =
λ(t1−0)
λ(t1+0)

=e−πi/2−πi/2 =e−πi, γ1 =
−π

π
−K1 =0, K1 =−1,

eiφn =
λ(tn−0)
λ(tn+0)

=eπi/2−πi/2 =e0πi, γn =
0πi

π
−Kn =0, Kn = 0,

eiφl =
λ(tl − 0)
λ(tl + 0)

, γl =
φl

π
−Kl, Kl = 0 or 1, l = 2, ..., n− 1,

where t1 = a1 = 0, t2 = a2, ..., tn = an, λ(t) = eπi/2 on L0, λ(t1 + 0) =
λ(tn− 0) = exp(iπ/2), −1 < γl < 1, l = 1, ..., n− 1, and K1,K2, ..., Kn are
chosen, such that the index of Problem P in D+ is K = (K1+· · ·+Kn)/2 =
0 or −1/2 and the other requirements of Problem P .

Noting that the conditions in (5), we find two twice continuously dif-
ferentiable functions u±0 (z) in D±, for instance, which are the solutions
of the discontinuous oblique derivative problem with the boundary condi-
tion on Γ∗ ∪ L1 in (4) for harmonic equations in D±, thus the functions
v(z) = v±(z) = u(z)−u±0 (z) in D± is the solution of the following equation

K(y)vxx+vyy+a(x, y)vx+b(x, y)vy+c(x, y)v+d̃(x, y) = 0 in D (9)

satisfying the corresponding boundary conditions

Re[λ(z)W (z)]=R(z) on Γ∗∪L1, Im[λ(z)W (z)]|z0 = c′0,

v(0) = c1, v(2) = c2 or lw(zn+1) = c′2,
(10)

where d̃ = d + Lu±0 (z) in D±, W (z) = U + iV = v+
z̃ in D+, W (z) =

U + jV = v−z̃ in D−, R(z) = 0 on Γ∗ ∪ L1 and c0 = c2 = 0, and under
certain conditions, the coefficients of (9) satisfy the conditions similar to
Condition C, hence later on we only discuss the homogeneous boundary
value problem (Problem P̃ ) for equation (2) with the boundary condition
(10) and the case of index K = 0. Other cases can be similarly discussed.
From v(z) = v±(z) = u(z) − u±0 (z) in D±, we have u(z) = v−(z) + u−0 (z)
in D−, u(z) = v+(z) + u+

0 (z) in D+, v+(z) = v−(z) − u+
0 (z) + u−0 (z),

uy = v±y + u±0y, v+
y = v−y − u+

0y + u−0y = 2R̂0(x), and v−y = 2R̃0(x) on
L0 = D ∩ {y = 0}, where R̂0(x), R̃(x) are undetermined functions.
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2. Representation of Solutions for Discontinuous Oblique
Derivative Problems for Second Order Mixed Equations

Denote

W (z)=U+iV =
1
2
[H(y)ux−iuy] = uz̃ =

H(y)
2

[ux−iuY ] =H(y)uZ ,

W¯̃z = [H(y)Wx + iWy]/2 = H(y)[Wx + iWY ]/2 = H(y)WZ in D+,

W (z)=U+jV =
1
2
[H(y)ux−juy] = uz̃ =

H(y)
2

[ux−juY ]=H(y)uZ ,

W¯̃z = [H(y)Wx + jWy]/2 = H(y)[Wx + jWY ]/2=H(y)WZ in D−,

we have

H(y)WZ = W¯̃z = He1(U + V )µ + He2(U − V )ν =

=
e1

4
{[ a

H
+

Hy

H
−b](U+V )+[

a

H
+

Hy

H
+b](U−V )+cu+d}

+
e2

4
{[ a

H
−Hy

H
−b](U+V )+[

a

H
−Hy

H
+b](U−V )+cu+d},

H(U + V )µ =
1
4
{[ a

H
+

Hy

H
−b](U+V )+[

a

H
+

Hy

H
+b](U−V )+cu+d},

H(U−V )ν =
1
4
{[ a

H
−Hy

H
−b](U+V )+[

a

H
−Hy

H
+b](U−V )+cu+d} in D−,

(11)
in which Z = x + iG(y) in D+, and Z = x + jG(y) in D−, thus from (11)
and the formula in [7], we have

W¯̃z = A1(z)W + A2(z)W + A3(z)u + A4(z) in D, (12)

where

A1 =





1
4
[− a

H
+

iHy

H
− ib],

1
4
[
a

H
+

jHy

H
− jb],

A2 =





1
4
[− a

H
+

iHy

H
+ ib],

1
4
[
a

H
+

jHy

H
+ jb],

A3 =





− c

4
,

c

4
,

A4 =





−d

4
in D+,

d

4
in D−.
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The boundary value problem for equations (12) with the boundary condi-
tion (4), (5) or (7) (W (z) = uz̃) and the relation

u(z) =





2Re
∫ z

0

[
ReW (z)

H(y)
+ iImW (z)]dz + b0 in D+,

2Re
∫ z

0

[
ReW (z)

H(y)
− jImW (z)]dz + b0 in D−,

(13)

will be called Problem B.
The representation of solutions of Problem P for equation (2) is as

follows.

Theorem 1. Suppose that equation (2) satisfies Condition C and u(z) is
any solution of Problem P for equation (2) in D. Then the solution u(z)
can be expressed as follows

u(z)=−2
∫ y

0

V (z)dy+u(x)=2Re
∫ z

0

[
ReW

H
+

(
i

−j

)
ImW ]dz+b0 in

(
D+

D−

)
,

W (z)=Φ(Z)+Ψ(Z)=Φ̂(Z)+Ψ̂(Z), Φ(Z) = T (Z) + T (Z),

Ψ̂(Z)=T (Z)− T (Z), T (Z) = − 1
π

∫ ∫

D+
t

f(t)
t− Z

dσt in D+
Z ,

W (z) = φ(z) + ψ(z) = ξ(z)e1 + η(z)e2 in D−,

ξ(z)=ζ(z)+
∫ y

0

g1(z)dy =
∫

S1

g1(z)dy+
∫ y

0

g1(z)dy,

g1(z)=Ã1(U+V )+B̃1(U−V )+2C̃1U+D̃1u+Ẽ1, z ∈ s1,

η(z)=θ(z)+
∫ y

0

g2(z)dy =
∫

S2

g2(z)dy+
∫ y

0

g2(z)dy,

g2(z)=Ã2(U+V )+B̃2(U−V )+2C̃2U+D̃2u+Ẽ2, z ∈ s2,
(14)

in which
f(Z) = g(Z)/H, U = Hux/2, V = −uy/2,

and ξ̃(z) =
∫

S1
g1(z)dy, θ(z) = −ζ(x + G(y)) on D−, and s1, s2 are two

families of characteristics in D−:

s1 :
dx

dy
=

√
|K(y)|=H(y), s2 :

dx

dy
=−

√
|K(y)|=−H(y) (15)

passing through z = x + jy ∈ D−, S1 is the characteristic curves from the
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points on L1 to the corresponding points on L0 respectively, and

W (z) = U(z) + jV (z) =
1
2
Hux − j

2
uy,

ξ(z)=Reψ(z)+Imψ(z), η(z)=Reψ(z)−Imψ(z),

Ã1 =B̃2 =
1
2
(
hy

2h
−b), Ã2 =B̃1 =

1
2
(
hy

2h
+b), C̃1 =

a

2H
+

m

4y
,

c̃2 = − a

2H
+

m

4y
, D̃1 = −D̃2 =

c

2
, Ẽ1 = −Ẽ2 =

d

2
,

in which we choose H(y) = [|y|mh(y)]1/2, h(y) is a positive continuously
differentiable function and

dµ=d[x + G(y)]=2H(y)dy on s1, dν =d[x−G(y)]=−2H(y)dy on s2.

Proof. From (11) we see that [Tf ]Z = f(Z), [Tf ]Z = 0, [Ψ]Z = 0,

[Φ̂]Z = 0 in D+
Z , and equation (2) in D− can be reduced to the system

of integral equations (14).

3. Solvability of Discontinuous Oblique Derivative Problems
for Second Order Mixed Equations

In this section, we prove the existence of solutions of Problems P̃ for equa-
tion (12). Firstly we discuss the complex equation

W¯̃z = A1(z)W + A2(z)W + A3(z)u + A4(z) in D, (16)

with the relation (13) and the boundary conditions

Re[λ(z)W (z)]=R(z) on Γ∗∪L1, Im[λ(z)W (z)]|z0 = c0,

v(0) = c1, v(2) = c2 or lw(zn+1) = c′2,
(17)

is called Problem B, where λ(z), R(z), cl (l = 0, 1, 2) are as stated in (4)–(6)
and (9)–(10). The above boundary value problem about W (z) = vz̃ is called
Problem B̃. It is not difficult to see that Problem B̃ can be divided into
Problem B1 for equation (16), (13) in D+ with the boundary conditions

Re[λ(z)W (z)] = R(z) = 0 on Γ, Re[−iW (x)] = −R̂0(x) on L0, (18)

and Problem B2 for equation (16),(13) in D− with the boundary conditions

Re[λ(z)W (z)] = R(z) = 0 on L1,

Re[(−j)W (x)] = R̃0(x) on L0,

Im[λ(z0)W (z0)] = c′0 = 0,

(19)
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noting ReW (x) = H(y)vx = 0 on L0. From the result in [7], we know that
Problem B1 for equation (16), (13) has a unique solution W (z). Hence we
only prove the unique solvability of Problem B2 for (16), (13) in D−.

Theorem 2. If equation (2) satisfies Condition C, then there exists a
solution [W (z), v(z)] of Problem B2 for (16), (13).

Proof. Denote D0 = {δ0 ≤ x ≤ 2 − δ0,−δ ≤ y ≤ 0}, and s1, s2

are the characteristics of families (15) emanating from any points (b0, 0),
(b1, 0) (δ0 = b0 < b1 = 2 − δ0), respectively, which intersect at a point
(x′, y′) ∈ D−, where δ0, δ are sufficiently small positive numbers.

We may only discuss the case of K(y) = −|y|mh(y), because otherwise
we can similarly discuss. In order to find a solution of the system of integral
equations (14), from (2), we have the condition

|y|a(x, y)
|y|m/2

= o(1), i.e. |a(x, y)| = ε(y)|y|m/2−1, m ≥ 2, (20)

in which ε(y) → 0 as y (∈ D−) → 0. It is clear that for two character-
istics s1, s2 passing through a point z = x + jy ∈ D− and x1, x2 are the
intersection points with the axis y = 0 respectively, for any two points
z̃1 = x̃1 + jỹ ∈ s1, z̃2 = x̃2 + jỹ ∈ s2, we have

|x̃1−x̃2|≤|x1−x2|=2|
∫ y

0

√
−K(t)dt|≤ 2k0

m+2
|y|1+m/2

≤ M |y|m/2+1, |y|m/2+1 ≤ m + 2
4k0

|x1 − x2|,
(21)

in which M (> max[4
√

h(y)/(m+2), 1]) is a positive constant. From (3), we
can assume that the coefficients of (14) possess continuously differentiable
with respect to x ∈ L0 and satisfy the conditions

|Ãl|, |Ãlx|, |B̃l|, |B̃lx|, |D̃l|, |D̃lx|, |Ẽl|, |Ẽlx|, 2
√

h,

∣∣∣∣
1√
h

∣∣∣∣,
∣∣∣∣
hy

h

∣∣∣∣≤M,

z ∈ D−, l = 1, 2.

(22)

According to the method in [6], it is sufficient to find a solution of Problem
B2 for arbitrary segment −δ ≤ y ≤ 0, where δ is a sufficiently small positive
number. We can choose v0 = 0, ξ0 = 0, η0 = 0 and substitute them into
the corresponding positions of v, ξ, η in the right-hand sides of (14), and
by the successive iteration, we can find the sequences of functions {vk},
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{ξk}, {ηk}, which satisfy the relations

vk+1(z) = vk+1(x)−2
∫ y

0

Vk(z)dy = vk+1(x)+
∫ y

0

(ηk − ξk)dy,

ξk+1(z)=ζk+1(z)+
∫ y

0

[Ã1ξk+B̃1ηk+C̃1(ξk+ηk)+D̃1uk+Ẽ1]dy, z ∈ s1,

ηk+1(z)=θk+1(z)+
∫ y

0

[Ã2ξk+B̃2ηk+C̃2(ξk+ηk)+D̃2uk+Ẽ1]dy, z ∈ s2,

k = 0, 1, 2, ....
(23)

Setting that

ỹ = ŷ − ŷ1, t̃ = t̂− ŷ1, ṽk+1(z) = vk+1(z)− vk(z),

ξ̃k+1(z)=ξk+1(z)−ξk(z), η̃k+1(z)=ηk+1(z)−ηk(z),

ζ̃k+1(z)=ζk+1(z)−ζk(z), θ̃k+1(z)=θk+1(z)−θk(z),

we shall prove that {ṽk}, {ξ̃k}, {η̃k}, {ζ̃k}, {θ̃k} in D0 satisfy the estimates

|ṽk(z)−ṽk(x)|, |ξ̃k(z)−ζ̃k(z)|, |η̃k(z)−θ̃k(z)|≤M ′γk−1|ŷ|1−β , |ŷ|≤δ,

|ξ̃k(z)|, |η̃k(z)|≤M(M0|ỹ|)k−1/(k − 1)!, ŷ≤−δ, or M ′γk−1, |ŷ| ≤δ,

|ξ̃k(z1)−ξ̃k(z2)−ζ̃k(z1)−ζ̃k(z2)|, |η̃k(z1)−η̃k(z2)−θ̃k(z1)−θ̃k(z2)|

≤M ′γk−1[|x1 − x2|1−β + |x1−x2|β |ŷ|β
′
], |ŷ| ≤ δ, |ṽk(z1)−ṽk(z2)|,

|ξ̃k(z1)−ξ̃k(z2)|,|η̃k(z1)−η̃k(z2)|≤M(M0|t̃|)k−1|x1−x2|1−β/(k−1)!,

ŷ ≤ −δ, or M ′γk−1[|x1 − x2|1−β + |x1−x2|β |t|β′ ], |ξ̃k(z) + η̃k(z)

−ζ̃k(z)− θ̃k(z)|, |ξ̃k(z)+η̃k(z)|≤M ′γk−1|x1−x2|β |ŷ|β′, |ŷ|≤δ,

|ξ̃k(z) + η̃k(z)| ≤ M(M0|ỹ|)k−1|x1 − x2|1−β/(k − 1)!, ŷ ≤ −δ,
(24)

where z = x + jŷ, z = x + jt is the intersection point of s1, s2 in (15)
passing through z1, z2, β′ = (1 + m/2)(1 − 3β), β is a sufficiently small
positive constant, such that (2 + m)β < 1, and M0,M,M ′ are sufficiently
large positive constants. On the basis of the above estimates, we can derive
that {vk}, {ξk}, {ηk} in D0 uniformly converge to v∗, ξ∗, η∗ satisfying the
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system of integral equations

v∗(z)=v∗(x)−2
∫ y

0

V∗dy=v∗(x)+
∫ y

0

(η∗−ξ∗)dy,

ξ∗(z)= ξ̃∗(z)+
∫ y

0

[Ã1ξ∗+B̃1η∗+C̃1(ξ∗+η∗)+D̃1u∗+Ẽ1]dy, z∈s1,

η∗(z)= η̃∗(z)+
∫ y

0

[Ã2ξ∗+B̃2η∗+C̃2(ξ∗+η∗)+D̃2u∗+Ẽ2]dy, z∈s2,

and the function [v∗(z)]z̃ = W ∗(z) satisfies equation (16) and boundary
condition (19), this shows that Problem B2 in D0 has a solution for equation
(16). Hence a solution of Problem B2 for (16) in D− is obtained. From
the above discussion, we can see that the solution of Problem B2 for (16)
in D− is unique.

From the above result, we have the following theorem.

Theorem 3. Let equation (2) satisfy Condition C. Then the discontinu-
ous oblique derivative problems (Problem P ) for (2) has a unique solution.
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1. Introduction

In this paper, we mainly consider the following equation (4NLS)

i∂tu = ∂4
xu + ∂x(u3), u(0, x) = ϕ(x), t, x ∈ R, (1.1)

(1.1) is invariant under the scaling u → uλ = λ3/2u(λ4t, λx) and moreover,

‖uλ‖Ḣs(Rn) = λs+1‖u(0, ·)‖Ḣs(Rn). (1.2)

From this point of view, we say that s = −1 is the critical regularity index
of (1.1).

A large amount of interesting work has been devoted to the study of the
Cauchy problem for this equations. One can see [1,2,5–7] and references
cited therein. Our main result is as following:

Theorem 1.1. For any s ≥ 0, ϕ(x) ∈ Hs, there exists a T (||ϕ(x)||Hs),
such that (1.1) has an unique solution in C([0, T ];Hs).

2. Notation and Definitions

For x, y ∈ R, x . y means that there exist C > 0 such that |x| ≤ C|y|
and x ∼ y means that there exist C1, C2 > 0 such that C1|x| ≤ |y| ≤ C2|x|.
For f ∈ S ′ we denote by f̂ or F(f) the Fourier transform of f for both
spatial and time variables. Denote by Fx the the Fourier transform on
spatial variable and if there is no confusion, we still write F = Fx. Let
Z and N be the sets of integers and natural numbers, respectively. For
convenience, let Z+ = N

⋃{0}. For k ∈ Z, let Ik = {ξ : |ξ| ∈ [2k−1, 2k+1] }.
For k ∈ Z+, let Ĩk = [−2, 2] if k = 0 and Ĩk = Ik if k ≥ 1. We use f ∗ g will
stand for the convolution on time and spatial variables.

1This research is supported by the Science Research Startup Foundation of North
China University of Technology.The authors would like to express their thanks to Doctor
Zihua Guo for his valuable suggestions.
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Let η0 : R → [0, 1] denote an even smooth function supported in
[−8/5, 8/5] and equal to 1 in [−5/4, 5/4]. For k ∈ N, let ηk(ξ) = η0(ξ/2k)
−η0(ξ/2k−1). For k ∈ Z, let χk(ξ) = η0(ξ/2k)− η0(ξ/2k−1).

We introduce the Banach spaces used in [3]. For k ∈ Z+, we define the
dyadic Xb,s-type spaces Xk = Xk(R2),

Xk = {f ∈ L2(R2) :

f(ξ, τ) is supported in Ik×R and ||f ||Xk
=

∞∑

j=0

2j/2||ηj(τ−ξ4) · f ||L2}.

This kind of spaces were introduced, for instance, in [8] and [9] for the BO
equation. For s ≥ 0, we define the following spaces:

F s = {u ∈ S ′(R2) : ||u||2F s =
∑

k∈Z+

22sk||ηk(ξ)F(u)||2Xk
< ∞},

Ns ={u ∈ S ′(R2) : ||u||2Ns =
∑

k∈Z+

22sk||(i + τ − ξ4)−1ηk(ξ)F(u)||2Xk
<∞}.

For T ≥ 0, we can also define the time-localized spaces F s(T ) and Ns(T ).

Proposition 2.1. ([3]) If s ∈ R, T ∈ (0, 1], and u ∈ F s(T ), then

sup
t∈[0,T ]

||u(t)||Hs . ||u||F s(T ).

3. Proof of the Trilinear Estimate

According to the standard fixed point argument, we will need the fol-
lowing trilinear estimate.

Lemma 3.1. If s ≥ 0, then exists C > 0, such that for any u, v, w ∈ F s,

||∂x(uvw)||Ns ≤ C(||u||F s ||v||F 0 ||w||F 0

+||v||F s ||u||F 0 ||w||F 0 + ||w||F s ||v||F 0 ||u||F 0).

For ξ1, ξ2, ξ3 ∈ R and ω : R→ R defined as ω(ξ) = ξ4. Let

Ω(ξ1, ξ2, ξ3) = ω(ξ1) + ω(ξ2) + ω(ξ3)− ω(ξ1 + ξ2 + ξ3). (3.1)

For compactly supported functions f, g, h, u ∈ L2(R× R), let

J(f, g, h, u) =
∫

R6
f(ξ1, µ1)g(ξ2, µ2)h(ξ3, µ3)

u(ξ1 + ξ2 + ξ3, µ1 + µ2 + µ3 + Ω(ξ1, ξ2, ξ3))dξ1dξ2dξ3dµ1dµ2dµ3.
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Simple changes of variables in the integration and the observation that the
function ω is an even function, we have

|J(f, g, h, u)| = |J(g, f, h, u)| = |J(f, h, g, u)|.
Therefore, we can only assume k1 ≤ k2 ≤ k3 in this paper. Comparing with
ω is odd function case (see [4,9]), we have less symmetry. Therefore, we
need to consider the magnitude of quantity k4 compare with k1, k2 and k3

in later proof. According to the methods in [4] and [11], it suffices to prove
the following symmetric estimate. Similar ideas for the bilinear estimates
can be found in [9].

Lemma 3.2. Assume k1, k2, k3, k4 ∈ Z, k1 ≤ k2 ≤ k3, j1, j2, j3, j4 ∈ Z+

and fki,ji ∈ L2(R×R) are nonnegative functions supported in Iki × Ĩji (i =
1, 2, 3, 4). For simplicity we write J = |J(fk1,j1 , fk2,j2 , fk3,j3 , fk4,j4)|.

(a) For any k1 ≤ k2 ≤ k3 and j1, j2, j3, j4 ∈ Z+,

J ≤ C2(jmin+jthd)/22(kmin+kthd)/2
4∏

i=1

||fki,ji
||L2 . (3.2)

(b) If kthd ≤ ksec − 5 and ∃ i ∈ {1, 2, 3, 4}, such that (ki, ji) =
(kthd, jmax),

J ≤ C2(j1+j2+j3+j4)/22−jmax/22−
3kmax

2 2kthd/2
4∏

i=1

||fki,ji
||L2 ; (3.3)

else, we have

J ≤ C2(j1+j2+j3+j4)/22−jmax/22−
3kmax

2 2kmin/2
4∏

i=1

||fki,ji
||L2 . (3.4)

(c) For any k1, k2, k3, k4 ∈ Z and j1, j2, j3, j4 ∈ Z+,

J ≤ C2(j1+j2+j3+j4)/22−jmax/22−(kmin+kthd+ksec)/3
4∏

i=1

||fki,ji
||L2 . (3.5)

(d) If kmin ≤ kmax − 10, then

J ≤ C2(j1+j2+j3+j4)/22−
8kmax

3

4∏

i=1

||fki,ji
||L2 . (3.6)

Here we use kmax, ksec, kthd and kmin denote the maximum, the second max-
imum, the third maximum number and the minimum of numbers k1, k2, k3

and k4. The notations jmax, jsec, jthd and jmin are similar.



Local Well-Posedness for the Fourth Order Schrödinger Equation 95

Proof. Let Aki
(ξ) = [

∫
R |fki,ji

(ξ, µ)|2dµ]
1
2 , i = 1, 2, 3, 4. Then ||Aki

||L2
ξ

=
||fki,ji

||L2
ξ,µ

. Using the Cauchy-Schwartz inequality and the support prop-
erties of the functions fki,ji

,

|J(fk1,j1 , fk2,j2 , fk3,j3 , fk4,j4)|

≤ C2(jmin+jthd)/2

∫

R3
Ak4(ξ1 + ξ2 + ξ3)

3∏

i=1

Aki(ξi)dξi

≤ C2(kmin+kthd)/22(jmin+jthd)/2
4∏

i=1

||Aki
||L2 ,

which is part (a), as desired.
For part (b), by examining the supports of the functions

J(fk1,j1 , fk2,j2 , fk3,j3 , fk4,j4) ≡ 0,

unless
kmax ≤ ksec + 10. (3.7)

We give the proof according to magnitude of quantity k4 compare with
k1, k2 and k3. Firstly, we assume that k4 = kmax. Under this assumption,
we first consider that j2 6= jmax and j4 = jmax, then we will prove that if
gi : R→ R+ are L2 nonnegative functions supported in Iki

(i = 1, 2, 3) and
g : R2 → R+ is an L2 function supported in Ik4 × Ĩj4 , then∫

R3
g1(ξ1)g2(ξ2)g3(ξ3)g(ξ1 + ξ2 + ξ3,Ω(ξ1, ξ2, ξ3))dξ1dξ2dξ3

. 2−
3kmax

2 2kmin/2
3∏

i=1

||gi||L2 ||g||L2 .

(3.8)

This suffices for (3.3). To prove (3.8), we have |ξ3 + ξ2| ∼ |ξ3|, since
k2 ≤ k3 − 5. By change of variables ξ′1 = ξ1, ξ′2 = ξ2, ξ′3 = ξ2 + ξ3, we get
that the left side of (3.8) is dominated by
∫

|ξ′1|∼2k1 ,|ξ′2|∼2k2 ,|ξ′3|∼2k3

g1(ξ′1)g2(ξ′2)g3(ξ′3−ξ′2)g(ξ′1+ξ′3,Ω(ξ′1, ξ
′
2, ξ

′
3−ξ′2))dξ′1dξ′2dξ′3.

(3.9)
Note that in the integration area, we have

∣∣ ∂

∂ξ′2

[Ω(ξ′1, ξ
′
2, ξ

′
3 − ξ′2)]

∣∣ = |ω′(ξ′2)− ω′(ξ′3 − ξ′2)| ∼ 23kmax , (3.10)

where we use the fact ω′(ξ) ∼ |ξ|3 and k2 ≤ k3 − 5. So, we have

||g(ξ′1 + ξ′3,Ω(ξ′1, ξ
′
2, ξ

′
3 − ξ′2))||L2

ξ′2
= 2−

3k3
2 ||g(ξ′1 + ξ′3, µ2)||L2

µ2
.
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By change of variable µ2 = Ω(ξ′1, ξ
′
2, ξ

′
3−ξ′2), we get that (3.9) is dominated

by

2−
3k3
2

∫

|ξ′1|∼2k1

g1(ξ′1)||g2||L2 ||g3||L2 ||g||L2dξ′1 .2−
3k3
2 2kmin/2||g||L2

3∏

i=1

||gi||L2 .

(3.11)

If j3 =jmax, it suffices to prove gi : R2→R+ are L2 nonnegative functions
supported in Iki × Ĩji (i = 1, 2, 3, 4), then

∫

R6
g4(ξ1 + ξ2 + ξ3, τ1 + τ2 + τ3 + Ω(ξ1, ξ2, ξ3))

3∏

i=1

gi(ξi, τi)dξidτi

. 2−
3kmax

2 2kmin/2
4∏

i=1

||gi||L2 .

(3.12)
By change of variables ξ′1 = −ξ1, τ

′
1 = −τ1, ξ

′
2 = −ξ2, , τ

′
2 = −τ2, ξ

′
3 = ξ1

+ξ2 + ξ3, τ
′
3 = τ1 + τ2 + τ3 + Ω(ξ1, ξ2, ξ3), the left side of (3.12) is

∫

R6
g3(ξ′1 + ξ′2 + ξ′3, τ

′
1 + τ ′2 + τ ′3 − Ω(−ξ′1,−ξ′2, ξ

′
1 + ξ′2 + ξ′3))

×g4(ξ′3, τ
′
3)

∏

i=1,2

gi(−ξ′i,−τ ′i)dξ′1dξ′2dξ′3dτ ′1dτ ′2dτ ′3.

Note that in the integration area, we have
∣∣ ∂

∂ξ′2

[Ω(−ξ′1,−ξ′2, ξ
′
1 + ξ′2 + ξ′3)]

∣∣= |ω′(−ξ′2) + ω′(ξ′1 + ξ′2 + ξ′3)|∼23kmax .

So, we have

||g3(ξ′1 + ξ′2 + ξ′3, τ
′
1 + τ ′2 + τ ′3 − Ω(−ξ′1,−ξ′2, ξ

′
1 + ξ′2 + ξ′3))||L2

ξ′2

= 2−
3k4
2 ||g(ξ′1 + ξ′2 + ξ′3, µ2)||L2

µ2
.

By change of variable µ2 = Ω(−ξ′1,−ξ′2, ξ
′
1 + ξ′2 + ξ′3), we get (3.12), as

desired. The case j1 = jmax is similar to j3 = jmax, we omit it.
We assume now that j2 = jmax, it suffices to prove gi : R2 → R+ are L2

nonnegative functions supported in Iki
× Ĩji

(i = 1, 2, 3, 4), then
∫

R6
g4(ξ1 + ξ2 + ξ3, τ1 + τ2 + τ3 + Ω(ξ1, ξ2, ξ3))

3∏

i=1

gi(ξi, τi)dξidτi

. 2−
3kmax

2 2kthd/2
4∏

i=1

||gi||L2 .

(3.13)
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By change of variables ξ′2 = ξ1 + ξ2 + ξ3, τ ′2 = τ1 + τ2 + τ3 +
Ω(ξ1, ξ2, ξ3), ξ′1 = −ξ1, τ ′1 = −τ1, ξ′3 = −ξ3, τ ′3 = −τ ′3 and notice that

∣∣ ∂

∂ξ′2

[Ω(−ξ′1, ξ
′
1 + ξ′2 + ξ′3,−ξ′3)]

∣∣ = |ω′(ξ′1 + ξ′2 + ξ′3)− ω′(ξ′2)| ∼ 23kmax

in the integration area, we easily get (3.13).
Secondly, we consider the case k3 = kmax and k4 = ksec. In view of

(3.7), we easily get the desired result, as above.
Thirdly, we consider the case k4 = kthd. Under this assumption, we

firstly consider the case that j4 = jmax. In this case, we have (k4, j4) =
(kthd, jmax). Therefore, it suffices to prove that (3.13) also hold under this
assumption. By change of variables ξ′1 = ξ1, τ ′1 = τ1, ξ′2 = ξ2, τ ′2 = τ2, ξ′3 =
ξ1 + ξ2 + ξ3, τ ′3 = τ1 + τ2 + τ3 + Ω(ξ1, ξ2, ξ3) and notice that

∣∣ ∂

∂ξ′3

[Ω(ξ′1, ξ
′
2, ξ

′
3 − ξ′2 − ξ′1)]

∣∣ = |ω′(ξ′3 − ξ′2 − ξ′1)− ω′(ξ′3)| ∼ 23kmax (3.14)

in the integration area, we easily get (3.13).
The other cases can be treated similarly, we omit them.
For part (c), we first consider the case k4 = kmax and j4 = jmax. The

proof is parallel to [11], we omit it. we can treat other cases just by change
of variables. For example, if j3 = jmax, let ξ′1 = −ξ1, τ ′1 = −τ1, ξ′2 =
−ξ2, τ ′2 = −τ2, ξ′3 = ξ1 + ξ2 + ξ3, τ ′3 = τ1 + τ2 + τ3 + Ω(ξ1, ξ2, ξ3). So, we
can treat this case as the first case.

For part (d), we need to consider two cases: ξ1 · ξ2 > 0 or ξ1 · ξ2 < 0.
The former case is easier to handle. When ξ1 · ξ2 > 0 and k4 = kmax,
kmin ≤ kmax − 10, we have

|Ω(ξ1, ξ2, ξ3)| ≥ 2k22k322k4 ∼ 2k2+3k3 . (3.15)

If kthd ≤ ksec − 5, similar to (3.7), by examining the supports of func-
tions, we have jmax ≥ k2 + 3k3 − 20, part (d) holds by part (b).

If kthd ≥ ksec − 5, observing −k1+k2+k3
3 ∼ −k1+2k3

3 and owning to
jmax ≥ k2 + 3k3 − 20, part (d) holds by part (c).

If k4 = ksec, in view of (3.7), we have |Ω(ξ1, ξ2, ξ3)| = |(ξ1 + ξ2)(ξ1 +
ξ2 + 2ξ3)(ξ2

2 + ξ2
4)| ∼ 22ksec22kmax ∼ 24kmax .

Whether k4 = kthd or k4 = kmin, it is easy to see that |Ω(ξ1, ξ2, ξ3)| ∼
24kmax . Which goes back to (3.15).

We assume now ξ1 · ξ2 < 0. Firstly, we assume that k4 = kmax. Now we
should consider serval cases according to ji = jmax. If j4 = jmax, it suffices
to prove that if Ai is L2 nonnegative functions supported in Iki

(i = 1, 2, 3)
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and B is a L2 nonnegative function supported in Ik4 × Ĩj4 , then

∫

R3∩{ξ1·ξ2<0}
B(ξ1 + ξ2 + ξ3,Ω(ξ1, ξ2, ξ3))

3∏

i=1

Ai(ξi)dξ1dξ2dξ3

. 2j4/22−3k3 ||B||L2

3∏

i=1

||Ai||L2 .

(3.16)

By localizing |ξ1 + ξ2| ∼ 2l for l ∈ Z, we get that the right-hand side of
(3.16) is dominated by

∑

l

∫

R3
χl(ξ1 + ξ2)B(ξ1 + ξ2 + ξ3,Ω(ξ1, ξ2, ξ3))

3∏

i=1

Ai(ξi)dξi. (3.17)

From the support properties of the functions Ai, B and the fact that in the
integration area

|Ω(ξ1, ξ2, ξ3)| = |(ξ1 + ξ2)(ξ1 + ξ2 + 2ξ3)(ξ2
4 + ξ2

3)| ∼ 2l+3k3 .

We get that
jmax ≥ l + 3k3 − 20. (3.18)

By change of variables ξ′1 = ξ1 + ξ2, ξ′2 = ξ2, ξ′3 = ξ1 + ξ3, we obtain that
(3.17) is dominated by

∑

l

∫

|ξ′1|∼2l,|ξ′2|∼2k2 ,|ξ′3|∼2k3

χl(ξ′1)A1(ξ′1 − ξ′2)A2(ξ′2)A3(ξ′2 + ξ′3 − ξ′1)

B(ξ′2 + ξ′3,Ω(ξ′1 − ξ′2, ξ
′
2, ξ

′
2 + ξ′3 − ξ′1))dξ′1dξ′2dξ′3.

(3.19)
Since in the integration area

∣∣ ∂

∂ξ′1

[Ω(ξ′1−ξ′2, ξ
′
2, ξ

′
2+ξ′3−ξ′1)]

∣∣= |ω′(ξ′1−ξ′2)−ω′(ξ′2+ξ′3−ξ′1)|∼23k3 , (3.20)

then we get from (3.20) that (3.19) is dominated by

∑

l

∫

|ξ′1|∼2l

χl(ξ′1)||A1||L2 ||A3||L2

×||A2(ξ′2)B(ξ′2 + ξ′3,Ω(ξ′1 − ξ′2, ξ
′
2, ξ

′
2 + ξ′3 − ξ′1))||L2

ξ′2,ξ′3
dξ′1

.
∑

l

2l/22−
k3
2 ||B||L2

3∏

i=1

||Ai||L2 . 2jmax/22−3k3 ||B||L2

3∏

i=1

||Ai||L2 ,
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where we used (3.18) in the last inequality. When j3 = jmax, by change of
variables ξ′1 = −ξ1, τ ′1 = −τ1, ξ′2 = −ξ2, τ ′2 = −τ2, ξ′3 = ξ1 + ξ2 + ξ3, τ ′3 =
τ1 + τ2 + τ3 + Ω(ξ1, ξ2, ξ3) and notice that

∣∣ ∂

∂ξ′1

[Ω(−ξ′1,−ξ′2, ξ
′
1 + ξ′2 + ξ′3)]

∣∣ = |ω′(ξ′1) + ω′(ξ′1 + ξ′2 + ξ′3)| ∼ 23kmax

in the integration area, which can be treated as before. In other cases, we
always have a condition like (3.15) or (3.10), so we can treat them similarly.

4. Local Well-Posedness for 4NLS Equation

From Duhamel’s principle, (1.1) is equivalent to the following equation

u = S(t)φ +
∫ t

0

S(t− t′)(∂x(u3)(t′))dt′. (4.1)

We will mainly work on the following truncated version

u = ψ(t)S(t)φ + ψ(t)
∫ t

0

S(t− t′)(∂x[(ψ(t′)u)3](t′))dt′, (4.2)

where S(t) = eit∆2
, ψ(t) = η0(t) is a smooth cut-off function. Then we easily

see that if u is a solution to (4.2) on R, then u solves (4.1) on t ∈ [−1, 1].
Our first proposition is on the estimate for the linear solution.

Proposition 4.1. If s ≥ 0 and φ ∈ Hs, then

||ψ(t) · (S(t)φ)||F s ≤ C||φ||Hs . (4.3)

Proof. Noticing that F [ψ(t) · (S(t)φ)](ξ, τ) = φ̂(ξ)ψ̂(τ − ξ4). In view of
definition, it suffices to prove that if k ∈ Z+, then

||ηk(ξ)φ̂(ξ)ψ̂(τ − ξ4)||Xk
≤ C||ηk(ξ)φ̂(ξ)||L2 . (4.4)

Indeed, from definition we have

||ηk(ξ)φ̂(ξ)ψ̂(τ − ξ4)||Xk
≤ C

∞∑

j=0

2j ||ηk(ξ)φ̂(ξ)||L2 ||ηj(τ)ψ̂(τ)||L2

≤ C||ηk(ξ)φ̂(ξ)||L2 ,

which is (4.4), as desired.
The second proposition is on the estimate for the retarded linear term.

These estimates were also used in [9] and [4].
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Proposition 4.2. If l, s ≥ 0 and u ∈ S(R× R), then

||ψ(t) ·
∫ t

0

S(t− s)(u(s))ds||F s ≤ C||u||Ns .

Proof. A straightforward computation shows that

F
[
ψ(t) ·

∫ t

0

S(t− s)(u(s))ds

]
(ξ, τ)

= c

∫

R
F(u)(ξ, τ ′)

ψ̂(τ − τ ′)− ψ̂(τ − ξ4)
τ ′ − ξ4

dτ ′.

For k ∈ Z+, let fk(ξ, τ ′) = F(u)(ξ, τ ′)χk(ξ)(τ ′ − ξ4 + i)−1. For fk ∈ Xk,
let

T (fk)(ξ, τ) =
∫

R
fk(ξ, τ ′)

ψ̂(τ − τ ′)− ψ̂(τ − ξ4)
τ ′ − ξ4

(τ ′ − ξ4 + i)dτ ′.

In view of the definitions, it suffices to prove that

||T ||Xk→Xk
≤ C uniformly in k ∈ Z+,

which follows from the proof of Lemma 4.2 in [9].
Now we prove Theorem 1.1. Define the operator

Φφ(u) = ψ(t)S(t)φ + ψ(t)
∫ t

0

S(t− t′)(∂x((ψ(t′)u)3)(t′))dt′,

and we will show that when s ≥ 0, Φφ(·) is a contraction mapping from
D = {u ∈ F s : ||u||F s ≤ 2cr} into itself.

From (1.2), it suffices to construct uλ on the time interval [−1, 1]. Ob-
serving that for s ≥ 0, ||uλ||Hs = λs+1||ϕ||Hs , so we can choose 0 < λ
= λ(||ϕ||Hs) ¿ 1, such that ||uλ||Hs < r. The choice of the parameter r
will be made later. For simplicity, we still denote uλ by u in later without
confusion. From Propositions 4.1, 4.2 and Lemma 3.1, we get if u ∈ D,
then

||Φφ(u)||F s ≤ c||φ||Hs + ||ψ(t)
∫ t

0

S(t− t′)(∂x((ψ(t′)u)3)(t′))dt′||F s

≤ cr + c||∂x((ψ(t′)u)3||Ns

≤ cr + c||u||3F s ≤ cr + c(2cr)3 ≤ 2cr,

provided that r satisfies 8c3r2 ≤ 1/2. Similarly, for u, v ∈ D

||Φφ(u)−Φφ(v)||F s ≤ c||ψ(t)
∫ t

0

S(t−t′)∂x(ψ3(τ)(u3(τ)−v3(τ)))dt′||F s

≤ 8c3r2||u− v||F s ≤ 1
2 ||u− v||F s .
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Thus Φφ(·) is a contraction. Therefore, there exists a unique u ∈ D solves
the integral equation (4.2) in the time interval [0, 1]. Noticing that Propo-
sition 2.1, we have the solution in C([0, 1];Hs). Moreover, we can use the
same method in [3] extend the uniqueness to the whole space F s. Un-
raveling the scaling, we can get the solution exists on the time interval
[0, λ4].
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This paper mainly concerns calibrating volatility from a jump diffusion model

to a finite set of observed option pricing. We proposed a regularization algo-

rithm based on Cont and Tankov’s relative entropy regularization to solve this

problem. We determine the regularization parameter using quasi-optimality

criterion with original data error level unknown. Iteratively Guass-Newton
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1. Introduction

It is well known that the constant volatility assumption made in Black-
Scholes model framework for option pricing is not valid in real market.
Obtaining estimation of the volatility is major challenge for market finance.
Unlike historical estimates of the volatility, calibration rely on the anticipa-
tion of the trading agents reflected in the prices of traded option products
derived from the stock price S. We consider in this paper a widely studied
inverse problem in mathematical finance, that of calibrating a volatility
function from a given set of option prices in a jump-diffusion model.

This calibration problem has received intensive study in the past ten
years. In this paper, we shall focus on the regularization method based
on minimal relative entropy, following an approach introduced by R. Cont
and P. Tankov in 2004 (see [2]). In our paper, inspired by the results in
[2], we attempt to present a new algorithm to calibrate implied volatility
in jump-diffusion option pricing models.

In a jump-diffusion model with a deterministic volatility function, con-
sider a stock S affected by two sources of uncertainty: a standard Brownian
motion Wt and a Poisson counting process ηQt with the deterministic jump
intensity λQ. The risk-neutral evolution of the underlying asset price S(t)

1This research is supported by NSFC (No.10971224), Beijing Talents Foundation and
College of Art & Science of Beijing Union University
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is given by

dS(t)
S(t−)

= (r − q − κQλQ)dt + σ(S(t−), t)dWQ
t + (J − 1)ηQt , (1.1)

where t-denotes the instant immediately before time t, r is the risk free
rate, q is the dividend yield, and σ(S, t) is a deterministic volatility func-
tion. The superscript Q denotes the pricing measure. In addition, J is a
random variable representing the jump amplitude with κQ = EQ[J − 1].
For simplicity, log J is assumed to be normally distributed with constant
mean µQ and standard deviation γQ. We will refer to the process (1.1),
with a constant volatility σ and a lognormal jump density as Merton’s
jump-diffusion model.

In our terminology a jump-diffusion is a lévy process with finite jump
activity. In this paper, we use the term “jump-diffusion” to denote a lévy
process with a finite activity of jumps, that is, a linear combination of a
Brownian motion and a compound Poisson jump process. We assume that
dynamic of log price under risk-neutral measure Q is a lévy process.

2. Volatility Calibration of Exponential Iévy Model Using
a Relative Entropy Regularization Method

General reference works on lévy process are by J. Bertoin(1996) and Ap-
plobanm(2003) (see Chapter V, [1]). Here we give some necessary theoret-
ical background of lévy process.

A lévy process is a stochastic process (Xt)t≥0 with statianary indepen-
dent increments satisfying X0 = 0. The characteristic function of Xt satis-
fies the following lévy-Khintchine formula E[eizXt ] = Φt(z) = exp[tΨ(z)],
and

Ψ(z) = iγz − 1
2
σ2z2 +

∫ +∞

−∞
(eizx − 1− izx1{|x|<1})ν(dx), (2.1)

where γ ∈ R, σ ≥ 0 and ν is a positive measure on R. If the measure ν(dx)
admit a density with respect to the Lebesgue measure, we will call it lévy
density of X and denote it by ν(x). In the case where λ =

∫
v(dx) < +∞,

the lévy process is said to be of finite activity, and the measure ν can
then be normalized to define a probability measure µ on R, which can be
interpreted as the distribution of jump sizes: µ(x) = ν(dx)

λ .
The exponential of lévy process: St = ert+Xt , where Xt is a lévy process

with characteristic triplet (σ, ν, γ) and the interest rate r. Since the dis-
counted price process e−rtSt = eXt is a martingale, this gives a constraint
on the triplet (σ, ν, γ):
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γ = γ(σ, ν) = −σ2

2
−

∫
(ey − 1− y1|y|≤1)v(dy).

Different exponential lévy models (i.e. compound Poisson models and infi-
nite activity models) proposed in the financial modeling literature simply
correspond to different parameterization of the lévy process.

The calibration problem consist of identifying the lévy measure ν and
a volatility σ from a set of observations of call option prices described as
below:

Calibration Problem 1: St = exp Xt where Xt is a lévy process defined
by the characteristic function (σ, ν). Given the (observed) market prices
Ci

0(Ti,Ki) (i = 1, . . . n) for a set of call options, find a constant σ > 0 and
a lévy measure ν such that Cσ,ν(Ti,Ki) = Ci

0(Ti,Ki), where Cσ,ν is the
option price computed for the lévy process with triplet(σ, ν, γ(σ, ν)).

If we know call option prices for all maturities and all strikes, we could
deduce σ and ν in the following way:

1. Compute the option price. We can compute call option price in
exponential lévy model using fast Fourier transform (Carr and Madan,
1998, [3]). For a European call option with log strike k = log K,

C0
T (K)=e−rT EQ[(sT −K)+]

=e−rT EQ[(esT − ek)+]=e−rT

∫ +∞

−∞
(es−ek)qT (s)ds,

where sT is the terminal log price with density qT (s), qT (k) = e−k{C ′′
(k)−

C
′
(k)}. The characteristic function of this density is defined by φT (u) =∫ +∞

−∞ eiusqT (s). On the other hand, the characteristic function of the log
price is given by lévy-Khintchine formula:

ΦT (u) = exp{T (−1
2
σ2u2 + iγ(v)u +

∫ +∞

−∞
(eiux − 1)ν(x)dx)}.

The key idea of FFT is to instead compute the Fourier transform of the
(modified) time value of the option, that is, the function

zT (k) = e−rT E[(esT − ek)+]− (1− ek−rT )+, (2.2)

ξT (ν) denote the Fourier transform of the time value

ξT (ν) =
∫ +∞

−∞
eiνkzT (k)dk =

e−rT φT (ν − i)− eiνrT

iν(1 + iν)
. (2.3)

2. Deduce σ and ν from ΦT . First, the volatility of Gaussian component
σ can be found as follows σ2 = limu→∞− 2 ln ΦT (u)

Tu2 . Denote

Ψ(u) = ln
ΦT (u)

T
+

1
2
σ2u2,
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it has been proved that ν can be uniquely determined from Ψ by Fourier
inversion (see [7]).

Despite its simple form, Problem 1 is an ill-posed inverse problem: there
may exist no solution at all or an infinite number of solutions. To obtain a
unique solution of this ill-posed problem in a stable manner, we must use
a regularization method.

Many choices are possible for the penalization term. In this paper,
following Cont and Tankov (2004), we use a calibration regularized based
on the relative entropy with respect to a prior model. The relative entropy
of probability measure Q with respect to Q0 is defined as:

ε(Q|Q0) = EQ
[

ln
dQ
dQ0

]
= EQ0

[
dQ
dQ0

ln
dQ
dQ0

]
.

If Q and Q0 correspond to exponential lévy model, the relative entropy can
be expressed in terms of the corresponding lévy measure. Namely,

ε(Q|Q0) =
T

2σ2
{
∫ +∞

−∞
(ex − 1)(ν − ν0)(dx)}2

+T

∫ +∞

−∞
(

dν

dν0
ln(

dν

dν0
) + 1− dν

dν0
)ν0(dx) = H(ν, ν0) = H(ν).

And then Problem 1 becomes:

Calibration Problem 2: Given a prior the exponential lévy model Q0

with characteristics (σ0, ν0), find a parameter vector ν which minimizes

J(ν) =
N∑

i=1

(Cν
0 (S0, Ti,Ki)− Ci

0(Ti,Ki))2 + 2αH(ν). (2.4)

The function (2.4) consists two parts: the relative entropy function,
which is convex in its argument ν, and the quadratic pricing error, which
measures the precision of calibration.

For solving Problem 2, we represent the calibrated lévy measure ν by
discretizing it on a grid. The grid must be uniform for the FFT algorithm
to be used for option pricing. We localize ν one some bounded interval
[−M, M ] and then choosing a partition, π = (−M = x1 < . . . < xN = M).
Define Lπ as a set of lévy measure with support in π:

Lπ = {
∑
x∈π

a(x)δx, a ∈ (R+)π},

where δx is a measure that affects unit mass to point x, π is a finite set of
points, we implicitly assume ν is finite.
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The discretized calibration problem becomes

min
ν∈Lπ

J(ν), (2.5)

where ν corresponds to the entire lévy measure discretized on a grid, (2.5)
always has a finite solution that depends continuously on the input prices
and converges to the least square solution with minimal entropy when α
goes to zero. Moreover, the use of entropy penalization could make our
(discretized) problem well-posed which has been proved in [2].

Now we need present a numerical implementation algorithm for solving
the discretized (2.5). First, we make the additional hypothesis that both
the prior and the calibrated lévy process have finite jump activity. Below
we propose a numerical algorithm for solving (2.5) different from Cont and
Tankov’s.

3. Choice of the Regularization Parameter

The regularization parameter α of (2.5) determines the tradeoff between
the accuracy of calibration and the numerical stability of the results with
respect to the input option prices. The principle of choose α make that a
posterior error (calibration error) has the same level as the a prior error
(error on input prices). Parameter choice methods can roughly be divided
into two classes depending on their assumptions about data error level.
The two classes can be characterized as follows:

1. Methods based on knowledge, or a good estimate of data error.
When data error level is known, then it is crucial to make use of this
information. The most widespread method is the discrepancy principle,
usually attributed to Morozov (1966), Cont and Tankov used this method.

2. Methods that do not require data error level, but instead seek to
exact this information from the given right-hand side.

Due to it is difficult to estimate original data error level in finance, we
consider this class method to determine the regularization parameter. In
this paper, we choose the parameter by using quasi-optimality criterion [4].
Now let (σ, να) be the solution of (2.5) for a given regularization parameter
α > 0. The fundamental idea of this approach is to find a good balance
between perturbation error and regularization errors in να. This method is,
strictly speaking, only defined for regularization parameter α and according

αopt = min
α>0

{∥∥∥∥α
dνα

dα

∥∥∥∥
}

(3.1)

to determine the parameter α.
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Denote Q(α) = ‖αdxα

dα ‖2, α > 0, in the linear case Ax = b, Q(α) could
be calculated from formula

α
dxα

dα
= −α[A∗A + αI]−1xα. (3.2)

For nonlinear problems, we will now shown in a more heuristic way how
the parameter choice may be generalized to the nonlinear case. We will
assume that C is twice continuously Fréchet-differential. Denote

η(ν) =
N∑

i=1

(C(ν)− C0),

then (2.5) becomes
J(ν) = 2αH(ν) + (η(ν))2. (3.3)

Since να is the minimizer of (3.3), it satisfies the first order necessary
condition

η′(να)∗η(να) + αH ′(να) = 0.

A formal differentiation of this equation with respect to α yields

η′′(να)∗η(να))
dνα

dα
+ η′(να)∗η′(να)

dνα

dα
+ αH ′′(να)

dνα

dα
= −H ′(να).

If we neglect the second derivative term in this equation, we obtain the
approximation

α
dνα

dα
≈ −α[η′(να)∗η′(να) + αH ′′(να)]−1H ′(να). (3.4)

The right-hand side of (3.4) is a differentiable function of α, so the solu-
tion can be obtained with few iterations, for example, by gradient descent
method. In this case, all integrals in H(ν) become finite sums and the
relative entropy taking the following form:

H(ν)=
T

2σ2
{

N∑

i=1

(exi−1)(νi−ν0(xi))}2+T
N∑

i=1

{νi ln
νi

ν0(xi)
+ν0(xi)−νi},

where we denote νi = ν(xi). The first and the second term of H(ν) are all
continuous for νi ≥ 0,∀i. Of course we can compute the derivative of H(ν)
with respect to ν simply. The method for calculating the derivative C ′(να)
will be described in the next section. We notice that in finite dimensional
cases there always have Q(0) = 0, hence in practice we should make initial
value α0 slightly bigger.
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4. Method for Minimizing J(ν)

In order to solve the minimal problem (2.5), Cont and Tankov choose a
L-BFGS-B gradient descent method. This method use a BFGS matrix
to approximate the Hessian of objective function J(ν). In this paper, we
consider another idea to solve this nonlinear optimization problems.

Review the Tikhonov regularization methods for nonlinear system F (x)
= y, one of them is iteratively regularized Guass-Newton method, iterative
process is

xk+1 =xk−τk[G′(xk)∗G′(xk)+αkI]−1G′(xk)∗G(xk)+αk(xk−ξ), (4.1)

where ξ = x0 is an initial guess for the true solution, τk and αk are a
sequence of positive number, G(x) = F (x) − y. Then the approximate
solution xk+1 minimizes the Tikhonov functional

‖F (x)− y‖2 + αk‖x− x0‖2, (4.2)

where the nonlinear function F is linearized around xk.
Back to our problem minJ(ν). We rewrite J(ν) of (2.5) into (3.3) in

Section 3. According to the definition of relative entropy, ε(Q|Q0) is a
convex non-negative functional of Q for fixed Q0, equal to zero if and only
if dQ

dQ0
= 1. Namely, H(ν) = H(ν, ν0) = 0 if and only if ν = ν0. We

could find that feature of function H(ν) is similar to the second term of
Tikhonov functional (4.2). Namely, the minimization problem J(ν) could
be regard as minimization of Tikhonov functional (4.2). So the methods for
solving (4.2) could be used to solve (2.5). We present a iteratively Gauss-
Newton method, arising from A. Bakushinsky and A. Goncharsky (see [5])
for solving minJ(ν).

For solving (2.5), we give the iterative process as below:

νk+1 =νk− [η′(νk)∗η′(νk) + αkH ′′(ν)]−1η′(νk)∗η(νk) + αkH ′(νk, ν0), (4.3)

in which αk is the regularization parameter obtained by quasi-optimal cri-
terion η(ν) =

∑N
i=1(C(ν)− C0).

In order to minimize the function (2.5) using a Gauss-Newton iterative
formula (4.3), the essential step is the computation of the gradient of the
calibration function with respect to the discretized values of the lévy mea-
sure. We represent the calibrated lévy measure ν by discretizing it on a grid
(xi, i = 1, . . . N), where xi = x0 + i4 x,ν = ΣN

i=1νiδ(xi). This means that
we effective allow a fixed (but large) number of jump sizes and calibrate the
intensities of these jumps. The lévy process is then represented as a sum of
independent standard Poisson processes with different intensities. The grid
must be uniform in order to use the FFT algorithm for option pricing. This
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means that we effectively allow a fixed (but large) number of jump sizes
and calibrate the intensities of these jumps. The lévy process is then repre-
sented as a weighted sum of independent standard Poisson processes with
different intensities. The prior lévy measure ν0 must also be discretized on
the same grid, namely, using the formula ν0(xi) =

∫ xi+4x

xi−4x
ν0(dx) for the

points xi, . . . , xN−1.
The main step is to compute the variational derivative of option price,

DCT (K)[v]. Let k = log K, computing the derivative of option price is
equal to the derivative of time value, zT (k)[ν], defined by formula (2.3).
The function which maps ν into the time value zT (k)[ν] is a superposition
of the lévy-Khinchin formula (2.1) and equation (2.2). Direct computation
show that

DZT (k)[v] = T (1−exj )e−rT 1
2π

∫ +∞

−∞
eiνk ΦT (ν−i)

1+iν
dν

+ exj [CT (k − xj)− CT (k)].

Therefore, the gradient may be represented in terms of the option price and
one auxiliary function. Since we are using FFT to compute option prices
for the whole price sheet, we already know these prices for the whole range
of strikes.

5. Numerical Algorithm

As explained in Section 2, we tackle the ill-posedness of the initial calibra-
tion problem by transforming it into an optimization problem (2.5). Based
on our discussion in sections 3 and 4, we now describe a numerical algo-
rithm for solving this problem. Here is the final algorithm as implemented
in the examples below.

1. Obtain an estimate of volatility σ0 and a candidate for the prior lévy
measure ν0 based on historical estimation or calibration a simple auxiliary
jump-diffusion model. Here, the prior does not contain any additional
information and is only used to regularize the problem.

2. Use quasi-optimality criterion as explained in Section 3 to determine
optimal regularization parameter αopt. Choose an initial value α0, minimize
J(ν) in step 3 with α0 and obtain the next lévy measure ν1. Then back to
(3.1) and (3.4), the optimal αopt is found by running the gradient descent
method with line search by Armijo’s rule.

3. Solve variational problem for J(ν) with αopt by iteratively Gauss-
Newton method which introduced in section 4, we just need to compute
the first derivatives of calibration function with respect to the discretized
lévy measure ν.
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6. Numerical Results

In this section, we describe two computational experiments with our pro-
posed algorithm for calibration from Index call options.

In the first test, option prices were generated using Merton jump-
diffusion model (see [8]), and a lévy measure given by

ν(x) =
λ√
2πδ

exp
[
− (x− µ)2

2δ2

]
. (6.1)

We set δ = 0.15, µ = 0.1, λ = 1. Estimation based on historical was used
as the prior.

In the second test, option prices were generated using double exponen-
tial model (Kou, 2002, [7]) and a lévy measure given by

ν(x) = pα1e
−α1x1x>0 + (1− p)α2e

−α2|x|1x<0, (6.2)

α1 = 1
0.07 , α2 = 1

0.13 , and p = 0.35 was chosen to have the jump intensity
equal to 1. The results of Merton jump-diffusion model in the first test
was used as the prior in this test. The option prices were computed using
fast Fourier transform (FFT, [7]) method in both tests. We will apply our
regularized algorithm to empirical data sets of index options and examine
the implied lévy measures thus obtained.

The left graph in Figure 1 compares the calibration of lévy measure to
the true Merton jump-diffusion measure, which is known to be of the form
(6.2). The right compares calibration of measure and true double expo-
nential (Kou) measure. The main features of true measure are successfully
calibrated with our algorithm. Figure 2 presents the results of calibration
of implied volatility surface in Kou’s model.

7. Conclusion

In this paper, we investigate the problem of calibrating the implied volatil-
ity surface in jump-diffusion option pricing models. Jump-diffusion is a
lévy process with finite jump activity. Based on the relative entropy reg-
ularization method (Cont and Tankov), we have presented a numerical
algorithm to solve this inverse problem. In particular, according to it is
difficult to estimate the error levels in financial data, we developed a quasi-
optimality criterion to determine the regularization parameter. And we use
a iterative Gauss-Newton method to solve the unconstraint optimization
problem. Our numerical tests indicate how this algorithm can be used in
an efficient calibration to market quoted option prices. Further theoretical
and numerical developments in this problem are left to future research.
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Figure 1: Left: Implied lévy measure calibrated to option prices simulated
from Merton’s model. Right: Implied lévy measure calibrated to option
prices simulated from Kou’s model.
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Figure 2: Market implied volatility surface
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Based on the model of steady-state heat and moisture transfer through tex-

tiles, we propose inverse problems of single layer textile material design under

low temperature, for example the thickness design or type design. Adopting

the idea of regularization method, solving the inverse problems can be for-

mulated into function minimization problems. Combining the finite difference

method for ordinary differential equations with direct search method of one-

dimensional minimization problems, we derive some iteration algorithms of

regularized solution for the inverse design problems. Numerical simulation is

achieved in order to verify the validity of proposed methods.
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1. Background for Textile Material Design

Simultaneous heat and moisture transfer in porous media is of growing
interest in a wide range of science and engineering fields, such as civil en-
gineering, safety analysis of dam, meteorology, energy storage and energy
conservation, functional clothing design. As for functional clothing design,
there are many requirements on human body comfort, healthier and safer
textile and so on. As for the human body comfort textiles, it is hoped that
the textiles are of fast decalescence, fast heat radiation, soft or stand-up
apparel. Of course, clothing should be light and keeps body warm under
low temperature, meanwhile sweat vaporizes fast and body feels cool un-
der high temperature. Specially for industrial textile products, people need
special materials which possess radiation-proof and keep the body in stable
pressure. People usually seek greener and healthier textiles. According to
above requirements, we should choose/determine material texture (such as
cotton, tingle, feather, terylene, upgraded materials or composite materi-
als), thickness of textiles (such as light-thin textiles, medium thick textiles
or thick-heavy textiles) and physical structure of textiles (such as single
layer or multi-layer textiles; parallel pore textiles or pellet-accumulated
textiles).

1This research is supported by NSFC (No. 11071221 and 10561001)
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In practical applications, modeling becomes much more interesting and
important, since it provides an efficient way for evaluating new designs or
testing new materials. The mathematical modeling and numerical simu-
lation can be helpful to study heat and moisture transfer characteristics
in textiles. The researchers usually focus on the characteristics of textile
materials (such as moisture absorption, condensation characteristics, etc.)
and textile structural features (such as porous media, multi-layer struc-
ture, etc.). Some mathematical models [9–12] have given predictions on
the properties of heat and moisture transfer through different textiles and
have shown effective in clothing design.

But to our knowledge, we have not seen the mathematical formulation
of inverse problems of textile materials design on heat and moisture transfer
properties. Therefore, in this paper, we propose the formulation of inverse
problems of textile material design, such as inverse problem of thickness
design, and inverse problem of type design, which are both based on the
steady-state model of coupled heat and moisture transfer through parallel
pore textiles [1]. The inverse problem of textile material design is of highly
theoretical advantages, since it can predict/guide the textile design and
clothing equipment design scientifically.

2. Mathematical Model of Heat and Mass Transfer

Textile material design is a kind of inverse problems in mathematical physics
fields. In this paper, we consider inverse problems of thickness design and
type design based on a new well-posed steady-state model of heat and mois-
ture transfer through parallel pore textiles under low temperature condi-
tions. The model of steady-state heat and moisture transfer through par-
allel pore textiles can be described as a mixed problem of coupled ordinary
differential equations [1]:

k1ε(x)r(x)
τ(x)

· pv

T 3/2
· dpv

dx
+ mv(x) = 0, (1)

dmv

dx
+ Γ(x) = 0, (2)

κ
d2T

dx2
+ λΓ(x) = 0, (3)

Γ(x) =
−k2ε(x)r(x)

τ(x)
· (psat − pv) · 1√

T
, (4)

and
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



T (0) = TL,

T (L) = TR,

mv(0) = mv,0,

pv(0) = pv,0,

(5)

where 0 < x < L, L represents the thickness of textile material. T (x)
is temperature(K); mv(x) is mass flux of water vapor(kg/m2 · s); pv is
water vapor pressure(pa); Γ(x) is the rate of condensation(kg/m3 · s). The
saturation vapor pressure within the parallel pore is given as follows [2]:

psat(T ) = 100 · exp[18.956− 4030
(T − 273.16) + 235

], (6)

k1 and k2 are both constants which are related with molecular weight and
gas constant; ε(x) is porosity of textile surface; r(x) is radius of cylindrical
pore(m); τ(x) is effective tortuosity of the textile; λ is latent heat of sorp-
tion and condensation of water vapor(J/kg); κ is thermal conductivity of
textiles(W/m ·K); Let k3 = κ

λ .
T (0) and T (L) are the temperatures of inner fabric and outside fabric

respectively; mv,0 is mass flux of water vapor of inner side of fabric; pv,0 is
water vapor pressure of inner side of fabric.

The above mixed problem (2.1)–(2.5) of coupled ordinary differential
equations is usually called a direct problem (DP).

3. Inverse Problems of Textile Material Design

In this section, we propose the formulation of inverse problems of textile
material design and take the textile thickness design and textile type design
as two examples.

4. Thickness Design of Textile Materials Under Low
Temperature

We consider an inverse problem of thickness design for single layer textile
material [3].

Suppose that the environmental temperature and relative humidity are
given as follows:

(T,RH) ∈ [Tmin, Tmax]× [Hmin,Hmax],

where Tmin and Tmax are minimum average temperature and maximum
average temperature at a specific place during a specific time period respec-
tively. Similarly Hmin and Hmax are minimum average relative humidity
and maximum average relative humidity respectively.
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Suppose that the structure and type of single layer textile are known.
The structure of textile includes the radius of pore, porosity of textile sur-
face and effective tortuosity of the textile.

The literatures on clothing thermal comfort have indicated that the com-
fort indices in the clothing microclimate, which is located between the skin
surface and the inner surface of fabric, are given as follows [8] : temperature
(32± 1)oC, relative humidity (50%± 10%), wind speed (25± 15)cm/s.

According to the requirements of clothing thermal comfort, we intend
to determine the fabric thickness L. Thus, the inverse problem of thickness
design can be formulated as follows:

IP 1 (Inverse Problem 1). Given the environmental temperature and
relative humidity and the above comfort indices, according to the boundary
value conditions 




T (0) = TL,

T (L) = TR,

mv(0) = mv,0,

pv(L) = pv,R,

(7)

we need determine the thickness L of fabric through the model of ODEs
(2.1)-(2.4), where pv,R is related with the temperature and relative humidity
of environment.

5. Regularized Solution of the IP 1

In order to obtain the regularized solution, we discretize the combination
of environmental temperature and humidity as (Ti,RHj) (i = 1, 2, · · · , k;
j = 1, 2, · · · ,m). Let RHi,j,0(x) is relative humidity of inner fabric, which
will be solved by coupled ordinary differential equations. Suppose that
RH∗

0 is experience value of relative humidity in comfortable state.
We can attribute the inverse problem to the following least squared

problem:

min
k∑

i=1

m∑

j=1

(RHi,j,0(x)−RH∗
0 )2.

Since above least squared problem doesn’t exist unique solution or the so-
lutions are unstable, we adopt regularized idea to improve the least squared
method.

In this respect, we define the following function:

J(x) = α · x2 +
k∑

i=1

m∑

j=1

(RHi,j,0(x)−RH∗
0 )2.
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This function is different from the least squared function, as it is added a
penalty term on the least squared function, where α (> 0) is a regularization
parameter. Set M = [0, L], which is called the permissible solution set. If
xreg satisfies

J(xreg) = min
x∈M

J(x),

then it is called the regularized solution of the inverse problem, or the
generalized solution.

6. Iteration Algorithms of the Regularized Solution

Step 1. Numerical computation of the DP
We decouple the ODES(2.1)-(2.4), and use the finite difference method

to discretize the differential equation as follows:

√
Ti · Ti − 2Ti−1 + Ti−2

h2
=

k2

k3
A(xi)

×
[
psat(Ti)−

√
p2

v(xn)+2
∑N−1

j=i
1

k1·A(xj+1)
·T 3/2

j+1 ·[k3 · Tj+1−Tj

h +C∗1 ]·h
]
,

i = 2, · · · , N − 1,

√
TN · TN − 2TN−1 + TN−2

h2
=

k2

k3
A(xN ) [psat(TN )− pv(xn)] ,

pv,i =
√

p2
v,R + 2

∑N−1
j=i

1
k1·A(xj+1)

· T 3/2
j+1 · [k3 · Tj+1−Tj

h + C∗1 ] · h,

i = 0, 1, 2, · · · , N − 1,

where h = xn

N , C∗1 = mv,0 − k3 · T1−T0
h .

Hence, we can obtain the relative humidity of inner side of fabric:

pv,0 =
√

p2
v,R + 2

∑N−1
j=0

1
k1·A(xj+1)

· T 3/2
j+1 · [k3 · Tj+1−Tj

h + C∗1 ] · xn

N ,

RHi,j,0(xn) =
pv,0

psat(T0)

=

√
p2

v,R+2
∑N−1

j=0
1

k1·A(xj+1)
· T 3/2

j+1 · [k3 · Tj+1−Tj

h +C∗1 ] · xn

N

100 · exp[18.956− 4030
(T0−273.16)+235 ]

.

Step 2. Search method of one-dimensional minimization
problems

The optimization problem involved in this paper is a single variable
problem. As we know, RHi,j,0(x) is relative humidity of inner fabric which
is a numerical solution calculated by coupled ordinary differential equations,
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and it is difficult to obtain the derivative of RHi,j,0(x), hence we must use
the direct search method. Taking this actual situation into account, we can
use Hooke-Jeeves pattern search algorithm [4,8], direct search algorithm
by Cai [5] and 0.618 method [6] to solve the above optimization problem.
We use Hooke-Jeeves pattern search algorithm to solve above optimization
problem as an example.

Hooke-Jeeves pattern search algorithm (1961)
Step 1. x1 is given. Set initial step ∆1 > 0, acceleration factor γ ≥ 1,

reduced rate β ∈ (0, 1), permissible error ε > 0, search direction e1 =
1, e2 = −1. set y1 = x1, i = 1.

Step 2. If J(y1 + ∆1 · e1) < J(y1), then

y2 = y1 + ∆1 · e1

carry out Step 4; otherwise, carry out Step 3.
Step 3. If J(y1 + ∆1 · e2) < J(y1), then

y2 = y1 + ∆1 · e2

carry out Step 4; otherwise, if J(y1 + ∆1 · e2) ≥ J(y1), then

y2 = y1,

carry out Step 4.
Step 4. If J(y2) < J(xi), carry out Step 5; otherwise, if J(y2) ≥ J(xi),

carry out Step 6.
Step 5. xi+1 = xi; y1 = xi+1 + γ(xi+1 − xi); i = i + 1; go to Step 2.
Step 6. If ∆1 ≤ ε, then stop,x∗ = xi; otherwise, ∆1 = β · ∆1; y1 =

xi;xi+1 = xi; i = i + 1; go to Step 2.

7. Type Design of Textile Materials Under Low Temperature

In this section, we consider an inverse problem of type design for single
layer textile material [7].

IP 2 (Inverse Problem 2). Given the combinations of environmental
temperature and relative humidity and the above comfort indices in 3.1,
according to the boundary value conditions





T (0) = TL,

T (L) = TR,

mv(0) = mv,0,

pv(L) = pv,R,

(8)
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we need to determine the thermal conductivity of textile κ through the
model of ODEs (2.1)–(2.4), as it represents the type of textiles. Where the
thickness of textile L is known, and pv,R is related with the temperature
and relative humidity of environment.

8. Regularized Solution of the Inverse Problem

We define the following function:

J(κ) = α · κ2 +
k∑

i=1

m∑

j=1

(RHi,j,0(κ)−RH∗
0 )2.

This function is different from the least squared function, as it is added a
penalty term on the least squared function, where α > 0 is a regularization
parameter. Set M = [0,K], which is called the permissible solution set. If
κ∗ satisfies

J(κ∗) = min
κ∈M

J(κ),

then it is called the regularized solution of the inverse problem, or the
generalized solution.

9. Iteration Algorithms of the Regularized Solution

Step 1. Numerical computation of the DP
Decoupling the ODES (2.1)–(2.4), and adopting the finite difference

method to discretize the differential equation, we obtain the relative hu-
midity of inner side of fabric:

RHi,j,0(κn) =
pv,0

psat(T0)

=

√
p2

v,R + 2
N−1∑
j=0

1
k1·A(xj+1)

· T 3/2
j+1 · [k3 · Tj+1−Tj

h + C∗1 ] · L
N

100 · exp[18.956− 4030
(T0−273.16)+235 ]

,

where h = L
N , C∗1 = mv,0 − k3 · T1−T0

h , k3 = κ
λ .

Step 2. Search method of one-dimensional minimization prob-
lems

We can also use direct search methods of one-dimensional minimization
problem mentioned in 3.1.
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10. Numerical Solution

Numerical simulations are carried out to verify the validity of above nu-
merical method for inverse problems of thickness design and type de-
sign. Suppose that the initial mass flux of water vapor is mv(0) =
3.3084 × 10−5kg/m2 · s. The temperature of the inner side of fabric is as-
sumed to be 32oC to guarantee that temperature in microclimate is in the
comfort index interval, that is T (0) = 305.16K. In the model, k1 = 0.00006,
k2 = 0.00007.

We choose four different environmental conditions under low temper-
ature for simulation. Environmental condition 1 : T ∈ [−10oC, 0oC],
RH ∈ [40%, 90%]; Environmental condition 2 : T ∈ [0oC, 10oC],
RH ∈ [30%, 85%]; Environmental condition 3 : T ∈ [−15oC, 0oC],
RH ∈ [40%, 90%]; Environmental condition 4 : T ∈ [0oC, 15oC], RH ∈
[30%, 85%].

Example 1. The inverse problem of thickness design

Table 1. Numerical results of thickness design for wool under
environmental condition 1

Initial values Thickness of wool
(m) (cm)

0.0005 0.7875
0.001 0.7888
0.007 0.7938
0.01 0.795

Table 2. Numerical results of thickness design for wool under
environmental condition 2

Initial values Thickness of wool
(m) (cm)

0.0005 0.7525
0.001 0.74625
0.007 0.74625
0.01 0.74625

Example 2. The inverse problem of type design

Table 3. Numerical solution of thermal conductivity of textile under
environmental condition 3

thickness of textile (mm) Numerical heat conductivity
5.5 0.017273
6.5 0.019396
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Table 4. Numerical solution of thermal conductivity of textile under
environmental condition 4

thickness of textile (mm) Numerical heat conductivity
6.5 0.027926
7.5 0.044988
8.0 0.051447

According to the above numerical results, we conclude that the numerical
results under low temperature conditions are reasonable and acceptable,
as the thickness of textile under low temperature is between 0.5mm and
10mm and the heat conductivity of textiles lies in reasonable empirical mea-
surement interval. Hence the formulation of mathematical model is correct
and the proposed numerical algorithm is efficient. Subsequently we have
provided theoretical explanation for textile material design in engineering.

References
[1] Dinghua Xu, Jianxin Cheng and Xiaohong Zhou, A model of heat and moisture trans-

fer through the parallel pore textiles, in Proc. Textile Bioengineering and Informatics
Symposium, Shanghai, Track 10 (2010), 1151-1156.

[2] Jianhua Huang, Clothing comfort, Science Press, Beijing, 2008.

[3] Dinghua Xu, Jianxin Cheng and Xiaohong Zhou, An inverse problem of thickness
design for single layer textile material under low temperature, To appear in Journal
of Mathematics-for-Industry, 2010B.

[4] Virginia Torczon, On the convergence of pattern search algorithms, SIAM. J. Optim.,
7 (1997), 1-25.

[5] Zhijie Cai and Deqiang Chen, The direct search algorithm of nonlinear optimization
and its convergence proof, Journal of Fudan University (Natural Science Edition),
45 (2006), 396-403.

[6] Baolin Chen, Optimization problems and algorithms, Tsinghua University, Beijing,
2005.

[7] Dinghua Xu, Yuanbo Chen and Jianxin Cheng, An inverse problem of type design for
single layer textile material under low temperature, Submitted to Chinese Journal of
Textile Research.

[8] R. Hooke and T. A. Jeeves, “Direct search” solution of numerical and statistical
problems, J. Assoc. Comput. Mach., 8 (1961), 212-229.

[9] Jintu Fan, Zhongxuan Luo and Yi Li, Heat and moisture transfer with sorption and
condensation in porous clothing assemblies and numerical simulation, Int. J. Heat
Mass Transfer, 43 (2000), 2989-3000.

[10] Jintu Fan and Xinghuo Wen, Modeling heat and moisture transfer through fibrous
insulation with phase change and mobile condensates, Int. J. Heat Mass Transfer,
45 (2002), 4045-4055.

[11] Jintu Fan, Xiaoyin Cheng, Xinhuo Wen and Weiwei Sun, An improved model of heat
and moisture transfer with phase change and mobile condensates in fibrous insulation
and comparison with experimental results, Int. J. Heat Mass Transfer, 47 (2004),
2343-2352.

[12] Huijun Wu and Jintu Fan, Study of heat and moisture transfer within multi-layer
clothing assemblies consisting of different types of battings, International Journal of
Thermal Sciences, 47 (2008), 641-647.



A NEW METHOD FOR CONSTRUCTING
COEFFICIENTS OF ELLIPTIC COMPLEX EQUATIONS

WITH RIEMANN-HILBERT TYPE MAP1

GUO CHUN WEN
School of Mathematical Sciences, Peking University, Beijing 100871, China

E-mail: wengc@math.pku.eu.cn

The present paper mainly concerns the inverse problem for linear elliptic com-
plex equations of first order with Riemann-Hilbert type map in simply con-
nected domains. Firstly the formulation and the complex form of the problem
for the equations are given, and then the existence of solutions for the above
problem is proved by a new complex analytic method, where the advantage
of the other methods is absorbed, and the used method in this paper is more
simple and the obtained result is more general. As an application of the above
results, we can derive the corresponding results of the inverse problem for sec-
ond order elliptic equations from Dirichlet to Neumann map.
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1. Formulation of Inverse Problem for Elliptic Complex
Equations of First Order

In [1–4], the authors posed and discussed the inverse problem of second or-
der elliptic equations. In this paper, the existence of solutions of the inverse
problem for linear elliptic systems of first order equations with Riemann-
Hilbert type map is considered. By using the complex analytic method, we
first formulate the inverse problem for elliptic complex equations of first or-
der in simply connected domains and give some properties of its solutions,
and then discuss the existence of solutions of the inverse problem for the
above elliptic complex equations of first order.

Let D be a simply connected domain in the complex plane C with the
boundary ∂D = Γ ∈ C1

µ(0 < µ < 1). There is no harm in assuming that a
point a0 ∈ Γ with arg a0 = 0 and z = 0 ∈ D. Consider the linear elliptic
system of first order equations

ux − vy + au + bv = 0, vx + uy + cu + dv = 0 in D, (1.1)

1This research is supported by NSFC (No.10971224)
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where a = a(z), b = b(z), c = c(z), d = d(z) are real measurable functions of
z = x + iy (∈D) with the conditions a, b, c, d ∈ Lp(D), p (> 2) is a positive
constant. The above conditions will be called Condition C.

Denote

W (z)=u+iv, Wz̄ =
1
2
[Wx+iWy]=

1
2
[ux−vy+i(vx + uy)] in D, (1.2)

where z = x + iy, we can get

Wz̄ =
1
2
[Wx + iWy] = −1

2
[au + bv]− i

2
[cu + dv]

= −1
4
[a(W+W )+ib(W−W )]− 1

4
[ic(W+ W )−d(W−W )]

= −A(z)W −B(z)W in D.

(1.3)

Here A(ζ) = [a+d− ib+ ic]/4, B(ζ) = [a−d+ ib+ ic]/4, and assume that
the coefficients A(z), B(z) ∈ Lp(D), p (> 2) is a positive number. In this
paper the notations are the same as those in [5] or [7].

Introduce the Riemann-Hilbert boundary condition for the complex
equation (1.3) as follows:





Re[λ(z)W (z)] = r(z) + g(z) = h1(z), z ∈ Γ,

Im[λ(aj)W (aj)] = bj , j = 1, ..., 2K + 1, K ≥ 0,
(1.4)

where

g(z) =





0, K ≥ 0,

g0 + Re
−K−1∑
m=1

(g+
m + ig−m)[ζ(z)]m, K < 0.

(1.5)

Herein λ(z) (6= 0), r(z) ∈ Cα(Γ), α (≤ (p − 2)/p) is a positive constant,
g0, g±m (m = 1, ...,−K−1,K < 0) are unknown real constants to be deter-
mined appropriately, aj(∈ Γ, j = 1, ...2K + 1, K ≥ 0) are distinct points,
and bj(j = 1, ..., 2K+1) are all real constants, in which K = 1

2π ∆L arg λ(z)
is called the index of λ(z) on Γ, and z = z(ζ) is a conformal mapping from
the unit disk |ζ| < 1 onto D. The above Riemann-Hilbert boundary value
problem is called Problem RH for equation (1.3). From (5.114) and (5.115),
Chapter VI, [5], we see that Problem RH of equation (1.3) possesses the
important application to the shell and elasticity. Under Condition C, the
solution W (z) of Problem RH for (1.3) in D can be found. It is clear
that the above solution W (z) satisfies the following Riemann-Hilbert type
boundary condition for the equation (1.4):

Im[λ(z)W (z)] = h2(z) on Γ, (1.6)
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and then the boundary conditions of Riemann-Hilbert to Riemann-Hilbert
type map can be written as follows

λ(z)W (z)=h1(z) + ih2(z) = h(z) on Γ, i.e.

W (z)) = H(z) = h(z)/λ(z) on Γ,
(1.7)

which will be called Problem RR for the complex equation (1.3) (or (1.1)),
where h(z) (∈ Cα(Γ)) is a complex function. Thus we can define the
Riemann-Hilbert to Riemann-Hilbert type map Λ : Cα(Γ)→Cα(Γ), i.e.
h1(z)→h2(z) by Λh1 = h2.

Our inverse problem is to determine the real coefficients a(z), b(z),
c(z), d(z) of the equation (1.1) (or the complex coefficients A(z), B(z) of
the complex equation (1.3)) from the map Λ. Obviously the function h(z)
is corresponding to the function H(z) one by one. Denote by Rh and RH

the sets of {h(z)} and {H(z)} respectively. It is clear that for any function
h1(z) of the set Cα(Γ) in the Riemann-Hilbert boundary condition (1.4),
there is a set {h2(z)} of the functions of Riemann-Hilbert type bound-
ary condition (1.6), where Rh = {h(z)} is corresponding to the complex
equation (1.3). Inversely from the set Rh = {h(z)} or RH = {H(z)}, one
complex equation in (1.3) can be determined, which will be verified later
on.

2. Existence of Solutions of Inverse Problem for Elliptic
Complex Equations of First Order

According to [5], introduce the notations

Tf(z) = − 1
π

∫ ∫

C

f(ζ)
ζ − z

dσζ ,

in which f(z) ∈ Lp(D), p > 2. Obviously (Tf)z̄ = f(z) in D. We consider
the complex equation

gz̄+Ag+Bg=0, i.e. Wz̄+AW +BW =0 in D, (2.1)

where g(z) = W (z). On the basis of the Pompeiu formula (see Chapters I
and III, [5]), the corresponding integral equation of the complex equation
(2.1) is as follows

g(z)−T [Ag+Bg]=
1

2πi

∫

Γ

g(ζ)
ζ−z

dζ in D. (2.2)

For simplicity we can only consider the following integral equation

g(z)− T [Ag + Bg] = 1 or i in D (2.3)
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later on.
We first prove the following lemma by the similar way as in [2,3] and

[6].

Lemma 2.1. The function g(z) is a unique solution of one of the integral
equations

g(z) + TAg + TBg =

{
1,

i,
in D, g(z) =

{
H1(z),

H2(z),
on Γ, (2.4)

with the condition g(z) = Hj(z) (Hj(z) ∈ RH , z ∈ Γ, j = 1, 2) if and only
if H1(z), H2(z) are the solutions of the integral equations





1
2
g(z) +

1
2πi

∫

Γ

g(ζ)
ζ − z

dζ =
{ 1,

i,
g(ζ) =

{
H1(ζ),

H2(ζ),
i.e.

H1(z)
2

+
1

2πi

∫

Γ

H1(ζ)
ζ−z

dζ =1,
H2(z)

2
+

1
2πi

∫

Γ

H2(ζ)
ζ−z

dζ = i on Γ,

(2.5)

respectively.

Proof. It is obvious that we can only discuss the case of H1. If g(z) is
a solution of the first equation in (2.4), then gz = −AJg − BJg. On the
basis of the Pompeiu formula

g(z)=
1

2πi

∫

Γ

g(ζ)
ζ−z

dζ−T [g(ζ)]ζ =
1

2πi

∫

Γ

g(ζ)
ζ−z

dζ−T [Ag + Bg] in D (2.6)

(see Chapters I and III, [5]), we have

g(z) + TAg + TBg = 1 =
1

2πi

∫

Γ

g(ζ)
ζ − z

dζ in D, (2.7)

where g(ζ) = H1(ζ) on Γ. Moreover by using the Plemelj-Sokhotzki formula
for Cauchy type integrals (see [5,7])

1 =
1

2πi

∫

Γ

g(ζ)
ζ − z

dζ +
1
2
g(z), g(ζ) = H1(ζ) on Γ,

this is the first formula in (2.5).
Inversely if the first formula in (2.5) is true, noting that there exists a

unique solution of the equation gz = −AJg−BJg in D with the boundary
value g(ζ) = H1(ζ) on Γ, we have

g(z) + TAg + TBg =
1

2πi

∫

Γ

g(ζ)
ζ − z

dζ in D,
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where the integral 1
2πi

∫
Γ

g(ζ)
ζ−z dζ in D is analytic, whose boundary value on

Γ is
lim

z′(∈D)→z(∈Γ)

1
2πi

∫

Γ

g(ζ)
ζ − z′

dζ =
1
2
g(z)+

1
2πi

∫

Γ

g(ζ)
ζ − z

dζ =1,

hence
1

2πi

∫

Γ

g(ζ)
ζ − z

dζ = 1 in D,

and the first equation in (2.4) is true. Now we furthermore explain the
uniqueness of the solutions of the first equation in (2.4), and can assume
that the equation possesses the form gz̄ = R(z) (∈ L∞(D)) in D, it is
easy to see that there exists a solution g1(z) of the equation in D with the
boundary condition g1(z) = H1(z) on Γ. If we have the another solution
g2(z) of the equation in D with the same boundary condition, then g1(z)−
g2(z) satisfies the equation [g1(z) − g2(z)]z̄ = 0 with the homogeneous
boundary condition g1(z)− g2(z) = 0 on Γ, and then g1(z)− g2(z) = 0, i.e.
g1(z) = g2(z) in D.

Lemma 2.2. Under the above conditions, the functions H1(z), H2(z) as
stated in (1.7) are the solutions of the system of integral equations





1
2
(1− iS)H1 = 1,

1
2
(1− iS)H2 = i,

SH1 =
1
π

∫

Γ

H1(ζ)
ζ − z

dζ, SH2 =
1
π

∫

Γ

H2(ζ)
ζ − z

dζ.

(2.8)

Proof. From the theory of integral equations (see [6,8]), we can derive
the solutions H1(z) and H2(z) of (2.4). In fact, on the basis of Lemma 2.1
we can find the solutions of the following integral equations

W1(z)=1 +
1
π

∫ ∫

D

J [AW1 + BW 1]
ζ − z

dσζ ,

W2(z) = i +
1
π

∫ ∫

D

J [AW2 + BW2]
ζ − z

dσζ ,

z ∈ D. (2.9)

By using the Pompeiu formula, the above equations can be rewritten as

W1(z)=
1

2πi

∫

Γ

W1(t)
t− z

dt +
1
π

∫ ∫

D

J [AW1 + BW 1]
ζ − z

dσζ ,

W2(z)=
1

2πi

∫

Γ

W2(t)
t− z

dt +
1
π

∫ ∫

D

J [AW2 + BW2]
ζ − z

dσζ ,

z ∈ D, (2.10)

and W1(z) = H1(z) and W2(z) = H2(z) on Γ, the functions

1
2πi

∫

Γ

Hj(t)
t− z

dt (j = 1, 2)
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are analytic in D. According to the Plemelj-Sokhotzki formula for Cauchy
type integrals, we immediately obtain the formulas in (2.8).

Theorem 2.3. For the inverse problem of Problem RR for equation
(1.3) with Condition C, we can reconstruct the convective coefficients
a(z), b(z), c(z) and d(z) of the system (1.1).

Proof. On the basis of Lemma 2.2, we can find two solutions φ1(z) =
W1(z) and φ2(z) = W2(z) of complex equation

[φ]z̄ + A(z)φ + B(z)φ = 0 in D, (2.11)

and the above solutions φ1(z) = F (z), φ2(z) = G(z) are also the solutions
of integral equations





F (z) + T{AF + BF} = 1,

G(z) + T{AG + BG} = i,
in D, (2.12)

and we can require that the above solutions satisfy the boundary conditions

F (z) = H1(z), G(z) = H2(z) on Γ, (2.13)

where H1(z), H2(z) ∈ RH . From Lemma 2.4 below, we can verify that

Im[F (z)G(z)] = [F (z)G(z)− F (z)G(z)]/2i 6= 0 in D.

In addition, noting that F (z), G(z) satisfy the complex equations
{

Fz̄ + AF + BF = 0,

Gz̄ + AG + BG = 0,
in D, (2.14)

we can determine the coefficients A and B as follows

A = −Fz̄G−Gz̄F

FG− FG
, B =

Fz̄G−Gz̄F

FG− FG
in D. (2.15)

From the above formulas, the coefficients a(z), b(z), c(z) and d(z) of the
system (1.1) can be obtained, namely

a(z) + ic(z) = 2[A(z) + B(z)], d(z)− ib(z) = 2[A(z)−B(z)] in D. (2.16)

Theorem 2.4. For the solutions [F (z), G(z)] of equations in (2.12), we
have

2iIm[F (z)G(z)] = F (z)G(z)− F (z)G(z) 6= 0 in D. (2.17)
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Proof. Suppose that (2.17) is not true, then there exists a point z0 ∈ D
such that Im[F (z0)G(z0)] = 0, namely

∣∣∣∣
ReF (z0) ImF (z0)

ReG(z0) ImG(z0)

∣∣∣∣ = 0.

Thus we have two real constants c1, c2, which are not all equal to 0, such
that c1F (z0) + c2G(z0) = 0.

In the following, we prove that the equality of c1F (z0) + c2G(z0) = 0
is not true. If W (z0) = c1F (z0) + c2G(z0) = 0, then W (z) = Φ(z)eφ(z) =
(z − z0)Φ1(z)eφ(z), where Φ(z), Φ1(z) are analytic functions in D, and

(z−z0)Φ1(z)eφ(z)+
1
π

∫ ∫

D

(ζ−z0)Φ1(ζ)eφ(z)[A+BW (ζ)/W (ζ)]
ζ − z

dσζ

= c1 + ic2.

Letting z → z0, one has

1
π

∫ ∫

D

Φ1(ζ)eφ(z)[A + BW (ζ)/W (ζ)]dσζ = c1 + ic2,

and then

c1+ic2 = (z − z0)Φ1(z)eφ(z)

+
1
π

∫ ∫

D

(ζ−z+z−z0)Φ1(ζ)eφ(z)[A+BW (ζ)/W (ζ)]
ζ − z

dσζ

= (z−z0)[Φ1(z)eφ(z)+
1
π

∫ ∫

D

Φ1(ζ)eφ(z)[A+BW (ζ)/W (ζ)]
ζ − z

dσζ ]

+
1
π

∫ ∫

D

Φ1(ζ)eφ(z)[A + BW (ζ)/W (ζ)]dσζ .

The above equality implies

Φ1(z)eφ(z) +
1
π

∫ ∫

D

Φ1(ζ)eφ(z)[A + BW (ζ)/W (ζ)]
ζ − z

dσζ = 0 in D,

and the above homogeneous integral equation only have the trivial solution,
namely Φ1(z) = 0 in D, thus W (z) = Φ(z)eφ(z) = (z − z0)Φ1(z)eφ(z) ≡ 0
in D. This is impossible.

From the above discussion, we can see that four real coefficients a(z),
b(z), c(z), d(z) of the system (1.1) or two complex coefficients A(z), B(z) of
the complex equation (1.3) can be determined by two boundary functions
H1(z), H2(z) in the set RH .
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3. Inverse Problem for Second Order Elliptic Equations
from Dirichlet to Neumann Map

Let D be a simply connected bounded domain in the complex plane C with
the boundary ∂D = Γ (∈ C2

µ, 0 < µ < 1). There is no harm in assuming
that a point a0 ∈ Γ with arg a0 = 0 and z = 0 ∈ D. Consider the linear
elliptic equation of second order

uxx + uyy + aux + buy = 0 in D, (3.1)

where a = a(z), b = b(z) are real functions of z = x + iy(∈D) with the
conditions a, b ∈ Lp(D), where p (> 2) is a positive constant. The above
conditions will be called Condition C.

Similarly to Section 1, denote

W (z) = U + iV =
1
2
[ux − iuy] = uz,

Wz̄ =
1
2
[Wx+iWy]=uzz̄ =

1
4
[uxx+uyy] in D,

(3.2)

we can get

uzz̄ = Wz̄ =
1
2
[Wx + iWy] = −1

4
[aux + buy]

= −1
4
[a(W+W )+ib(W−W )]=−1

4
[(a+ib)W+(a−ib)W ]

= −A(z)W −B(z)W = −2Re[A(z)W ] in D,

(3.3)

in which A = A(z) = B(z) = B = [a + ib]/4, and A(z)∈Lp(D), p (> 2) is
a positive constant.

Introduce the Dirichlet boundary condition for the equation (3.1) as
follows:

u = f(z) on Γ, i.e. u = f(z) on Γ, (3.4)

where f(z) ∈ C1
α(Γ), f(z) ∈ C1

α(Γ), α (0 < α ≤ (p − 2)/p) is a positive
constant, which is called Problem D for equation (3.1). If we find the
derivative of positive tangent direction with respect to the unit arc length
parameter s of the boundary Γ with s(0) = arg(a0 +0) = 0, where a0 ∈ Γ0,
then

fs =
∂f(z)

∂s
= uzzs + uz̄ z̄s = 2Re[zsuz] on Γ. (3.5)

It is clear that the equivalent boundary value problem is found a solution
[W (z), u(z)] of the complex equation (3.3) with the boundary conditions

Re[λ(z)w(z)]=Re[zsw(z)] =
fs

2
, z ∈ Γ, u(a0)=f(a0)=b0, (3.6)
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and the relation

u(z) = 2Re
∫ z

a0

w(z)dz + b0 in D, (3.7)

in which λ(z) = zs, z ∈ Γ. Taking into account the index K =
∆Γ arg[λ(z)] = −1, obviously this is a special case of the Riemann-Hilbert
boundary value problem (Problem RM) as stated in Sections 1 and 2.

Under the above condition, the corresponding Neumann boundary con-
dition is

un =
∂u

∂n
=uzzn+uz̄ z̄n =uzz + uz̄ z̄ = 2Im[zsuz]=g(z) on Γ, (3.8)

where n is the unit outwards normal vector of Γ. The boundary value prob-
lem (3.1)(or (3.3)), (3.8) will be called Problem N . Hence the boundary
conditions of Dirichlet and Neumann problems can be written as follows

us+iun = Re[zsuz] + 2iIm[zsuz] = 2zsw(z), z ∈ Γ, i.e.

w(z) = h(z)=h1(z)+ih2(z) = [us+iun]/2zs, z ∈ Γ,
(3.9)

which will be called Problem DN for the complex equation (3.3) (or (3.1))
with the relation (3.7), where h(z) ∈ Cα(Γ) is a complex function satisfying
the condition

∫
Γ

Re[zs]uzds = 0. For any function f(z) of the set C1
α(Γ)

in the Dirichlet boundary condition (3.4), there is a set {g(z)} of the func-
tions of Neumann boundary condition (3.8), which is called the Dirichlet
to Neumann map. Moreover we see that the set {h(z)} is corresponding to
the set {fs + iun} one by one, which can be determined the coefficients of
equation (3.1). We denote the set of functions {h(z)} by Rh, and h(z) is
as stated in (3.9).

According to the method as stated in Section 2, we can only consider
the following integral equations

g(z)− T [Ag + Bg] = 1 or i in D, (3.10)

and can prove a lemma similar to Lemma 2.1. Finally we can obtain the
following result.

Theorem 3.1. For the inverse problem of Problem DN for complex
equation (3.1) with Condition C, we can reconstruct the convective co-
efficients a(z) and b(z) of equation (3.1).

Proof. On the basis of Lemma 3.1, we can find two solutions φ1(z) =
F (z) and φ2(z) = G(z) of integral equations

{
F (z) + T{AF + AF} = 1,

G(z) + T{AG + AG} = i,
in D,
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and we can require that the above solutions satisfy the boundary conditions

F (z) = h1(z), G(z) = h2(z) on Γ,

where h1(z), h2(z) ∈ Rh. It is obvious that the above solutions φ1(z) =
F (z), φ2(z) = G(z) are also the solutions of complex equation

[φ]z̄ + {A(z)φ + A(z)]φ} = 0 in D.

We can verify that

Im[F (z)G(z)] = [F (z)G(z)− F (z)G(z)]/2i 6= 0 in D,

thus the complex coefficients of the equation (3.3):

A = −Fz̄G−Gz̄F

FG− FG
, A =

Fz̄G−Gz̄F

FG− FG
in D

can be determined. From the above formulas, we immediately get the real
coefficients a(z), b(z) of the system (3.1), namely

a(z) = 2[A(z) + A(z)], b(z) = −2i[A(z)−A(z)] in D.
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In this paper we obtain the numerical inversion formula of the exponential
Radon transform, with Chebyshev polynomials and the inverse formula of the
exponential Radon transform. Furthermore we deduce the algorithm for the
numerical inversion formula.
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1. Introduction

The Radon transform was derived by Radon in his paper published in
1917. And he discussed the problem how to get a function f from its
line integrals. After that, much literature did their research about Radon
transform not only in theory but also in application, see [4,9]. A summary
result of Radon transform and generalized Radon transform, which has
a general weighted function in the integral, was given in [3]. With the
first brain scanner developed, people began to investigate the exponential
Radon transform which is a special kind generalized Radon transform, for
it is the foundation of mathematics of the single-photon emission computer
tomograph. They also gave the inverse formula of the exponential Radon
transform in two dimension case within [3]. Our results are obtained on the
base of this formula, with the Chebyshev polynomials and the character of
Hilbert transform.

The exponential Radon transform Tµf(θ, s), 0 ≤ θ < 2π, −∞ < s < ∞,
of a function f ∈ C∞0 (Ω) with the variable x = (x1, x2), where Ω is the
unit disk in the R2 plane, is defined by

Tµf(θ, s) =
∫ ∞

−∞
eµtf(suθ + tvθ)dt, (1)

where uθ = (cos θ, sin θ) and vθ = uθ+π/2 = (− sin θ, cos θ). An inversion
formula is an expression for f(x) in terms of Tµf , which had been solved
by Bellini et al in theory and C. E. Metz together with X. Pan gave the
algorithm in practical. There are many such expressions involving various

1This research is supported by the NSFC (No. 60872095), and Ningbo Natural Sci-
ence Foundation (2008A610018, 2009B21003, 2010A610100).



Numerical Inversion of the Exponential Radon Transform 133

hypotheses on the function f , see [1–3, 8]. One reason such transform is
of interest is due to applications in computed tomography; several such
applications are described in [5–7].

This paper is organized as follows. First, some preliminaries are given
in Section 2. The numerical inversion method is developed in Section 3. In
Section 4 the algorithm on the numerical inversion is established.

2. Some Preliminaries

We use the Cartesian coordinate system to denote one point in the R2 plane
by (x1,x2), or by the polar system (r,ϕ). Then we have (x1, x2) = reiϕ,
x1 = r cos ϕ, x2 = r sinϕ. Then we can express one line in the R2 plane as

s = x1 cos θ + x2 sin θ = x · uθ = r cos(ϕ− θ), (2)

where uθ just as above and x=(x1, x2), 0 < r ≤ 1, with “·” denote the inner
product of two vectors in the R2 plane. So we also have x ·vθ = r sin(ϕ−θ).
For the sake of discussing simply, we assume f∈C∞0 (Ω), and define the n-
dimensions Fourier transform as:

f̂(σ) = (2π)−n/2

∫

Rn

f(x)e−ix·σdx, σ ∈ Rn, n ≥ 2. (3)

Next we define the Hilbert transform of functions in C∞0 (R2) as

Hf(x) =
1
π

∫

R2

f(y)
x− y

dy. (4)

Lemma 1. For f ∈ C∞0 (R2), the Hilbert transform defined above, we have
Ĥf(σ) = −i sgn(σ)f̂(σ).

Proof.

Ĥf(σ) =
1√
2π

1
π

∫

R

f(s)
t− s

ds

∫

R
e−itσdt

−i√
2π

=
1√
2π

1
π

∫

R
f(s)e−itσe−isσeisσds

∫

R

1
t− s

dt

=
1√
2π

1
π

∫

R
f(s)e−isσds

∫

R

1
t− s

e−i(t−s)σdt

=
−i√
2π

1
π

∫

R
f(s)e−isσds

∫

R

sin (uσ)
u

du

=
−2i

π
f̂(σ)

∫ ∞

0

sin (uσ)
u

du = −isgn(σ)f̂(σ),

(5)
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where we make use of the formula:
∫ ∞

0

sin(tσ)
t

dt = −sgn(σ)
∫ ∞

0

sinu

u
du = −sgn(σ)

π

2
.

Then we can use the Fourier transform relation between the derivative of
function f and itself to obtain

(̂Hf)′(σ) = σ sgn(σ)f̂(σ). (6)

3. Numerical Inversion

Lemma 2. If f satisfies the above hypothesis and g = Tµf is the expo-
nential Radon transform of f , then the following result holds:

f =
−1
4π2

∫ 2π

0

e−µr sin(ϕ−θ)

∫ 1

−1

g′(s)
s− r cos(ϕ− θ)

dsdθ. (7)

Proof. We can follow the inversion formula of the exponential radon trans-
form ([3])

f =
1
4π

T ]
−µI−1

µ g,

where g = Tµf and T ]
µ is the adjoint operator of Tµ. Here the operator I−1

µ

is the Risze potential satisfies:

Î−1
µ g(σ) =

{
0, if |σ| ≤ |µ|,

|σ|ĝ(σ), if |σ| > |µ| . (8)

From the first lemma and (6), we have Î−1
µ g(σ) = (̂Hg)′(σ). Then by the

inverse Fourier theory, it holds: I−1
µ g(σ) = (Hg)′(σ). Following this and

suppf ⊂ Ω, we obtain

f =
1
4π

T ]
−µI−1

µ g

=
1
4π

∫

S1
e−µx·uθ (Hg)′(uθ, s)duθ

=
1

4π2

∫ 2π

0

e−µr sin(ϕ−θ)

∫ 1

−1

g′(s)
r cos(ϕ− θ)− s

dsdθ,

(9)

with alternative of the sign can give the result.
As we all know from the Fourier theory, any function can be expressed

by the Fourier series. So we will utilize this fact to derive our result. If
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we assume the Fourier series of function f is f(x) = f(r, ϕ) = Gl(r)eilϕ or
the linear combination of this form. As the exponential radon transform
of f by g(θ, s) = gl(s)eilθ or the linear combination of this form, then the
following theorem holds:

Theorem 1. For the above f and g, we have

Gl(r) =
1

2π2r

∫ 1

0

gl
′(s)Wl(

s

r
)ds, (10)

where

Wl(
s

r
)=

∫ 1

−1

(x− s

r
)−1Tl(x)(1−x2)−

1
2 ((−1)leµr

√
1−x2

+e−µr
√

1−x2
)dx,

and Tl(x)is the first Chebyshev polynomial.

Proof. Take the first order derivative of g(θ, s) = gl(s)eilθ with s and use
Lemma 2, we have

f(x) = f(r, ϕ)

=
−1
4π2

∫ 2π

0

e−µr sin(ϕ−θ)

∫ 1

−1

g′(s)
s− r cos(ϕ− θ)

dsdθ

=
−1
4π2

∫ 2π

0

e−µr sin(ϕ−θ)

∫ 1

−1

eilθ

s− t

∂gl

∂s
dsdθ

×
∫ r

−r

δ(t− r cos(ϕ− θ))dt.

(11)

Next we set

J =
∫ 2π

0

e−µr sin(ϕ−θ)eilθδ(t− r cos(ϕ− θ))dθ, (12)

then
J =

∫ π

0

e−µr sin(ϕ−θ)eilθδ(t− r cos(ϕ− θ))dθ

+
∫ 2π

π

e−µr sin(ϕ−θ)eilθδ(t− r cos(ϕ− θ))dθ

=
∫ π

0

e−µr sin(ϕ−θ)eilθδ(t− r cos(ϕ− θ))dθ

+(−1)l

∫ π

0

eµr sin(ϕ−θ)eilθδ(t + r cos(ϕ− θ))dθ,

(13)

we make the substitute x=cos(ϕ−θ), then ϕ−θ=arccos(x), so (13) can be
transformed into
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J =
∫ cos ϕ

− cos ϕ

1√
1− x2

e−µr
√

1−x2
eil(ϕ−arccos(x))δ(t− rx)dx

+(−1)l

∫ cos ϕ

− cos ϕ

1√
1− x2

eµr
√

1−x2
eil(ϕ−arccos(x))δ(t + rx)dx,

(14)

with the character of δ function and 0 < r ≤ 1, 0 < t
r ≤ 1.

We have

J =
exp(ilϕ− il arccos( t

r ))√
r2 − t2

((−1)leµ
√

r2−t2 + e−µ
√

r2−t2), (15)

following the Euler formula and the concern conclusion of the first or second
kind Chebyshev polynomial, we get

J = eilϕ[Tl(
t

r
)− iUl−1(

t

r
)

√
1− t2

r2
]

× 1√
r2 − t2

((−1)leµ
√

r2 − t2 + e−µ
√

r2−t2),
(16)

where Tl(x) is the first kind Chebyshev polynomial and Ul(x) is the second.
Then (11) is changed into

f(r, ϕ) = Gl(r)eilϕ =
−1
4π2

∫ r

−r

J

s− t
dt

∫ 1

−1

gl
′(s)ds. (17)

From the expression of J , we know

Gl(r) =
−1
4π2

∫ 1

−1

gl
′(s)ds

∫ r

−r

1
s− t

×[Tl(
t

r
)(r2 − t2)−

1
2 − iUl−1(

t

r
)r−1]

×((−1)leµ
√

r2 − t2 + e−µ
√

r2−t2)dt,

(18)

let t = rx,−1 ≤ x ≤ 1,

Gl(r) =
−1
4π2

∫ 1

−1

gl
′(s)ds

∫ 1

−1

1
s− rx

[Tl(x)(1− x2)−
1
2 − iUl−1(x)]

×((−1)leµr
√

1−x2
+ e−µr

√
1−x2

)dx

=
1

4π2r

∫ 1

−1

gl
′(s)ds

∫ 1

−1

(x− s

r
)−1[Tl(x)(1−x2)−

1
2−iUl−1(x)]

×((−1)leµr
√

1−x2 + e−µr
√

1−x2)dx

= I1 + I2,

(19)
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in which I1 is the first one in the above sum and I2 is the second. As the
character of the second kind Chebyshev polynomial and substitute −x, −s
into x, s respectively, we know the following formula is identical to zero:

I2 =
1

4π2r

∫ 1

−1

gl
′(s)ds

∫ 1

−1

(x− s

r
)−1

×[−iUl−1(x)]((−1)leµr
√

1−x2 + e−µr
√

1−x2)dx,

(20)

then (19) is left I1 to calculate. We write Wl( s
r ) in I1 as follows

Wl(
s

r
)=

∫ 1

−1

(x−s

r
)−1Tl(x)(1−x2)−

1
2 ((−1)leµr

√
1−x2

+e−µr
√

1−x2
)dx. (21)

Moreover from (19), we have

Gl(r) =
1

4π2r

∫ 1

−1

gl
′(s)Wl(

s

r
)ds. (22)

To find (22), we take (21) into account and separate (21) into two parts:
one is when | sr | ≤ 1, the other is when | sr | > 1. Then (22) becomes

Gl(r) =
1

4π2r
{
∫ −r

−1

+
∫ 0

−r

+
∫ r

0

+
∫ 1

r

gl
′(s)Wl(

s

r
)}ds. (23)

Substituting −x, −s into x, s respectively, we know

Wl(−s

r
) = (−1)l+1Wl(

s

r
),

and noticing that

gl
′(s) =

dgl(s)
ds

, gl
′(−s) = (−1)l+1gl

′(s),

then the following equalities hold:
∫ −r

−1

gl
′(s)Wl(

s

r
)ds =

∫ 1

r

gl
′(s)Wl(

s

r
)ds,

∫ 0

−r

gl
′(s)Wl(

s

r
)ds =

∫ r

0

gl
′(s)Wl(

s

r
)ds.

(24)

So we obtain

Gl(r) =
1

2π2r

∫ 1

0

gl
′(s)Wl(

s

r
)ds, (25)

which is the expected result.
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4. Algorithm

From the above result, we have the algorithm as follows:
Step 1. Get the Radon data for each θi, Tµf(θi, sl), l = −p, · · · p, where
i = −q, · · · q
Step 2. For each θi, using interpolation to get the radon data (Tµf)′(θi, sl),
with respect to s,
Step 3. Use a quadrature rule in (21) to obtain Wl( s

r ), and take another
quadrature rule in the formula (10) to get the fourier coefficient Gl(r), so
as to obtain function f in each ϕi direction.
Step 4. Reconstruct the activity image f(r, ϕ) in polar coordinates with
f(x) = f(r, ϕ) = Gl(r)eilϕ.

Remark 1. We use xi = cos(ϕi − θi) to acquire ϕi according to θi with
xi in the quadrature rule of (21) in Step 4. And (Tµf)′(θi, sl) in Step 2 is
acquired by Mid-point differential formula (see below) with respect to s

(Tµf)′(θi, sl) =
Tµf(θi, sl+1)− Tµf(θi, sl−1)

2(sl − sl−1)
. (26)

5. Numerical Simulation

The left figure is the Shepp-Logan phantom and the right is the exponential
radon transform graphic

The left figure is the derivative of the exponential radon transform and
the right one is the numerical inversion graphic of the exponential radon
transform according to (25).

From above we can see that while the numerical inversion graphic has an
error contrast to the phantom, it is more convenient to realize in computer.

Remark 2. All the graphics above are produced by Matlab when the
parameter µ = 0.
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UNIQUENESS AND STABILITY ESTIMATES FOR A
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The problem of finding the temperature u satisfying

ut = uxx + uyy + f(u,∇u), (x, y, t) ∈ R2 × [0, T ),

from the final data u(x, y, T ) ≡ ϕ(x, y), is discussed. Due to non-
linear ill-posedness for the inverse problem, the Fourier transforms
was used to derive a nonlinear integral equation, from which a reg-
ularized solution was deduced by perturbing directly the integral
equation. It was also mentioned that one should give the appro-
priate choice of the time T , after which the solution u(x, y, t) will
blow up. For the backward parabolic problem, the uniqueness and
stability estimates are achieved for the proposed algorithm.
Keywords: Backward parabolic problem, blow-up time, contrac-
tion principle, nonlinearity, ill-posed problem, unique solution, sta-
bility estimate.
AMS No: 35R30, 65M32, 42B99.

1. Introduction

We consider the following nonlinear inverse problem (NIP):

NIP: Find the initial distribution u(x, y, 0) = φ(x, y) or intermediate dis-
tribution u(x, y, t) |t∈(0,T ) such that

ut = uxx + uyy + f(u,∇u), (x, y, t) ∈ R2 × [0, T ] (1.1)

by the final measurements u(x, y, T ) ≡ ϕ(x, y), here the function f(·) is
known, T is a fixed positive number.

The inverse problem (NIP) is usually called the nonlinearly backward
parabolic problem. The function f(·, ·) is often nonlinear in practical situa-
tions. For the different expressions of f(u,∇u), the parabolic equation (1.1)
describes different kinds of physical phenomena, which can be formulated
mathematically to be the well-known parabolic equations (see, for exam-
ple, [1–5]). The equation (1.1) is, respectively, the well-known chemical

1This research is Supported by the NSFC (No. 10561001 and 11071221), the Science
Foundation of Zhejiang Sci-Tech University(ZSTU)(0613263).
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reaction equation when f(u,∇u) = un(n ∈ N+); Fisher equation in popu-
lation model when f(u,∇u) = u−u2; Cahan-Allen equation in the biology
chemistry when f(u,∇u) = u − u3; the simple exothermic reaction model
when f(u,∇u) = λe

u
1+εu ≈ λeu (here ε > 0 is very small); the generalized

Burger’s equation when f(u,∇u) = up + uq−1a · ∇u (p, q > 1, a ∈ R2); the
population dynamics model when f(u,∇u) = up−µ|∇u|q (p, q > 1, µ > 0).

As well known, the problem is severely ill-posed, more precisely, its so-
lution does not always uniquely exist. Even though in the case of unique
existence, the solution does not dependent continuously on the given obser-
vation data (see, for example, [6]). Moreover it is significantly important for
the inverse problem that the terminal time T should be chosen before the
blow-up time T ∗. With respect to the blow-up properties for the nonlinear
parabolic equations with unbounded domains, we can refer to some articles
(see [7–11]). Of course the blow-up properties for the nonlinear parabolic
equations with bounded domains can be found in more research papers (see
[12–15]).

Once we know the “blow-up time”, we may reasonably choose the ter-
minal time T . At this time the measurements u(x, y, T ) must be given for
the inverse problems. Let 0 < T < T ∗, we consider the problem of finding
the temperature u(x, y, t), (x, y, t) ∈ R2 × [0, T ).

There are so many works on the backward problems for linear parabolic
equations in the one-dimensional cases (see, for example, [16–18]). But
only a little literature has been concerning with the nonlinear case or multi-
dimensional case. Recently some new numerical methods are proposed to
solve the nonlinear backward problems both in 1-D case and in 2-D cases,
for example in [19–22], but the uniqueness and stability results were not
achieved.

In this paper we will adopted the regularization method proposed in
[6] for the problem (NIP). We generalized the method for the 1-D case
with absence of ∇u in [6] to the 2-D case with the term ∇u, which is
more difficult to be theoretically discussed and has much more practical
background in physics and engineering. Moreover, comparing with [6], the
given assumptions in the paper are more reasonable and natural, and the
results are much more applicable to various nonlinear parabolic equations.

From now on, we consider the (NIP) under following assumptions.
(A1) Let T be less than the blow-up time T ∗. So there exists a positive

number H > 0 such that for all (x, y, t) ∈ R2 × [0, T ],

|u(x, y, t)| < H, |∂f

∂u
| < H, | ∂f

∂ux
| < H and | ∂f

∂uy
| < H.

(A2) f(·) ∈ L∞((−H, H)3). Meanwhile there are constants k1, k2, k3 >



142 Ding-Hua Xu and Hai-Li Zhang

0 independent of w, v, such that

|f(w, wx, wy)−f(v, vx, vy)| ≤ k1|w − v|+ k2|wx−vx|+ k3|wy−vy|.
(A3) ϕ ∈ L2(R2). Let ϕε ∈ L2(R2) be a measured data such that

‖ϕε − ϕ‖ < ε, here the error level ε is very small.

2. The Regularization Method and Main Results

Let us denote the Fourier transform ĝ(p1, p2) for any 2-D functions g(x, y)
by

ĝ(p1, p2) ≡ F (g) ≡ 1
2π

∫ +∞

−∞

∫ +∞

−∞
g(x, y)e−i(p1x+p2y)dxdy, (2.1)

while its inverse can be given as follows

g(x, y) ≡ F−1(ĝ) ≡ 1
2π

∫ +∞

−∞

∫ +∞

−∞
ĝ(p1, p2)ei(p1x+p2y)dp1dp2. (2.2)

Using the Fourier transform we can rewrite the above nonlinear inverse
problem (NIP) as the following nonlinear integral equation (NIE):

NIE:
û(p1, p2, t) = e(T−t)(p2

1+p2
2)ϕ̂(p1, p2)

−
∫ T

t

e−(t−s)(p2
1+p2

2)f̂(u,∇u)ds, 0 ≤ t ≤ T.
(2.3)

It is well known that the problem (NIP), or the integral equation (NIE),
is severely ill-posed. A regularization method should be adopted to derive
the solution in a stable way. We approximate the problem (NIE) by the
following integral equation with a small perturbation (IEP):

IEP:

ûε(p1, p2, t) =
e−t(p2

1+p2
2)

ε + e−T (p2
1+p2

2)
ϕ̂(p1, p2)

−
∫ T

t

e−t(p2
1+p2

2)

εs/T + e−s(p2
1+p2

2)
f̂(uε,∇uε)ds, 0 ≤ t ≤ T,

(2.4)

or

uε(x, y, t) =
1
2π

∫ +∞

−∞

∫ +∞

−∞

e−t(p2
1+p2

2)

ε + e−T (p2
1+p2

2)
ϕ̂(p1, p2)ei(p1x+p2y)dp1dp2

− 1
2π

∫ +∞

−∞

∫ +∞

−∞

∫ T

t

e−t(p2
1+p2

2)

εs/T + e−s(p2
1+p2

2)
f̂(uε,∇uε)ei(p1x+p2y)dsdp1dp2,

0 ≤ t ≤ T,
(2.5)
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here the number ε > 0 is very small.

Theorem 1. (The well-posedness of (IEP)) Let ϕ, f satisfy the assumptions
A1 − A3. Then the problem (IEP) has a unique solution uε ∈ C([0, T ];
H1(R2)). The solution depends continuously on ϕ in C([0, T ];H1(R2)).

Theorem 2. (Uniqueness of (NIP)) Let ϕ, f satisfy the assumptions A1–
A3. Then the problem (NIP) has at most one solution u ∈ C([0, T ];H1(R2))⋂

L2(0, T ;H2(R2))
⋂

C1((0, T );H1(R2)).
We further assume that
(A4) eT (p2

1+p2
2)ϕ̂(p1, p2) ∈ L2(R2).

(A5) ∂
∂t (e

t(p2
1+p2

2)û(p1, p2, t)) ∈ L2(R2 × [0, T ]), that is

∫ T

0

∫ +∞

−∞

∫ +∞

−∞
| ∂
∂t

(et(p2
1+p2

2)û(p1, p2, t))|2dp1dp2dt < +∞.

Theorem 3. (Stability Estimate with exact data ϕ) Let ϕ, f satisfy the
assumptions A1–A4, and the problem (NIE) has a solution u ∈ C([0, T ];
H1(R2)), satisfying A5. Then for any t ∈ (0, T ),

‖u(·, ·, t)−uε(·, ·, t)‖2H1≤(1+c1)
√

Mεt/T +
3
2
k2T 2(1+c1)2(

ε1−t/T−1
ln ε

),

where

M = 3
∫ +∞

−∞

∫ +∞

−∞
|eT (p2

1+p2
2)ϕ̂(p1, p2)|2dp1dp2

+3T

∫ T

0

∫ +∞

−∞

∫ +∞

−∞
| ∂

∂s
(es(p2

1+p2
2)û(p1, p2, s))|2dp1dp2ds.

(2.6)

Remark 1. Since

lim
ε→0+

εt/T · (ε1−t/T − 1
ln ε

)−1 = 0,

then we have

‖u(·, ·, t)− uε(·, ·, t)‖2H1 ≤ 2A
1− ε1−t/T

ln 1
ε

,

where uε is the unique solution of the problem (IEP), and

A = max{(1 + c1)
√

M,
3
2
k2T 2(1 + c1)2}. (2.7)
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Theorem 4. Let ϕ, f satisfy the assumptions A1–A4 and the problem (NIE)
has a solution u∈C([0, T ]; H1(R2)) satisfying ut ∈ L2([0, T ];H1(R2)) and
A5. Then for all ε ∈ (0, 1) there exists a tε > 0 such that

‖u(·, ·, 0)− uε(·, ·, tε)‖H1 ≤ 2M2(ln
1
ε
)−

1
6 ,

where

M2 = max{2
√

(1 + c1)N(M1T )
1
6 ,

√
6

2
kT (1 + c1)}, (2.8)

N =

√∫ T

0

‖ut(·, ·, s)‖2ds, (2.9)

M1 =
√

M/N. (2.10)

Theorem 5. (Stability Estimate with nonexact data ϕε) Let ϕ, f sat-
isfy the assumptions A1–A4 and the problem (NIE) has a solution u ∈
C([0, T ];H1(R2)), satisfying ut ∈ H1([0, T ];L2(R2)) and A5. Then from
ϕε we can construct a function uε satisfying

‖u(·, ·, t)− uε(·, ·, t)‖2H1 ≤ 2M3[
1− ε1−t/T

ln 1
ε

]
1
2 , 0 < t < T,

for every ε ∈ (0, 1) and

‖uε(·, ·, 0)− u(·, ·, 0)‖H1 ≤ 5M2(ln
1
ε
)−

1
6 , t = 0,

where

B = max{√2(1 + c1), k2T 2(1 + c1)2}, M3 = max{√2A,
√

2B}. (2.11)

3. The Proof of Theorems

Lemma 1. For any functions u(x, y) ∈ H2(R2), there exists a positive
constant c1 such that

‖ ∇u ‖2L2(R2)≤ c1 ‖ u ‖L2(R2),

hence when ‖ u ‖L2(R2)≤ 1, we have

‖ u ‖2H1(R2)≤ (1 + c1) ‖ u ‖L2(R2) .

The proof of the Lemma 1 can easily be implemented by means of the
Green’s formula and the Hölder inequality.
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Lemma 2. Let the functions u(t), v(t) be locally integrable, non-negative
functions on [0, T ], the constant K > 0, t0 ∈ [0, T ]. Then the following
inequality

u(t) ≤ K +
∫ t

t0

v(s)u
1
2 (s)ds, t ∈ [0, T ]

implies that

u(t) ≤ (K
1
2 +

1
2

∫ t

t0

v(s)ds)2, t ∈ [0, T ].

The Lemma 2 is a special case of the general Gronwall’s inequality in
[23]. The result can be derived straightforwardly from the Theorem 2 in
[23].

Lemma 3. For any positive integer m, there exist a constant K, which is
independent of η, m and η0 > 0, such that

K‖λ−m(vxx+vyy−vt)‖22 ≥‖λ−mvx‖22 +‖λ−mvy‖22 +‖λ−m−1v‖22
for every v∈pT ≡{u(x, y, t) |u(x, y, t)∈C([0, T ];H1(R2))∩L2(0,T ;H2(R2))
∩ C1((0, T );H1(R2)), u(x, y, t) = 0 on R2 × {t = T}, R2×{t = 0}}, 0 <
η < η0, λ = t− T − η.

The result can be obtained from the Lemma 1 in [6].

Proof of Theorem 1. The proof is divided into two steps.
Step 1. The existence and the uniqueness of solution of (IEP).
Define a nonlinear integral operator G: for any w ∈ C([0, T ];H2(R2)),

Ĝ(w)(x, y, t) ≡ 1
2π

ψ(x, y, t)

− 1
2π

∫ +∞

−∞

∫ +∞

−∞

∫ T

t

e−t(p2
1+p2

2)

εs/T + e−s(p2
1+p2

2)
f̂(w,5w)ei(p1x+p2y)dsdp1dp2,

where

ψ(x, y, t) =
∫ +∞

−∞

∫ +∞

−∞

e−t(p2
1+p2

2)

ε + e−T (p2
1+p2

2)
ϕ̂(p1, p2)ei(p1x+p2y)dp1dp2.

From the Lipschitz property of f(w,∇w) with respect to w,∇w, it fol-
lows that Ĝ(w) ∈ C([0, T ];H2(R2)). Then by the mathematical induction
principle, for every w, v ∈ C([0, T ];H2(R2)), m ≥ 1, we have

‖Gm(w)(·, ·, t)−Gm(v)(·, ·, t)‖2 ≤ (
k

ε
)2m (T − t)mcm

m!
|‖w − v|‖2, (3.1)
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where c = max{T, 1}, ‖ · ‖ is the norm in L2 and |‖ · |‖ is the sup norm in
C([0, T ];H2(R2)). Subsequently, we get

‖Gm(w)−Gm(v)‖ ≤ (
k

ε
)m Tm/2

√
m!

√
cm|‖w − v|‖

for all w, v ∈ C([0, T ];H2(R2)).
Since limm→∞(k

ε )m T m/2√
m!

√
cm = 0, there exists a positive integer num-

ber m0 such that Gm0 is a contraction in C([0, T ];H2(R2)). It follows that
the equation Gm0(w) = w has a unique solution uε ∈ C([0, T ];H2(R2)).

We claim that G(uε) = uε. In fact, one has G(Gm0(uε)) = G(uε).
Hence Gm0(G(uε)) = G(uε) by the uniqueness of the fixed point of Gm0 ,
one has G(uε) = uε, i.e, the equation G(w) = w has a unique solution
uε ∈ C([0, T ];H2(R2)).

Step 2. The solution of the problem (IEP) depends continuously on
ϕ ∈ L2(R2).

Let u and v be two solutions of (IEP) corresponding to the final function
ϕ and Φ, respectively. From (2.4) and (2.5) we have

‖u(·, ·, t)− v(·, ·, t)‖2

≤ 2
∫ +∞

−∞

∫ +∞

−∞
| e−t(p2

1+p2
2)

ε + e−T (p2
1+p2

2)
(ϕ̂(p1, p2)− Φ̂(p1, p2)|2dp1dp2

+2
∫ +∞

−∞

∫ +∞

−∞
|
∫ T

t

e−t(p2
1+p2

2)

εs/T +e−s(p2
1+p2

2)
(f̂(u,5u)−f̂(v,5v))ds|2dp1dp2.

One has for s > t and α > 0

e−t(p2
1+p2

2)

α + e−s(p2
1+p2

2)
=

e−t(p2
1+p2

2)

(α+e−s(p2
1+p2

2))t/s(α+e−s(p2
1+p2

2))1−t/s
≤ αt/s−1.

Letting α = ε, s = T , we get e−t(p2
1+p2

2)

ε+e−T (p2
1+p2

2)
≤ εt/T−1. Letting α = εs/T ,

we get e−t(p2
1+p2

2)

εs/T +e−s(p2
1+p2

2)
≤ εt/T−s/T . Hence, it follows that

‖u(·, ·, t)− v(·, ·, t)‖2L2≤2ε2(t/T−1)‖ϕ̂− Φ̂‖2 + 2(T − t)ε2t/T k2

×
∫ T

t

[ε−2s/T ‖u(·, ·, s)− v(·, ·, s)‖2L2 + ‖ 5 u(·, ·, s)−5v(·, ·, s)‖2L2 ]ds.

So, we have

ε−6t/T ‖u(·, ·, t)− v(·, ·, t)‖2L2≤2ε−4t/T−2‖ϕ̂− Φ̂‖2L2

+2k2(T − t)ε−4t/T

∫ T

t

[ε−2s/T ‖u(·, ·, s)− v(·, ·, s)‖2H1 ]ds.
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Using Lemma 1, we can get

‖u(·, ·, t)− v(·, ·, t)‖L2(R2) ≥
1

1 + c1
‖u(·, ·, t)− v(·, ·, t)‖2H1(R2).

Hence

(ε−3t/T ‖u(·, ·, t)− v(·, ·, t)‖2H1)2

≤ 2ε−4t/T−2(1 + c1)2‖ϕ̂− Φ̂‖2L2

+2k2T (1 + c1)2ε−4t/T

∫ T

t

εs/T · ε−3s/T ‖u(·, ·, s)− v(·, ·, s)‖2H1ds.

And using Gronwall’s inequality, we have the following inequality

‖u(·, ·, t)−v(·, ·, t)‖2H1≤
√

2(1+c1)εt/T−1‖ϕ−Φ‖+k2T 2(1+c1)2
ε1−t/T−1

ln ε
,

which shows the continuous dependence of the solution once ‖ϕ − Φ‖ is
sufficiently small. This completes the proof of Theorem 1.

Proof of Theorem 2. Let u1 and u2 be two solution of the problem
(NIP) such that u1, u2 satisfy the assumptions A1-A4. Put w(x, y, t) =
u1(x, y, t)− u2(x, y, t), then w satisfies the equation

wt(x, y, t)− wxx(x, y, t)− wyy(x, y, t)

= f(u1,∇u1)− f(u2,∇u2)

=
∂f

∂u
(ū(x, y, t))w(x, y, t) +

∂f

∂ux
(ūx(x, y, t))wx(x, y, t)

+
∂f

∂uy
(ūy(x, y, t))wy(x, y, t)

≤ H(w + wx + wy)

for some ū(x, y, t). It follows that (wt(x, y, t)−wxx(x, y, t)−wyy(x, y, t))2 ≤
3H2(w2 + w2

x + w2
y), then w(x, y, t) ≡ 0, (x, y, t) ∈ R2 × [0, T ]. Put

η
′
0 = min{η0,

1
H
√

8K
}, µ =

1
H
√

6K
− η

′
0,

then η
′
0, µ > 0 and 3(µ + η

′
0)

2KH2 = 1
2 . Now, we shall suppose that 0 <

η < η
′
0 < η0, T ≤ min{µ, T ∗}. Then remainder of the proof is divided into

two cases:
Case 1. T ≤ µ. Let 0 < t1 < t2 < T and ξ ∈ C2(R) satisfy ξ(t) = 0,

when 0 < t < t1; ξ(t) = 1, when t2 < t < T . Then function v = ξw belongs
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to PT and therefore by Lemma 3 and in view of the inequality (wt−wxx−
wyy)2 ≤ 3H2(w2 + w2

x + w2
y), we have

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1w)2dxdydt

≤ ‖λ−mvx‖22 + ‖λ−mvy‖22 + ‖λ−m−1v‖22
≤ K

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m(vxx + vyy − vt))2dxdydt

+K

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m(wxx + wyy − wt))2dxdydt

≤ 1
2

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt

+
1
2

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(w2 + w2

x + w2
y)dxdydt.

(1) If

1
2

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt 6= 0,

1
2

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(w2 + w2

x + w2
y)dxdydt 6= 0,

we have

K

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m(vxx + vyy − vt))2dxdydt

+K

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m(wxx + wyy − wt))2dxdydt

≤ k

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt,

where

k = 1 + [
1
2

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt,

1
2

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(w2 + w2

x + w2
y)dxdydt].
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Hence

k

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt

≥
∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1w)2dxdydt.

This inequality implies, for any t2 < t3 < T,

k

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(T + η − t2)−2m−2(v2 + v2

x + v2
y)dxdydt

≥ (T + η − t3)−2m−2

∫ T

t3

∫ +∞

−∞

∫ +∞

−∞
w2dxdydt.

Because ((T + η − t2)/(T + η − t3))−2m → 0 as m → ∞, we have w ≡ 0
for x ∈ R, t3 < t < T . Since t3 can be taken arbitrarily small, w ≡ 0 in
R2 × [0, T ].

(2) If

1
2

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(w2 + w2

x + w2
y)dxdydt = 0,

we get
1
2

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt

≥
∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1w)2dxdydt.

It can be proved as above.
(3) If

1
2

∫ t2

t1

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(v2 + v2

x + v2
y)dxdydt = 0,

1
2

∫ T

t2

∫ +∞

−∞

∫ +∞

−∞
(λ−m−1)2(w2 + w2

x + w2
y)dxdydt 6= 0.

Let 0 < t1 < t
′
2 < T , which satisfies 1

2

∫ t
′
2

t1

∫ +∞
−∞

∫ +∞
−∞ (λ−m−1)2(v2 + v2

x +
v2

y)dxdydt 6= 0 (t
′
2 is always exist) and ξ ∈ C2(R) satisfy ξ(t) = 0, when

0 < t < t1; ξ(t) = 1, when t
′
2 < t < T . Then function v = ξw belongs to

PT . Then the proof can be finished similarly as (1).
Case 2. T > µ. We can also prove that w = 0 in R× [T −µ, T ], then in

R × [T − 2µ, T − µ], etc. From above cases, we know that w is identically
equal to zero, i.e., u1 ≡ u2. This completes the proof of Theorem 2.
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Proof of Theorem 3. First we mention that

‖u(·, ·, t)− uε(·, ·, t)‖2

=
∫ +∞

−∞

∫ +∞

−∞
|û(p1, p2, t)− ûε(p1, p2, t)|2dp1dp2

=
∫ +∞

−∞

∫ +∞

−∞
|(e(T−t)(p2

1+p2
2) − e−t(p2

1+p2
2)

ε + e−T (p2
1+p2

2)
)ϕ̂(p1, p2)

−
∫ T

t

e−(t−s)(p2
1+p2

2)f̂(u,5u)ds

+
∫ T

t

e−t(p2
1+p2

2)

εs/T + e−s(p2
1+p2

2)
f̂(uε,5uε)ds|2dp1dp2

≤ 3ε2t/T

∫ +∞

−∞

∫ +∞

−∞
|eT (p2

1+p2
2)ϕ̂(p1, p2)|2dp1dp2

+3k2ε2t/T T

∫ T

t

ε−2s/T ‖uε(·, ·, s)− u(·, ·, s)‖2ds

+3ε2t/T T

∫ T

0

∫ +∞

−∞

∫ +∞

−∞
| ∂

∂s
(es(p2

1+p2
2)û(p1, p2, s))|2dp1dp2ds.

Therefore

ε−6t/T ‖uε(·, ·, t)− u(·, ·, t)‖2L2

≤ Mε−4t/T + 3k2Tε−4t/T

∫ T

t

ε−2s/T ‖uε(·, ·, s)− u(·, ·, s)‖2H1ds.

Using Gronwall’s inequality, we get

‖u(·, ·, t)−uε(·, ·, t)‖2H1≤(1+c1)
√

Mεt/T +
3
2
k2T 2(1+c1)2(

ε1−t/T−1
ln ε

),

where M is defined in (2.6). This completes the proof of Theorem 3.

Proof of Theorem 4. From u(x, y, t) − u(x, y, 0) =
∫ t

0
ut(x, y, s)ds, we

have

‖u(·, ·, 0)− u(·, ·, t)‖2 ≤ t

∫ t

0

‖ut(·, ·, s)‖2ds = N2t.

Using Lemma 1, we have

‖u(·, ·, 0)− u(·, ·, t)‖H1 ≤ [(1 + c1)2N2t]1/4.
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Using Theorem 3, we get

‖u(·, ·, 0)− uε(·, ·, t)‖H1

≤ ‖u(·, ·, 0)− u(·, ·, t)‖H1 + ‖u(·, ·, t)− uε(·, ·, t)‖H1

≤ [(1 + c1)2N2t]1/4 + [(1 + c1)
√

Mεt/T ]
1
2 + [

3
2
k2T 2(1 + c1)2(

1
ln 1

ε

)]1/2.

For every ε ∈ (0, 1), there exists uniquely a positive number tε such that

[(1 + c1)2N2tε]1/4 = [(1 + c1)
√

Mεtε/T ]
1
2 , (3.2)

i.e., √
tε = M1ε

tε/T .

Using inequality ln t > −(1/t) for every t > 0, we get

tε < (
M1T

ln 1
ε

)
2
3 .

Hence

‖u(·, ·, 0)− uε(·, ·, t)‖H1

≤ 2[(1 + c1)2N2tε]
1
4 +

√
6

2 kT (1 + c1)(ln 1
ε )−

1
2

≤ 2
√

(1 + c1)N(M1T )
1
6 (ln

1
ε
)−

1
6 +

√
6

2
kT (1 + c1)(ln

1
ε
)−

1
2

≤ 2M2(ln
1
ε
)−

1
6 ,

where M1,M2, N is defined as in (2.10), (2.8) and (2.9). This completes
the proof of Theorem 4.

Proof of Theorem 5. Let vε be the solution of the problem (IEP) corre-
sponding to ϕ and let wε be the solution of the problem (IEP) corresponding
to ϕε, where ϕ, ϕε are in the right-hand side of (2.5). Let tε be the unique
solution of √

tε = M1ε
tε/T . (3.3)

From Theorem 4, we have

‖u(·, ·, 0)− uε(·, ·, t)‖H1 ≤ 2M2(ln
1
ε
)−

1
6 . (3.4)

Put

uε(·, ·, t) =

{
wε(·, ·, t), 0 < t < T,

wε(·, ·, tε), t = 0.
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Using Theorem 3 and Step 2 in Theorem 1, we get

‖uε(·, ·, t)− u(·, ·, t)‖H1

≤ ‖wε(·, ·, t)− vε(·, ·, t)‖+ ‖vε(·, ·, t)− u(·, ·, t)‖
≤ [
√

2(1 + c1)εt/T + k2T 2(1 + c1)2 ε1−t/T−1
ln ε

≤ 2M3[
ε1−t/T − 1

ln ε
]
1
2

for every t ∈ (0, T ). From (3.3) and (3.4), and Step 2 in Theorem 1, we
have

‖uε(·, ·, 0)− u(·, ·, 0)‖H1

≤ ‖wε(·, ·, tε)− vε(·, ·, tε)‖+ ‖vε(·, ·, tε)− u(·, ·, 0)‖

≤ 5M2(ln
1
ε
)−

1
6 ,

where A,B, M3 is defined as in (2.7) and (2.11). This completes the proof
of Theorem 5.
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This paper investigates the inverse problem of calibrating the volatility func-

tion from given option price data. This is an ill-posed problem because of

at least one of three well-posed conditions violating. We start with a simpli-

fied model of pure price-dependent volatility to gather insight on the nature

of ill-posedness of the problem. We formulate the problem by the operator

equations and establish a Tikhonov regularization model. Projected gradient

methods are developed for solving the regularizing problem.
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1. Introduction

Option pricing models are used in practice to price derivative securities
given knowledge of the volatility and other market variables. Volatility is a
measure of the amount of fluctuation in the asset prices; a measure of the
randomness. Volatility is subject to a tremendous amount of uncertainty
due not only to the quality of available data, but also on the modeling
of the financial instrument and the underlying assets under consideration.
The constant-volatility Black-Scholes model (see [1]) is the most often used
option pricing model in practice. Based on the assumption of constant
volatility, Black-Scholes formula can be used to evaluate European options
simply and quickly by using the estimated or forecast volatility constant as
an input. In many situations, we invert the Black-Scholes formula to deter-
mine the volatility from the market option price, this is implied volatility.
Implied Black-Scholes volatilities vary with strikes and time to maturity,
which are respectively known as the smile effect and the term structure.

In this survey, we are dealt with a specific ill-posed inverse problem that
arises in the course of determining the volatility from quoted data by using
the Black-Scholes formula. We assume that the relative changes in stock
prices (the returns) follow Brownian motion with drift. We suppose that
in an infinitesimal time dt, the stock price S changes S + dS, S follows a

1This research is supported by NSFC (No.10971224), Beijing Talents Foundation and
College of Art & Science of Beijing Union University
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general diffusion of the form dS
S = µdt+σdZ, where µ is the drift rate, σ is

the stock volatility, and dZ is the increment of a standard Wiener process.
The European call option premium u = u(S, t;K, T ) satisfies the following
pricing model, the Black-Scholes partial differential equation

∂u

∂t
+

1
2
S2σ2 ∂2u

∂S2
− (r − q)S

∂u

∂S
− ru = 0, (S, t) ∈ R+× [0, T ),

u(0, t) = 0,

u(S, T ) = (S −K)+ := max {S −K, 0},

(1)

here : = means “defined as”, K > 0 is the strike, T is the maturity, r ≥ 0
is the risk-free interest rate, q is the dividend yield on the stock and σ(S, t)
is the only parameter in the pricing model that is not directly observable.
Similar to the implied volatility in the constant volatility model, one pos-
sible idea is to imply this local volatility function from the market option
price data. The inverse problem was first considered by Dupire in [2]. He
showed that option prices given for all possible strikes and maturities com-
pletely determine the local volatility and Bouchouev and Isakov in [5,6]
obtained a nonlinear Fredholm equation for volatility and solved the ap-
proximate problem iteratively. Unfortunately, the market European option
prices are typically limited to a relatively few different strikes and matu-
rities. Therefore the problem of determining the local volatility function
can be regarded as a function approximation problem from a finite data
set with an observation functional. Due to insufficient market option price
data, this is a well known ill-posed problem. With the derivation of a dual
problem, the problem (1) can be reduced to a standard parabolic equation
with new variables, it was found by Dupire [2] and rigorously justified

∂u

∂τ
− 1

2
K2σ2 ∂2u

∂K2
+ (r − q)K

∂u

∂K
+ qu = 0, (K, τ) ∈ R+×R+,

u|K=0 = e−qτS,

u|τ=0 = (S −K)+,

(2)

where τ = T − t is times remaining to maturity, which is varying between
zero and the upper time limit T . Here, we focus on the case of volatility
that independent of time and use only option prices with different strikes
and a fixed maturity date. That is to say, we find σ(K) such that the
solution of (2) satisfies

u(S∗, t∗,K, τ)|τ=τ∗ = u∗(K),

where τ∗ = T − t∗ and u∗(K) is the current market price of options for
different K > 0 at current time t∗ with stock price S∗.
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To remove the singularity at K = 0, we make the logarithmic substitu-
tion y = log K

S , v = 1
S eqτu , which transforms (see [3,4]) the problem and

the additional market data into the following Cauchy problem

∂v

∂τ
− a(y)(

∂2v

∂y2
− ∂v

∂y
) + (r − q)

∂v

∂y
= 0, (y, τ) ∈ R× (0, τ∗],

v|τ=0 = (1− ey)+,

(3)

where v(y, τ) = 1
S eqτu(K,T ), a(y) = 1

2σ2(K).
Regularization is a must for solving inverse problems. The essence of

the regularization lies in that approximate the original ill-posed problems
by a family of well-posed problems, and solve the well-posed problems to
get the approximate solution. After using regularization methods, the ill-
posed problem is replaced by a stabilized problem. In this paper, we use
Tikhonov regularization model to find a(y) such that the solution of (3)
satisfies

v(y, τ)|τ=τ∗ = v∗(y),

where v∗(y) = 1
S∗ e

qτ∗u∗(K). The structure of the paper is organized as
follows: Section 2 addresses the regularization method, which incorporates
both regularization parameter and smoothness constraint. Both the regu-
larization parameter and the smoothness constraint can be considered as
a priori information. Then, we solve the regularization model by an effi-
cient gradient method. Details about implementation of the method are
addressed. Numerical results for the market data are given in Section 3.
In Section 4, some concluding remarks are given.

2. The Gradient Regularization Method

Both the discrete and continuous calibration problems are ill-posed. This
is the case in the continuous calibration problem, because the solution de-
pends upon the data in an unstable manner, and in the discrete calibration
problem because the full surface a(y) = 1

2σ2(K) is simply under deter-
mined by the discrete data. It is then necessary to introduce stabilizing
procedures in the reconstruction method for the local volatility function.
One of these is known as the Tikhonov regularization method (see [5–8]).
The idea is to tackle the calibration problem as a minimization problem
see [9]), where the cost criterion to be minimized is

minJ(a) :=
1
2
‖v(y, τ∗, a)− v∗‖2L2(R) +

α

2
‖La‖2L2(R). (4)

In which, a ∈ A := {a ∈ L2(R)| 0 < a0 ≤ a(y) ≤ a1}, a0, a1 are the lower
and upper bounds of a(y), α is the regularization parameter, and L is the
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weight of the function a. We assume that
∫

R
|v∗(y)−H(−y)|2dy < +∞,

H(.) is the Heaviside function, for any given a ∈ A, there is a unique solu-
tion v(y, τ) to the Cauchy problem (3) by the known theory for parabolic
equations (see [10]).

Since the nonlinearity of the function J and the gradient can be easily
obtained, it is convenient to use gradient methods for the minimization
problem (4). In fact, the gradient of J can be evaluated as

g(a) =
1
2

d
da
‖v(y, τ∗, a)− v∗‖2L2(R) + α(L∗La, a).

In computer calculation, only the matrix-vector multiplication is per-
formed.

There have a special gradient method, which is known as the Landweber
iteration

ak+1 = ak + ωsk, (5)

where sk = −gk, gk = g(ak), the steplengths ω > 0 is a constant in
each iteration. However, as is reported that this method is quite slow
in convergence and can not be used for practical problems (see [8]). We
consider nonmonotone gradient methods for solving (4), and projection
techniques for box constrained problems with adaptive stepsizes are also
developed in [9]. It is reported that the Barzilai and Borwein’s method is
a simple and efficient nonmonotone method (see [11]) and performs well
for ill-posed problems (see [12]). The key point of Barzilai and Borwein’s
method is the two choices of the stepsize ωk

ωBB1
k =

(sk−1, sk−1)
(sk−1, jk−1)

, (6)

and

ωBB2
k =

(sk−1, jk−1)
(jk−1, jk−1)

, (7)

where jk = gk+1 − gk, sk = ak+1 − ak. We adopt the recently developed
gradient method with adaptive stepsizes

ωk =

{
ωBB1

k , if rk ≥ r,

ωBB2
k , otherwise,

(8)

where r ∈ (0, 1) is a parameter close to 0.5 and rk = ωBB2
k

ωBB1
k

, which reflects
the deviation of the gradient search direction gk to the transformed search
direction.
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3. Projection

In iterative process, negative point values may occur. To tackle this prob-
lem, we develop the projection technique in this paper. Note that the set
Q : = {a : 0 ≤ a < ∞} is bounded below and convex, therefore, there exist
an orthogonal projection operator PS onto S such that

PQ : RN → Q,

and
P ∗Q = PQ, P 2

Q = PQ.

Therefore, we actually solve a constrained regularizing model

minJ [a] :=
1
2
‖v(y, τ∗, a)− v∗‖2 +

α

2
‖La‖2, s.t. a ∈ Q, (9)

our choice of the projection PQ is that

PQ(x) = argminz‖x− z‖,
the projection operator associated with a bounded domain Q is defined by

(PQ(x))(t) = χQ(t)x(t),

and χQ(t) is the characteristic function of the domain Q. This operator
projects onto the subspace of all functions, which are zero outside the
domain Q. The i-th component of PQ(x) is

[PQ(x)]i = max(xi, 0) =

{
xi, if xi ≥ 0,

0, otherwise.

Assume that the current iterate ak is feasible, then the next iteration point
can be obtained by

ak+1 = PQ(ak − ωkgk).

For computing method, the proper termination of the iterative process
is important. In our algorithm, the initial search direction is the negative
gradient direction. To be sure that the first step is a decreasing step, we use
the Wolfe inexact line search strategy. And, we use the following stopping
condition (see [12]) in our numerical tests:

‖g̃k‖/‖g1‖ ≤ ε, (10)

where ε is a preassigned tolerance, and g̃k is defined as

(g̃k)i =

{
(gk)i, if (ak)i > 0,

min{(gk)i, 0}, if (ak)i = 0.



The Inverse Problem of Option Pricing 159

For choosing the regularization parameter α, it is a delicate thing. It is
preassigned by users. Currently, we apply an a priori choice rule, i.e., we
set α to be a constant in each iteration but be limited in (0, 1). It is clear
that α can not be large or typically small. Otherwise, over-regularization
or instability will occur.

We argue that other methods for supplying nonnegative constraints,
such as negative entropy (see [13]) and active set method (see [14]), may
be also applied. However, it is not so straightforward.

4. Numerical Experiments

To verify the feasibility of our inversion method, we have tested it by com-
puter simulations. The simulation consists of three steps. First, given the
market price of option u∗(k) and the underlying S∗ at time t∗, we would
then determine v∗(y) by its definition v∗(y) = 1

S∗ e
q(T−t∗)u∗(K). Our task

is solving for a(y) from the equations (3). Finally, we would be able to get

the volatility function by σ(S) =
√

2 ∗ a(ln( S
S∗ )).

Now, given τ∗, v∗(y), we solve a(y) using our developed gradient reg-
ularization method. In our simulation, we choose three cases of implicit
volatility functions: the constant volatility (σ = 0.25), the smile volatility
(σ = (ln S−ln 10)2

40 + 0.2) and the skew volatility (σ = − (ln S−ln 10)3

80 + 0.2).
The computational results of the three cases are shown in Figures 1, 2 and
3, respectively. It is evident that our algorithm works stably for all tests.

5. Conclusion

In this paper, we investigate establishing regularization model and gradient
methods for retrieval of the local volatility function. The simulation results
show that the new developed methods are simple and suitable for recovering
the volatility function from the option pricing model. Hence it can be used
for practical applications.
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Figure 1: Retrieved results with our inversion method for the constant
volatility. The true volatility is σ = 0.25.
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Figure 2: Retrieved results with our inversion method for the smile volatil-
ity. The true volatility is σ = (ln S−ln 10)2

40 + 0.2.
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Figure 3: Retrieved results with our inversion method for the skew volatil-
ity. The true volatility is σ = − (ln S−ln 10)3

80 + 0.2.
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This paper gives a local regularity result for solutions to obstacle problems of
the A-harmonic equation divA(x,∇u) = 0 with |A(x, ξ)| ≈ w(x)|ξ|p−1, where
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1. Introduction and Statement of Result

Let w be a locally integrable nonnegative function in Rn. Then a Radon
measure µ is canonically associated with the weight w,

µ(E) =
∫

E

w(x)dx. (1.1)

Thus dµ(x) = w(x)dx, where dx is the n-dimensional Lebesgue measure.
In what follows the weight w and the measure µ are identified via (1.1).

Definition 1[1]. Given a nonnegative locally integrable function w, we say
that w belongs to the Ap class of Muckenhoupt, 1 < p < ∞, if

sup
B

(
1
|B|

∫

B

wdx

)(
1
|B|

∫

B

w1/(1−p)dx

)p−1

= Ap(w) < ∞, (1.2)

where supremum is taken over all balls B of Rn. When p = 1, replace the
inequality (1.2) with

Mw(x) ≤ cw(x)

for some fixed constant c and a.e. x ∈ Rn, in which M is the Hardy-
Littlewood maximal operator.

1This research is supported by NSFC (No.10971224)
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It is well-known that A1 ⊂ Ap whenever p > 1, see [1]. We say that a
weight w is doubling, if there is a constant C > 0 such that

µ(2B) ≤ Cµ(B),

whenever B ⊂ 2B are concentric balls in Rn, where 2B is the ball with
the same center as B and with radius twice that of B. Given a measurable
subset E of Rn, we will denote by Lp(E, w), 1 < p < ∞, the Banach space
of all measurable functions f defined on E for which

‖f‖Lp(E,w) =
(∫

E

|f(x)|pw(x)dx

) 1
p

< ∞.

The weighted Sobolev class W 1,p(E, w) consists of all functions f and its
first generalized derivatives belong to Lp(E, w). The symbols Lp

loc(E, w)
and W 1,p

loc (E, w) are self-explanatory.
If x0 ∈ Ω and t > 0, then Bt denotes the ball of radius t centered

at x0. For a function u(x) and k > 0, set Ak = {x ∈ Ω : |u(x)| > k},
Ak,t = Ak ∩Bt. Let Tk(u) be the usual truncation of u at level k > 0, that
is

Tk(u) = max{−k,min{k, u}}.
Let Ω be a bounded domain in Rn, n ≥ 2. We consider the second order

degenerate elliptic equation (also called A-harmonic equation or Leray-
Lions equation)

divA(x,∇u) = 0, (1.3)

in which A(x, ξ) : Ω× Rn → Rn is a Carathéodory function satisfying the
following assumptions:

1. 〈A(x, ξ), ξ〉 ≥ αw(x)|ξ|p,
2. |A(x, ξ)| ≤ βw(x)|ξ|p−1,

where 0 < α ≤ β < ∞, w ∈ Ap, 1 < p < ∞ and w > 0. Suppose ψ is
any function in Ω with values in the extended reals [−∞,+∞] and that
θ ∈ W 1,p(Ω, w). Let

Kp
ψ,θ = Kp

ψ,θ(Ω, w)

= {v ∈ W 1,p(Ω, w) : v ≥ ψ, a.e. x ∈ Ω and v − θ ∈ W 1,p
0 (Ω, w)}.

The function ψ is an obstacle and θ determines the boundary values.

Definition 2[1]. A weak solution to the Kp
ψ,θ-obstacle problem is a function

u ∈ Kp
ψ,θ(Ω, w) such that

∫

Ω

〈A(x,∇u),∇(v − u)〉dx ≥ 0, (1.4)
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whenever v ∈ Kp
ψ,θ(Ω, w).

The local and global higher integrability of the derivatives in obstacle
problems with w(x) ≡ 1 was first considered by Li and Martio [2] in 1994, by
using the so-called reverse Hölder inequality. Gao and Tian [3] gave a local
regularity result for weak solutions to obstacle problems in 2004. Regularity
theory for very weak solutions of the A-harmonic equations with w(x) ≡ 1
have been considered in [4] by Iwaniec and Sbordone, and the regularity
theory for very weak solutions to obstacle problems with w(x) ≡ 1 have
been explored in [5] by Li and Gao. In this paper, we continue to consider
obstacle problems, and obtain a local regularity result for weak solutions
to obstacle problems with weight. The main result of this paper is the
following theorem.

Theorem 1. Suppose that ψ ∈ W 1,s
loc (Ω, w), s > p. A solution u to the

Kp
ψ,θ-obstacle problem belongs to Lt

loc(Ω, w), where

t =





pK

2−K
, if pK < s <

pK

K−1
and 1 < K < 2,

spK

s−K(s− p)
, otherwise,

where the value of K comes from Lemma 1, see Section 2 below.

2. Preliminary Lemmas

The following lemma comes from [6]. Chiarenza and Frasca gave a simpli-
fied proof in [7].

Lemma 1. Let B be any ball in Rn, w ∈ Ap, 1 < p < ∞ and u ∈ C∞0 (B).
Then there exist constants c and δ∗ > 0 such that for all 1 ≤ k ≤ K =

n
n−1 + δ∗, we have

(
1

µ(BR)

∫

BR

|u|kpdµ

) 1
kp

≤ cR

(
1

µ(BR)

∫

BR

|∇u|pdµ

) 1
p

. (2.1)

Obviously (2.1) can be extended to functions u ∈ W 1,p
0 (BR, w) by an

approximation argument.
The following lemma comes from [8], see also [9].

Lemma 2. Let f(t) be a nonnegative bounded function defined for 0 ≤
T0 ≤ t ≤ T1. Suppose that for T0 ≤ t < s ≤ T1, we have

f(t) ≤ A(s− t)−α + B + θf(s),

where A,B, α, θ are non-negative constants and θ < 1. Then there exist a
constant c, depending only on α and θ, such that for every ρ,R, T0 ≤ ρ <
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R ≤ T1, we have
f(ρ) ≤ c[A(R− ρ)−α + B].

We now state a key lemma, which will be used in the proof of the main
theorem.

Lemma 3. Let u ∈ W 1,p
loc (Ω, w), φ0 ∈ Lr

loc(Ω, w) and w ∈ Ap, w(x) > 0,
where 1 < p < ∞ and r satisfies

1 < r <
K

K − 1
,

where K comes from Lemma 1. Assume that the following integral esti-
mates holds

∫

Ak,τ

|Du|pdµ ≤ c0

[ ∫

Ak,t

|φ0|dµ + (t− τ)−α

∫

Ak,t

|u|pdµ

]
(2.2)

for every k ∈ N and R0 ≤ τ < t ≤ R1, where c0 is a positive constant
that depends only on n, p, r, R0, R1, µ(BR0),K and |Ω|, α is a real positive
constant. Then u ∈ Ls

loc(Ω, w) with

s =





Kp

2−K
, if K < r <

K

K − 1
and 1 < K < 2,

rpK

r −K(r − 1)
, otherwise .

Proof. The proof of this lemma is a little change of which in [10]. We
omit the details.

3. Proof of Theorem 1

Let u be a weak solution to the Kp
ψ,θ-obstacle problem. By Lemma 3, it

is sufficient to prove that u satisfies the inequality (2.2) with α = p. Let
BR1 ⊂⊂ Ω and 0 < R0 ≤ τ < t ≤ R1 be arbitrarily fixed. Fix a cut-off
function φ ∈ C∞0 (Bt) such that

suppφ ⊂ Bt, 0 ≤ φ ≤ 1, φ = 1 in Bτ and |∇φ| ≤ 2(t− τ)−1.

Consider the function

v = u− Tk(u)− φp(u− ψ+
k ),

where Tk(u) is the usual truncation of u at level k ≥ 0 defined in Section 1
and ψ+

k = max{ψ, Tk(u)}. Now v ∈ Kp
ψ−Tk(u),θ−Tk(u). Indeed,

v − (ψ − Tk(u)) = u− θ − φr(u− ψ+
k ) ∈ W 1,p

0 (Ω, w),
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since φ ∈ C∞0 (Ω) and

v − (ψ − Tk(u)) = (u− ψ)− φr(u− ψ+
k ) ≥ (1− φr)(u− ψ) ≥ 0,

a.e. in Ω. Since

∇v = ∇(u− Tk(u))− φp(∇u−∇ψ+
k )− pφp−1∇φ(u− ψ+

k ),

and u − Tk(u) is a solution to the Kp
ψ−Tk(u),θ−Tk(u)-obstacle problem, we

have by definition that

∫

Ak,t

〈A(x,∇u), φp(∇u−∇ψ+
k ) + pφp−1∇φ(u− ψ+

k )〉dx ≤ 0,

that is
∫

Ak,t

〈A(x,∇u), φp∇u〉dx

≤
∫

Ak,t

〈A(x,∇u), φp∇ψ+
k 〉dx+

∫

Ak,t

〈A(x,∇u), pφp−1∇φ(u−ψ+
k )〉dx

≤ I1 + I2.

(3.1)

Now, we estimate the left-hand side and the right-hand side of (3.1) respec-
tively. Firstly

∫

Ak,t

〈A(x,∇u), φp∇u〉dx≥
∫

Ak,τ

〈A(x,∇u),∇u〉dx≥α

∫

Ak,τ

|∇u|pdµ. (3.2)

Secondly, by Young’s inequality

ab ≤ εap
′
+ c2(ε, p)bp,

1
p′

+
1
p

= 1, a, b ≥ 0, ε ≥ 0, p ≥ 1,

we can derive that

|I1| =
∣∣∣∣
∫

Ak,t

〈A(x,∇u), φp∇ψ+
k 〉dx

∣∣∣∣ ≤ β

∫

Ak,t

|∇u|p−1|∇ψ+
k |dµ

≤ β ε

∫

Ak,t

|∇u|pdµ + βc(ε, p)
∫

Ak,t

|∇ψ|pdµ.

(3.3)
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Finally, using Young’s inequality again we have

|I2| =
∣∣∣∣
∫

Ak,t

〈A(x,∇u), pφp−1∇φ(u− ψ+
k )〉dx

∣∣∣∣

≤ 2βp

t− τ

∫

Ak,t

|∇u|p−1|u− ψ+
k |dµ

≤ 2βp

t− τ

∫

Ak,t

|∇u|p−1|u|dµ

≤ 2βpε

∫

Ak,t

|∇u|pdµ + 2βpc(ε, p)
∫

Ak,t

|u|p
(t− τ)p

dµ.

(3.4)

Combining the inequalities (3.1)–(3.4) all together, we have
∫

Ak,τ

|∇u|pdµ≤ β(2p+1)ε
α

∫

Ak,t

|∇u|pdµ+
βc(ε, p)

α

∫

Ak,t

|∇ψ|pdµ

+
2βpc(ε, p)
α(t− τ)p

∫

Ak,t

|u|pdµ.

(3.5)

Now we want to eliminate the first term on the right-hand side including
∇u. Choosing ε small enough such that η = β(2p+1)ε

α < 1, and let ρ,R be
arbitrarily fixed with R0 ≤ ρ < R ≤ R1. Thus from (3.5) we deduce that
for every t and τ such that ρ ≤ τ < t ≤ R, it results

∫

Ak,τ

|∇u|pdµ ≤ η

∫

Ak,t

|∇u|pdµ +
βc(ε, p)

α

∫

Ak,R

|∇ψ|pdµ

+
2βpc(ε, p)
α(t− τ)p

∫

Ak,R

|u|pdµ.

(3.6)

Applying Lemma 3 in (3.6), we conclude that
∫

Ak,ρ

|∇u|pdµ ≤ Cβc(ε, p)
α

∫

Ak,R

|∇ψ|pdµ +
Cβpc(ε, p)
α(R− ρ)p

∫

Ak,R

|u|pdµ.

Thus u satisfies inequality (2.2). The theorem follows from Lemma 3.
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BELTRAMI SYSTEM WITH TWO CHARACTERISTIC
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This paper deals with the Beltrami system with two characteristic matrices
and variable coefficients

Dtf(x)H(x)Df(x) = J(x, f)2/nG(x),

where the matrices H(x), G(x) ∈ S(n) satisfy some conditions. A homoge-
neous elliptic equation of divergence type

DivA(x, Df(x)) = 0

is derived from the Beltrami system by using the energy and variational meth-
ods. A regularity property is obtained by using the Div-Curl fields.
Keywords: Beltrami system, elliptic equation of divergence type, energy func-
tional, regularity, div-curl field.
AMS No: 30C65, 35J20.

1. Introduction and Statement of Result

Throughout this paper we let Ω be a cube in Rn, n ≥ 2, and σΩ a cube
of the same center as Ω but σ times smaller than Ω, for 0 < σ ≤ 1.
Consider a mapping f = (f1, f2, · · · , fn) : Ω → Rn. The Jacobian matrix
Df =

(
∂fi

∂xj

)
i,j=1,···,n

∈ Rn×n and it’s determinant J(x, f) are defined

almost everywhere in Ω. Denote by Dtf(x) and D−1f(x) the transpose
and inverse matrices of Df(x), respectively. For X, Y ∈ Rn×n, the inner
product of X and Y is defined by 〈X, Y 〉 = Trace(XtY ) = Trace(Y tX).
The Hilbert-Schmidt norm of the matrix X is then |X| = 〈X, X〉1/2 =
(TraceXtX)1/2. A basic assumption in this paper is J(x, f) > 0, a.e. Ω,
that is, f is sense-preserving.

We consider the Beltrami system with two characteristic matrices and

1The first author is partially supported by NSFC (No.10971224) and the second
author is partially supported by NSFC (No.11071012).
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variable coefficients

Dtf(x)H(x)Df(x) = J(x, f)2/nG(x), (1.1)

where H(x), G(x) are measurable functions valued in the space S(n) of
positive definite, symmetric matrices of determinant 1, and satisfy the fol-
lowing elliptic conditions

α1(x)|ξ|2 ≤ 〈H(x)ξ, ξ〉 ≤ β1(x)|ξ|2, (1.2)

α2(x)|η|2 ≤ 〈G(x)η, η〉 ≤ β2(x)|η|2, (1.3)

for all ξ, η ∈ Rn, in which 0 < α1(x) ≤ 1 ≤ β1(x) < ∞ and 0 < α2(x) ≤
1 ≤ β2(x) < ∞, a.e. Ω.

If f is a generalized solution of (1.1), then it transforms the infinitesimal
ellipsoid at x with the characteristic G(x) into the infinitesimal ellipsoid at
f(x) with the characteristic H(x).

If H(x) = Id, the identity matrix, then (1.1) becomes to the following
Beltrami system

Dtf(x)Df(x) = J(x, f)2/nG(x). (1.4)

Its generalized solutions are called mappings with finite distortion. If, more-
over, α2(x) ≥ α2 > 0 and β2(x) ≤ β2 < ∞, a.e. Ω, then the generalized
solutions of (1.4) are called quasiregular mappings. Quasiregular mappings
were first introduced and studied by Reshetnyak in a series of articles that
began to appear in 1966. He used the phrase mappings with bounded dis-
tortion for quasiregular mappings. See also the monograph [1] for details.
Quasiregular mappings are interesting not only because of the results ob-
tained about them, but also because of the many new ideas generated in
the course of the development of their theory. For other related works on
quasiregular mappings, see [2–5].

If n = 2, then set z = x1 + ix2 and f(z) = f1(x1, x2) + if2(x1, x2),
(1.4) and (1.1) reduce to the following Beltrami equation with one and two
characteristic functions in the plane

fz = µ(z)fz, (1.5)

and
fz = µ1(z)fz + µ2(z)fz, (1.6)

respectively, where the complex coefficients µ, µ1 and µ2 are given by

µ(z) =
G11 −G22 + 2iG12

G11 + G22 + 2
,

µ1(z) =
G11 −G22 + 2iG12

G11 + G22 + H11 + H22
, µ2(z) =

H22 −H11 − 2iH12

G11 + G22 + H11 + H22
.
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By the conditions (1.2) and (1.3), one can derive

|µ(z)| ≤ k1 < 1, (1.7)

and
|µ1(z)|+ |µ2(z)| ≤ k2 < 1. (1.8)

The equations (1.5) and (1.6) which satisfy the conditions (1.7) and (1.8)
respectively have been studied widely, see [6–8].

Beltrami system is important in modern geometric function theory and
nonlinear analysis. In recent years, the properties and some applications to
other fields of the generalized solutions of (1.1) and (1.4) have been widely
studied, see, for example, [9–12]. The study for the properties of generalized
solutions of (1.1) and (1.4) is difficult, the main reason for which is that
they are non-linear, non-uniform and over-determined.

In the present paper, we will have a further study of the generalized
Beltrami system (1.1). The main result is the following regularity property.

Theorem 1.1. If f = (f1, · · · , fn) ∈ W 1,n(Ω,Rn) is a generalized solution
of (1.1) with Df ∈ Ln log1/γ L(Ω,Rn×n) and

β1(x)β2(x)
α1(x)α2(x)

∈ Expnγ
2

(Ω), (1.9)

for some γ > 1, then Df ∈ Ln logα L(σΩ,Rn×n) for any α > 0 and 0 <
σ < 1.

For the notations used in Theorem 1.1, see Section 2.

2. Some Notations

In this section, we give some notations used in this paper.
If B : Ω → Rn×n and E : Ω → Rn×n are matrix fields on Ω such that

DivB = (divB1, · · · ,divBn) = 0,

and
CurlE =(curlE1, · · · , curlEn)=0

in the sense of distributions, then the scalar product 〈B,E〉 is referred
to as a Div-Curl product. Where, as usual, for the vector fields Bi =
(B1

i , · · · , Bn
i ) and Ei = (E1

i , · · · , En
i ), i = 1, · · · , n, the “div” and “curl”

operators are defined by

divBi =
n∑

j=1

∂Bj
i

∂xj
, curlEi =

(∂Ej
i

∂xk
− ∂Ek

i

∂xj

)
j,k=1,···,n

.
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We investigate a class of Div-Curl fields F = (B,E), which is coupled by
the distortion inequality

|B|p
p

+
|E|q
q

≤ k(x)〈B,E〉, a.e. in Ω, (2.1)

where 1 ≤ k(x) < ∞ is a measurable function in Ω and 1 < p, q < ∞ are
conjugate Hölder exponents, 1

p + 1
q = 1. We shall also assume that

〈B,E〉 ∈ L1(Ω). (2.2)

A continuous strictly increasing function Ψ: [0,∞] → [0,∞] with Ψ(0)
= 0 and Ψ(∞) = ∞ is called an Orlicz function. If, moreover, Ψ is convex,
then it is called a Young function. The Orlicz space LΨ(Ω) consists of all
measurable functions h on Ω such that

∫

Ω

Ψ(λ−1|h(x)|)dx < ∞

for some λ = λ(h) > 0. The Luxemburg functional

‖h‖Ψ = ‖h‖LΨ = inf
{

λ > 0 : −
∫

Ω

Ψ(λ−1|h|) ≤ Ψ(1)
}

,

where −∫
Ω
stands for the integral mean over Ω, is a norm provided that Ψ

is a Young function, but it need not to be if Ψ is only an Orlicz function.
For Φ(t) = tp logα(e + t), where 1 ≤ p < ∞ and α is a real number, the

spaces LΦ are called Zygmund spaces and denoted by Lp logα L. For p ≥ 1
and α ≥ 0 the non-linear functional

[h]Lp logα L =
[ ∫

Ω

|h|p logα

(
e +

|h|
‖h‖p

)]1/p

is comparable with the Luxemburg norm via constants depending only on
p and α and not on Ω. Denote by Expγ(Ω) the Orlicz space defined by the
function Φ(t) = exp(tγ)− 1, where γ > 0 is a real number. A basic result
is the complementary to t log1/γ(e + t), γ > 0, is the function exp(tγ)− 1.

3. Some Lemmas

In this section we give some preliminary lemmas used in the proof of The-
orem 1.1. The following lemma comes from Lemma 2.1 in [13].

Lemma 3.1. Suppose H, G ∈ S(n). For any A ∈ Rn×n, we have

nn/2|detA| ≤ 〈AG−1, HA〉n/2.
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Equality occurs if and only if AtHA = |detA|2/nG.
The next lemma can be found in [Lemma 4.7.2, 3].

Lemma 3.2. If f, g ∈ W 1,n(Ω,Rn) and f = g, x ∈ ∂Ω in the Sobolev
sense (abbr. g ∈ f + W 1,n

0 (Ω,Rn)), then
∫

Ω

J(x, g) dx =
∫

Ω

J(x, f) dx.

Lemma 3.3. Suppose f = (f1, f2, · · · , fn) ∈ W 1,n(Ω,Rn) be a generalized
solution of (1.1) with Df ∈ Ln log1/γ L(Ω,Rn×n) and (1.9) holds for some
γ > 1, then

divA(x,Df(x)) = 0 (3.1)

in the distributional sense, where A(x,A) : Ω× Rn×n → Rn×n is given by

A(x,A) = 〈AG−1,HA〉(n−2)/2HAG−1,

and the operator A satisfies
(i) Lipschitz type condition

|A(x,A)−A(x,B)| ≤ (n− 1)
(

β1(x)
α2(x)

)n/2

(|A|+ |B|)n−2|A−B|.

(ii) Monotonicity condition

〈A(x,A)−A(x,B), A−B〉≥22−n

(
α1(x)
β2(x)

)n/2

(|A|+|B|)n−2|A−B|2.

(iii) Homogeneous condition

A(x, tA) = |t|n−2tA(x,A), ∀t ∈ R.

Proof. For any g ∈ f + W 1,n
0 (Ω,Rn) with J(x, g) ≥ 0 and Dg ∈

Ln log1/γ(Ω,Rn×n), we define the stored energy function E(x,Dg), where
E(x,A) : Ω× Rn×n → R is given by

E(x,A) = 〈AG−1,HA〉n/2.

Our nearest goal is to show that E(x,Dg) is integrable. To this end, notice
from the assumptions (1.2) and (1.3) that

|E(x,Dg)| =
∣∣∣〈DgG−1,HDg〉n/2

∣∣∣ ≤
(

β1(x)
α2(x)

)n/2

|Dg|n.
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Since

[|Dg|n]L log1/γ L =
∫

Ω

|Dg|n log1/γ

(
e +

|Dg|n
‖|Dg|n‖1

)
dx

=
∫

Ω

|Dg|n log1/γ

(
e +

( |Dg|
‖Dg‖n

)n)
dx

≤ n1/γ

∫

Ω

|Dg|n log1/γ

(
e +

|Dg|
‖Dg‖n

)
dx

= n1/γ [|Dg|]Ln log1/γ L < ∞,

then |Dg|n ∈ L log1/γ L(Ω,R). This implies that E(x,Dg) is integrable

due to the facts that
(

β2(x)
α1(x)

)n/2

≤
(

β1(x)β2(x)
α1(x)α2(x)

)n/2

∈ Expγ(Ω) and the

complementary to t log1/γ(e + t) is the function exp(tγ)− 1.
We define the energy functional of g by

E [g] =
∫

Ω

E(x,Dg) dx.

By Lemma 3.1, the energy E [g] of g is non-negative. In the following, we
prove that the generalized solution f of (1.1) takes the minimum value
under the same boundary conditions. In fact, (1.1) implies

〈Dtf(x)H(x)Df(x)G−1(x), Id〉 = J(x, f)2/n〈Id, Id〉.

Thus
〈Df(x)G−1(x), H(x)Df(x)〉n/2 = nn/2J(x, f). (3.2)

By (3.2), Lemmas 3.2 and 3.1, we have

E [f ] =
∫

Ω

〈DfG−1,HDf〉n/2 dx = nn/2

∫

Ω

J(x, f) dx

= nn/2

∫

Ω

J(x, g) dx ≤
∫

Ω

〈DgG−1,HDg〉n/2 dx = E [g].

For any ϕ ∈ W 1,n
0 (Ω,Rn) and t ∈ R, one has

E [f + tϕ] ≥ E [f ].

Thus t 7→ E [f + tϕ] take its minimum value at t = 0. Therefore

dE [f + tϕ]
dt

∣∣∣∣
t=0

= 0.



176 Hong-Ya Gao, Shen-Zhou Zheng and Ying-Qiang Yue

An easy calculation yields

dE [f + tϕ]
dt

∣∣∣∣
t=0

=
∫

Ω

〈〈DfG−1,HDf〉(n−2)/2HDfG−1, Dϕ〉 dx=0. (3.3)

This is nothing but the definition of solutions of (3.1) in the distributional
sense.

In the following, we derive the conditions for the operator A(x,A). By
H = Ot

1Γ
2
1O1, G = Ot

2Γ2O2, Γ1 = diag(γ1(x), γ2(x), · · · , γn(x)), Γ2 =
diag(γ1(x), γ2(x), · · · , γn(x)), (1.2) and (1.3), we know

√
α1(x) ≤ γi(x) ≤√

β1(x),
√

1/β2(x) ≤ γi(x)−1 ≤
√

1/α2(x), i = 1, 2, · · · , n. By a basic
inequality, see [(35), 12]

||ξ|p−2ξ−|ζ|p−2ζ|≤(p−1)(|ξ+|ζ|)p−2|ξ−ζ|, ∀ξ, ζ ∈ Rn×n, p ≥ 2,

we can derive that
∣∣∣∣A(x,A)−A(x,B)

∣∣∣∣

=
∣∣∣∣〈AG−1,HA〉(n−2)/2HAG−1 − 〈BG−1,HB〉(n−2)/2HBG−1

∣∣∣∣

=
∣∣∣∣
√

H

(
|√HA

√
G−1|n−2

√
HA

√
G−1

−|√HB
√

G−1|n−2
√

HB
√

G−1

)√
G−1

∣∣∣∣

≤ (n−1)

√
β1(x)
α2(x)

(
|
√

HA
√

G−1|+|
√

HB
√

G−1|
)n−2∣∣∣∣

√
H(A−B)

√
G−1

∣∣∣∣

≤ (n− 1)
(

β1(x)α2(x)
)n/2

(|A|+ |B|)n−2|A−B|.

This is the Lipschitz type condition. By another basic inequality

〈|ξ|aξ − |ζ|aζ, ξ − ζ〉 ≥ 1
2
(|ξ|a + |ζ|a)|ξ − ζ|2, ∀ a > 0, ξ, ζ ∈ Rn×n,

one can derive that

〈A(x,A)−A(x,B), A−B〉
=

〈
〈AG−1,HA〉(n−2)/2HAG−1−〈BG−1,HB〉(n−2)/2HBG−1, A−B

〉
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=
〈
|√HA

√
G−1|n−2

√
HA

√
G−1

−|√HB
√

G−1|n−2
√

HB
√

G−1,
√

H(A−B)
√

G−1
〉

≥ 1
2

(
|√HA

√
G−1|n−2+|√HB

√
G−1|n−2

)
|√H(A−B)

√
G−1|2

≥ 1
2

(
α1(x)
β2(x)

)n/2 (|A|n−2 + |B|n−2
) |A−B|2

≥ 22−n

(
α1(x)
β2(x)

)n/2

(|A|+ |B|)n−2|A−B|2.

This is the monotonicity condition. By the definition of A(x,A), one can
easily derive the homogeneous condition. The proof of Lemma 3.3 has been
completed.

Lemma 3.4. Let F = (B,E) be a Div-Curl field verifying (2.1). If
k(x) ∈ Expγ(Ω) for some γ > 1, then B ∈ Lp logα L(σΩ,Rn×n) and
E ∈ Lq logα L(σΩ,Rn×n) for any α > 0 and 0 < σ < 1. Moreover for
any α > 1,

‖|B|p + |E|q‖L logα−1/γ L(σΩ) ≤ c‖〈B,E〉‖L logα−1 L(Ω),

where c = c(σ, p, α, n, ‖k‖Expγ(Ω)).

The difference between Lemma 3.4 and Theorem 1.1 in [14] is that the
vector fields B,E ∈ Rn are replaced by matrix fields B,E ∈ Rn×n. The
proof of Lemma 3.4 is almost the same as in [14], thus we omit the details.

4. Proof of Theorem 1.1

In the following, we will derive that the conditions in Lemma 3.4 are
satisfied, thus Theorem 1.1 follows from Lemma 3.4. Let E = Df and
B = 〈DfG−1,HDf〉n−2

2 HDfG−1. It is obvious that CurlE = 0, and the
fact DivB = 0 follows from Lemma 3.3. Thus F = (B,E) be a Div-Curl
field. By Lemma 3.3 again, we have

|E|n = |Df |n,

|B| n
n−1 = |〈DfG−1,HDf〉n−2

2 HDfG−1| n
n−1 ≤

(
β1(x)
α2(x)

)n
2

|Df |n,

and since

〈B,E〉 = E(x,Df) ≥
(

α1(x)
β2(x)

)n
2

|Df |n,
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then
|B|n/(n−1)

n/(n− 1)
+
|E|n
n

≤ k(x)〈B,E〉,

where

k(x) =
(n− 1)

(
β1(x)
α2(x)

)n
2

+ 1

n
(

α1(x)
β2(x)

)n
2

≤
(

β1(x)β2(x)
α1(x)α2(x)

)n/2

∈ Expγ(Ω).

Theorem 1.1 follows from Lemma 3.4.
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1. Introduction

Recently, that Caccioppoli type estimate were established for the so-called
nonlinear A-harmonic equations of homogeneous items (see [1–8]). In this
paper, based on using the Hodge decomposition of disturbed vector fields,
we shall consider a class of nonlinear equations of divergent type involved
nonhomogeneous items.

Before embarking on the discussion we refer to some notations we shall
use. Throughout this paper, Ω will denote an open, connected subset of Rn,
and E is a closed set of zero Lebesgue measure in Rn. We denote Sobolev
space of weakly differentiable functions defined locally on Ω as W 1,p

loc (Ω), and
its differential ∇u ∈ Lp

loc(Ω). In order to avoid some technical difficulties
related to the imbedding theorem, we shall illustrate our approach only for
p smaller than the spatial dimension of Ω.

Definition 1. A compact set E ⊂ Rn is said to have zero r-capacity for
1 < r ≤ n, if for some bounded domain Ω containing E, there exists a
sequence {ϕk(x)}, k = 1, 2, ..., of functions ϕk(x) ∈ C∞0 (Ω), such that

(1) 0 ≤ ϕk ≤ 1;
(2) each ϕk equals to 1 on its own neighborhood of E;
(3) limk→∞ ‖∇ϕk‖r = 0; limk→∞ ϕk = 0 for every x ∈ Ω \ E.

1The research supported by Natural Science Foundation of Hebei Province
(A2010000910), Projects of Hebei Province Education Department (Z2010261) and
Tangshan Science and Technology Projects (09130206c).
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A closed set E ⊂ Rn has zero r-capacity, if every compact subset of E
has zero r-capacity.

This definition of a set of zero r-capacity coincides with the customary
one. Notice that for r = p− ε, 0 < ε < 1, a closed set E ⊂ Rn of Hausdorff
dimension dimH(E) < ε has zero r-capacity.

We shall study this problem for very weak solutions of PDEs of divergent
type with nonhomogeneous items, which is also called A-harmonic type
equations. It is necessary to impose some assumpations near the singular
set for the very weak solution u(x) and its gradient ∇u is as follows.

Du = −divA(x, u,∇u) + f(x) = 0. (1.1)

Let the operators A : Rn × Rn 7→ Rn be a measurable mapping satisfying

(i) 〈A(x, u,∇u),∇u〉 ≥ a|∇u|p;
(ii) |A(x, u,∇u)| ≤ b|∇u|p−1 + c|u|s + g(x);

(1.2)

where a, b, c (0 < a, b, c <∞) are constants, g(x) is a nonnegative function
satisfying g(x) ∈ L

r
p−1 (Ω), and f(x) ∈ L

nr
n(p−1)+r (Ω). The nonnegative

constant s satisfies 0 < s < n(p−1)
n−r . A function u of Sobolev class W 1,r

loc (Ω)
for 1 < r < p is said to be a very weak solution, if

∫

Ω

〈A(x, u,∇u),∇η(x)〉dx =
∫

Ω

f(x)η(x)dx (1.3)

for all test functions η(x) ∈ W
1− r

r−p+1
0 (Ω).

Note that the very weak means that the Sobolev integrable exponent
r of u can be smaller than p.

In order to investigate removable singular sets, it is important to con-
sider very weak solutions of A-harmonic type equation (1.1). This makes
the problem more difficult, because the very weak solution and its mod-
ifications cannot be used test functions (1.1). In the following, we shall
make use of the estimates of so-called Hodge decomposition of disturbed
vector fields, see [4–5]. To this effect our first result is the following weaker
estimate of Caccioppoli type.

Theorem 1.1. (Caccioppoli type estimate) There exists p0 = p0(n, p, a, b)
∈ [ n(p−1)

n(p−1)−1 , p
)
, such that every very weak solution of A-harmonic equa-

tions (1.1) in Sobolev class W 1,r
loc (Ω) with p0 ≤ r < p satisfies

‖ϕ∇u‖rdx ≤ C(n, p, a, b)
(
‖∇ϕ⊗ (u− ūR)‖r + ‖g(x)‖

1
p−1

r
p−1

+‖f(x)‖
1

p−1
nr

n(p−1)+r
+ ‖∇u‖

s
p−1
p̃

)
,

(1.4)
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for all test functions ϕ ∈ C∞0 (Ω), the exponent p̃ = nsr
np−n+sr < r. Further-

more, u ∈ W 1,p
loc (Ω) is classical weak solution in the usual sense.

2. Proof of Theorem 1.1

Proof. Fixed R0 : R0 ≤ d = dist(x0, ∂Ω) for all x0 ∈ Ω, we denote

BR = BR(x0) = {x||x− x0| < R},

and

uR =
∫

BR

u(x)dx =
1

|BR|
∫

BR

u(x)

for any 0 < R < R0. Let u ∈ W 1,r(BR), r = p − ε for some 0 < ε < 1,
and ϕ(x) ∈ C∞0 (BR). Let C denote a constant (not necessarily the same at
different settings). By making use of so-called Hodge decomposition acted
on a perturbed vector field

|∇(ϕ(u− ūR))|−ε∇(ϕ(u− ūR)),

we have
|∇(ϕ(u− ūR))|−ε∇(ϕ(u− ūR)) = ∇Φ + H, (2.1)

where H ∈ L
r

1−ε (BR) and Φ ∈ W
1, r

1−ε

0 (BR). Moreover, the following
estimates are valid

‖H‖ r
1−ε

≤ Cε‖∇(ϕ(u− ūR))‖1−ε
r , (2.2)

and
‖∇Φ‖ r

1−ε
≤ C‖∇(ϕ(u− ūR))‖1−ε

r , (2.3)

where C = C(n, r,R0) are independent of ε, also see [2–3]. Write

E(ϕ,∇u) = |ϕ∇u|−εϕ∇u− |∇(ϕ(u− ūR))|−ε∇(ϕ(u− ūR)),

then we derive

|E(ϕ,∇u)| ≤ 2ε(1 + ε)
1− ε

|∇ϕ⊗ (u− ūR)|1−ε. (2.4)

A rather remarkable technique is that Φ in the Hodge decomposition (2.1)
will be used as a test function. Then, the A-harmonic type equation (1.1)
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becomes
∫

BR

〈A(x, ϕ∇u), |ϕ∇u|−εϕ∇u〉dx

=
∫

BR

〈A(x, ϕ∇u), |∇(ϕ(u− ūR))|−ε∇(ϕ(u− ūR))〉dx

+
∫

BR

〈A(x, ϕ∇u), E(ϕ,∇u)〉dx

=
∫

BR

〈A(x, ϕ∇u),∇Φ〉dx +
∫

BR

〈A(x, ϕ∇u),H〉dx

+
∫

BR

〈A(x, ϕ∇u), E(ϕ,∇u)〉dx

=
∫

BR

f(x)Φdx +
∫

BR

〈A(x, ϕ∇u),H + E(ϕ,∇u)〉dx.

By the conditions (1.2) imposed on the operators A, we have

a

∫

BR

|ϕ∇u|p−εdx ≤
∫

BR

|ϕ∇u|−ε〈A(x, ϕ∇u), ϕ∇u〉dx

=
∫

BR

〈A(x, ϕ∇u), |ϕ∇u|−εϕ∇u〉dx

≤
∫

BR

|f(x)||Φ|dx

+
∫

BR

|A(x, ϕ∇u)|(|H|+ |E(ϕ,∇u)|)dx

≤
∫

BR

|f(x)||Φ|dx+
∫

BR

g(x)(|H|+|E(ϕ,∇u)|)dx

+b

∫

BR

|ϕ∇u|p−1(|H|+ |E(ϕ,∇u)|)dx

+c

∫

BR

|u|s(|H|+ |E(ϕ,∇u)|)dx.

(2.5)

On the basis of the Hölder inequality and the inequality (2.4), we can obtain

a

∫

BR

|ϕ∇u|p−εdx ≤ ‖f(x)‖ t
p−1

‖Φ‖q + b‖ϕ∇u‖p−1
r ‖H‖ r

1−ε

+
2ε(1+ε)

1− ε
b

∫

BR

|ϕ∇u|p−1|∇ϕ⊗ (u−ūR)|1−εdx
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+
2ε(1 + ε)

1− ε
b

∫

BR

g(x)|∇ϕ⊗ (u− ūR)|1−εdx

+b‖g(x)‖ r
p−1

‖H‖ r
1−ε

+ c‖u‖s
sr

p−1
‖H‖ r

1−ε

+
2ε(1 + ε)

1− ε
c

∫

BR

|u|s|∇ϕ⊗ (u− ūR)|1−εdx,

(2.6)

where q =
n r

1−ε

n− r
1−ε

and t = (p−1)q
q−1 > 1 satisfying 1

q + p−1
t = 1.

Applying Poincaré-Sobolev’s inequality to Φ, u, and the estimate items
of the Hodge decomposition in (2.2) and (2.3), we have

a

∫

BR

|ϕ∇u|p−εdx ≤ C‖f(x)‖ t
p−1

‖∇Φ‖ r
1−ε

+C‖ϕ∇u‖p−1
r ‖H‖ r

1−ε

+C‖ϕ∇u‖p−1
r ‖∇ϕ⊗ (u− ūR)‖1−ε

r

+C‖g(x)‖ r
p−1

‖H‖ r
1−ε

+ C‖u‖s
sr

p−1
‖H‖ r

1−ε

+C‖g(x)‖ r
p−1

‖∇ϕ⊗ (u− ūR)‖1−ε
r

+C‖u‖s
sr

p−1
‖∇ϕ⊗ (u− ūR)‖1−ε

r

+C‖u‖s
sr

p−1
‖∇ϕ⊗ (u− ūR)‖1−ε

r

≤ C‖f(x)‖ t
p−1

‖∇(ϕ(u− ūR))‖1−ε
r

+Cε‖ϕ∇u‖p−1
r ‖∇(ϕ(u− ūR))‖1−ε

r

+C‖ϕ∇u‖p−1
r ‖∇ϕ⊗ (u− ūR)‖1−ε

r

+Cε‖g(x)‖ r
p−1

‖∇(ϕ(u− ūR))‖1−ε
r

+C‖g(x)‖ r
p−1

‖∇ϕ⊗ (u− ūR)‖1−ε
r

+Cε‖∇u‖s
p̃‖∇(ϕ(u− ūR))‖1−ε

r

+C‖∇u‖s
p̃‖∇ϕ⊗ (u− ūR)‖1−ε

r ,

(2.7)

where p̃ =
n sr

p−1

n + sr
p−1

=
nsr

np− n + sr
. For 0 < s < n(p−1)

n−r , then p̃ < r. Since

‖∇(ϕ(u−ūR))‖1−ε
r = ‖∇ϕ⊗ (u− ūR) + ϕ∇u‖1−ε

r

≤ ‖∇ϕ⊗ (u− ūR)‖1−ε
r + ‖ϕ∇u‖1−ε

r

(2.8)

for any 0 < ε < 1. Hence
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a‖ϕ∇u‖r
r ≤ C‖f(x)‖ t

p−1

(‖∇ϕ⊗ (u− ūR)‖1−ε
r + ‖ϕ∇u‖1−ε

r

)

+Cε‖ϕ∇u‖p−1
r

(‖∇ϕ⊗ (u− ūR)‖1−ε
r + ‖ϕ∇u‖1−ε

r

)

+C‖ϕ∇u‖p−1
r ‖∇ϕ⊗ (u− ūR)‖1−ε

r

+Cε‖g(x)‖ r
p−1

(‖∇ϕ⊗ (u− ūR)‖1−ε
r + ‖ϕ∇u‖1−ε

r

)

+C‖g(x)‖ r
p−1

‖∇ϕ⊗ (u− ūR)‖1−ε
r

+Cε‖∇u‖s
p̃

(‖∇ϕ⊗ (u− ūR)‖1−ε
r + ‖ϕ∇u‖1−ε

r

)

+C‖∇u‖s
p̃‖∇ϕ⊗ (u− ūR)‖1−ε

r .

Applying Young’s inequality |ab| ≤ δ|a| r
p−1 + δ−

p−1
1−ε |b| r

1−ε for any δ > 0 to
the right hand side of the above inequality, we derive

a‖ϕ∇u‖r
r

≤ Cδ1‖f(x)‖
r

p−1
t

p−1
+ C‖∇ϕ⊗ (u− ūR)‖r

r + C‖f(x)‖
r

p−1
s

p−1

+Cδ2‖ϕ∇u‖r
r + Cεδ3‖ϕ∇u‖r

r + Cε‖∇ϕ⊗ (u− ūR)‖r
r

+Cε‖ϕ∇u‖r
r + Cδ4‖ϕ∇u‖r

r + C‖∇ϕ⊗ (u− ūR)‖r
r

+C(ε + 1)δ5‖g(x)‖
r

p−1
r

p−1
+ C(ε + 1)‖∇ϕ⊗ (u− ūR)‖r

r

+Cε‖g(x)‖
r

p−1
r

p−1
+ Cεδ6‖ϕ∇u‖r

r + C(ε + 1)δ7‖∇u‖
sr

p−1
p̃

+C(ε + 1)‖∇ϕ⊗ (u− ūR)‖r
r + C‖∇u‖

sr
p−1
p̃ + Cεδ8‖ϕ∇u‖r

r

≤ C
(
‖f(x)‖

r
p−1

t
p−1

+ ‖g(x)‖
r

p−1
r

p−1

)
+ C‖∇ϕ⊗ (u− ūR)‖r

r

+C‖∇u‖
sr

p−1
p̃ + C(δ2 + εδ3 + ε + δ4 + εδ6 + εδ8)‖ϕ∇u‖r

r.

Now, let us take δ2, δ3, δ4, δ6, δ8 and ε to be small enough, such that

C(δ2 + εδ3 + ε + δ4 + εδ6 + εδ8) < a,

then we get

‖ϕ∇u‖r
r ≤ C

(
‖f(x)‖

r
p−1

t
p−1

+ ‖g(x)‖
r

p−1
r

p−1

)
+ C‖∇ϕ⊗ (u− ūR)‖r

r

+C‖∇u‖
sr

p−1
p̃

for all ϕ ∈ C∞0 (BR), where t = (p−1)q
q−1 = (p−1)nr

n(p−1)+r = nr
n+r/(p−1) > 1,

p̃ =
n sr

p−1
n+ sr

p−1
=

nsr

np− n + sr
< r. This completes the proof of theorem.
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1. Introduction

We first introduce some notations and symbols used in this paper. Most
of them can be found in [3]. We list them all here for completion of this
paper. Let M be an n-dimensional Riemannian manifold with boundary
or without boundary. Throughout this paper we assume that the manifold
M is orientable and of class C3. By T (M) we denote the tangent bundle
and by Tm(M) the tangent space at the point m ∈ M. For each pair
of vectors x, y ∈ Tm(M), the symbol 〈x, y〉 denotes their scalar product.
Below we shall use standard notation for function classes on manifolds.
Thus, for example, the symbol Lp

loc(D) stands for the set of all Lebesgue
measurable functions on an open set D ⊂ M, locally integrable to the
power p (1 ≤ p ≤ ∞) on D. The symbol W 1,p

loc (D) stands for the set of
functions that have generalized partial derivatives in the sense of Sobolev
of class Lp

loc(D). LetM andN be Riemannian manifolds of class Ck, k ≥ 3,
and F : D → N , D ⊂M, a mapping. We shall say that F ∈ Lp

loc(D), if for
an arbitrary function φ ∈ C0(N ) we have φ◦F ∈ Lp

loc(D). The mapping F

is in the class W 1,p
loc (D), if φ◦F ∈ W 1,p

loc (D) for every φ ∈ C1(N ). Let V (M)
be a vector bundle on M. Let in the elements of this bundle be given an
Euclidean scalar product and let the linear connection on V (M) preserve
this scalar product. In this case we may say that V (M) is a Riemannian
vector bundle over M.

By
∧k(M) and

∧
k(M) we denote Riemannian vector bundles∧k(Tm(M)) and

∧
k(Tm(M)). The sections of these bundles are the fields

of k-covectors (k-forms) and k-vectors.
Let x1, x2, · · · , xn be local coordinates in the neighborhood of point

m ∈ M. The square of a line element on M has the following expression
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in terms of the local coordinates x1, x2, · · · , xn:

ds2 =
n∑

i,j=1

gijdxidxj .

By the symbol gij we shall denote the contravariant tensor defined by
the equality gik)(gkj) = (δi

j), i, j = 1, · · · , n, where δi
j is the Kronecker

symbol.
Each section α of the bundle

∧k(M) (that is a differential form) can
be writen in terms of the local coordinates x1, x2, · · · , xn as the linear com-
bination

α =
∑

I∈∧(k,n)

αIdxI =
∑

1≤i1<···<ik≤n

αi1···ik
dxi1 ∧ · · · ∧ dxik ,

where we have denoted by
∧

(k, n) the set of all ordered multi-indices I =
(i1, i2, · · · , ik) of integers 1 ≤ i1 < · · · < ik ≤ n.

Let α be a differential form defined on an open set D ⊂ M. If F(D)
is a class of functions defined on D, then we say that the differential from
α is in this class provided that αI ∈ F(D). For instance, the differential
form α is in the class Lp(D), if all its coefficients are in this class.

The operator ? :
∧k(M) →∧n−k(M), called Hodge star operator has

the following properties: If α, β ∈ ∧k(M), and a, b ∈ R, then

?(aα + bβ) = a ? α + b ? β.

For every w with degw = k, we have

?(?w) = (−1)k(n−k)w.

Let w be a differential form of degree k, we set

?−1w = (−1)k(n−k) ? w.

The operator ?−1 is an inverse to ? in the sense that ?−1(?w) = ?(?−1w) =
w. The inner or scalar product has the usual properties of the scalar
product. We set

〈α, β〉 = ?−1〈α, ?β〉 = ?(α ∧ ?β).

A differential form w of degree k is called simple, if there are differential
forms α1, . . . , α1 of degree 1 such that

w = α1 ∧ . . . ∧ αk.
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We note the following useful property of the Euclidean norm: If α, β ∈
∧?(Rn), then

|α ∧ β| ≤ |α||β|,
if at least one of the differential forms α, β is simple.

If α (deg α = k, 0 ≤ k ≤ n) is a differential from, whose coefficients are
in C1(M), then dα, deg(dα) = k + 1, denotes its differential defined by

dα =
∑

I∈∧(k,n)

dαI ∧ dxI .

The differentiation is a linear operation for which the following proper-
ties hold:

If α and β are arbitrary differential forms that are differentiable in a
domain U ⊂M, then

(i) d(α ∧ β) = dα ∧ β + (−1)kα ∧ dβ,
(ii) d(dα) = 0,

where k = deg(w) is the degree of the differential form α.
The operator ? and the exterior differentiation d define the codiffernetial

operator d∗ by the formula

d∗α = (−1)k ?−1 d ? α

for a differential form α of degree k. Clearly, d∗α is a differential form of
degree k − 1.

2. Differential Forms on Riemannian Manifolds

Definition 2.1. A differential form α of degree k on the manifold M with
coefficients αi1···ik

∈ Lp
loc(M) is called weakly closed, if for each differential

form β, degβ = k + 1, with

suppβ ∩ ∂M = φ, suppβ = {m ∈M : β 6= 0} ⊂ M,

and with coefficients in the class W 1,q
loc (M), ( 1

p + 1
q = 1, 1 ≤ p, q ≤ ∞), we

have ∫

M
〈α, d∗β〉dv = 0. (2.1)

We next introduce two classes of differential forms with generalized deriva-
tives. These classes can be used to study the associated classes of (K1,K2)-
quasiregular mappings.

Definition 2.2. A weakly closed differential form

w ∈ Lp
loc(M), deg w = k, 0 ≤ k ≤ n, p > 1 (2.2)
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is said to be of the class WT 1 on M, if there exists a weakly closed differ-
ential form

θ ∈ Lq
loc(M), deg θ = n− k,

1
p

+
1
q

= 1, (2.3)

such that almost everywhere on M, we have

|w|p ≤ ν1〈w, ∗θ〉+ ν2, (2.4)

and
ν3|θ| ≤ |w|p−1 (2.5)

is satisfied, with constants ν1, ν2, ν3 > 0.

Definition 2.3. A simple differential form

w = w1 ∧ · · · ∧ wk, wi ∈ Lp
loc(M), 1 ≤ i ≤ k (2.6)

is said to be of the class WT 2 on M, if there exists a weakly closed dif-
ferential form (2.3) such that almost everywhere on M the inequality (2.5)
holds and

‖w‖kp ≤ ν4〈w, ?θ〉+ ν5 (2.7)

is satisfied, with constants ν4, ν5 > 0.

For an arbitrary simple differential form of degree k

w = w1 ∧ . . . ∧ wk,

we set

‖w‖ = (
k∑

i=1

|wi|2)1/2.

For a simple differential form w, we have Hadamard’s inequality

|w| ≤
k∏

i=1

|wi|.

Taking these and using the inequality between geometric and arithmetic
means

(
k∏

i=1

|wi|)1/k ≤ 1
k

k∑

i=1

|wi| ≤ (
1
k

k∑

i=1

|wi|2)1/2,

we obtain
|w| ≤ k−k/2‖w‖k. (2.8)

Theorem 2.1. The following inclusion holds between these WT -classes

WT 2 ⊂ WT 1.
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Proof. From (2.8), we easily obtain

|w|p ≤ kp−kp/2‖w‖kp ≤ kp−kp/2ν4〈w, ?θ〉+ kp−kp/2ν5.

3. (K1,K2)-Quasiregular Mappings

Let M and N be a Riemannian manifolds of dimension n. A mapping F :
M→N of the class W 1

n,loc(M) is called a (K1,K2)-quasirgular mapping,
if F satisfies

|F ′
(m)|n ≤ K1JF (m) + K2, (3.1)

almost everywhere on M. Here F
′
(m) : Tm(M) → Tn(N ) is the formal

derivative of F (m), further, |F ′
(m)| = max|h|=1 |F ′

(m)h|. We denote by
JF (m) the Jacobian of F at the point m ∈ M , i.e., the determinant of
F
′
(m).
If F : M→N is a quasiregular homeomorphism, then the mapping F

is called quasiconformal.
Let A and B be Riemannian manifolds of dimensions dimA = k,

dimB = n − k (1 ≤ k ≤ n), and with scalar products〈, 〉A, 〈, 〉B, respec-
tively. On the Cartesian product N = A× B, we introduce the natural
structure of a Riemannian maniflod with the scalar product

〈, 〉 = 〈, 〉A + 〈, 〉B.

We denote by π : A× B → A and η : A× B → B the natural projections
of the manifold N onto submanifolds.

If wA and wB are volume forms on A and B, respectively, the differential
form wN = π?wA ∧ η?wB is a volume form on N .

Theorem 3.1. Let F : M→N be a (K1,K2)-quasiregular mapping and let
f = π ◦F : M→A. The differential form f?wA is of the class WT 1 on M
with the structure constants p = n/k, ν1 = ν1(n, k,K1), ν2 = ν2(n, k,K2)
and ν3 = ν3(n, k,K1,K2).

Remark 3.1. From the proof of the theorem, it will be clear that structure
constants can be chosen to be

ν1 = (k +
n− k

c2 )−n/2nn/2K1, ν2 = (k +
n− k

c2 )−n/2nn/2K2, ν3 = cn−k,

where c = c(k, n,K1,K2), and c = c(k, n,K1,K2) are, respectively, the
greatest and least positive roots of the equation

(kξ2 + (n− k))n/2 − nn/2K1ξ
2 − nn/2K2|g?wB|−n/(n−k) = 0. (3.2)
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Proof. Setting g = η ◦F : M→ B, we choose θ = g?wB. The volume form
wB is weakly closed. In fact, if the mapping g is sufficiently regular, then

dθ = dg?wB = g?dwB = 0.

In the general case for the verification of condition (2.1), we approx-
imate the mapping g : M→ B in the norm of W 1

n by smooth maps
gl (l = 1, 2, · · ·). Because condition (2.1) holds for each of the differential
form g?

l wB, it must hold also for the differential form g?wB.
The weak closedness of the differential form f?wA follows similarly.
Fix a point m ∈M, in which the relation (3.1) holds. Set a = f(m), b =

g(m). Then
TF (m)(N ) = Ta(A)× Tb(B).

The computations can be conveniently carried out as follows. We first
rewrite condition (3.1) in the form

|F ′
(m)|n ≤ K1|F ?wN |+ K2, (3.3)

where wN is a volume form on N .
For the point a ∈ A, b ∈ B, we choose neighborhoods and local systems

of coordinates y1, · · · yk, and yk+1, · · · yn, orthinormal at a and b, respec-
tively. We have

f?wA = f?(dy1 ∧ · · · ∧ dyk) = f?dy1 ∧ · · · ∧ f?dyk

= df1 ∧ · · · ∧ dfk, f i = yi ◦ f, i = 1, · · · , k.

Because the differential form wA is a simple, we obtain by the inequality
between the geometric and arithmetic means

|df1 ∧ · · · ∧ dfk|1/k ≤ (
k∏

i=1

|df i|)1/k≤ 1
k

k∑

i=1

|df i|≤(
1
k

k∑

i=1

|df i|2)1/2. (3.4)

Similarly

|dgk+1 ∧ · · · ∧ dgn|1/(n−k) ≤ (
1

n− k

n∑

i=k+1

|dgi|2)1/2. (3.5)

It is not difficult to see that

F ?wN = F ?(π?wA ∧ η?wB) = f?wA ∧ g?wB = f?wA ∧ θ,

and further that

|F ?wN | = |f?wA ∧ g?wB| ≤ |df1 ∧ · · · ∧ dfk||dgk+1 ∧ · · · ∧ dgn|.
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We have

|dF |2 =
k∑

i=1

|df i|2 +
n∑

i=k+1

|dgi|2 ≤ n|F ′ |2.

Therefore we get from (3.3), (3.4) and (3.5) that

(k|f?wA|2/k + (n− k)|g?wB|2/(n−k))n/2

= (
k∑

i=1

|df i|2 +
n∑

i=k+1

|dgi|2)n/2

≤ (n|F ′ |2)n/2 = nn/2|F ′ |n ≤ nn/2(K1|F ?wN |+ K2)

= nn/2K1|F ?wN |+ nn/2K2 = nn/2K1〈f?wA, ?θ〉+ nn/2K2.

Set

ξ =
|f?wA|1/k

|g?wB|1/(n−k)
.

The preceding relations takes the form

(kξ2 + (n− k))n/2

≤ nn/2K1〈f?wA, ?θ〉|g?wB|−n/(n−k) + nn/2K2|g?wB|−n/(n−k),
(3.6)

or takes the form as

(kξ2 + (n− k))n/2 ≤ nn/2K1ξ
k + nn/2K2|g?wB|−n/(n−k). (3.7)

Using the notations c and c for the least and greatest positive roots of
equation (3.2), we have c ≤ ξ ≤ c, and

c |g?wB|1/(n−k) ≤ |f?wA|1/k ≤ c |g?wB|1/(n−k). (3.8)

From (3.8) it follows that

cn−k|θ| ≤ |f?wA|(n−k)/k.

As above, from (3.6) it follows that

|f?wA|n/k ≤ (k +
n− k

c2 )−n/2(nn/2K1〈f?wA, ?θ〉+ nn/2K2).

That is
|f?wA|n/k ≤ (k+

n−k

c2 )−n/2nn/2K1〈f?wA, ?θ〉

+(k +
n− k

c2 )−n/2nn/2K2.
(3.9)
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Thus condition (2.4) for the membership of the differential form f?wA
of degree k in the class WT 1 is indeed satisfied. This ends the proof of
Theorem 3.1.

Let y1, · · · yk be an orthonormal system of coordinates in Rk, 1 ≤ k ≤ n.
Let A be a domain in Rk and let B be an (n− k)-dimensional Riemannian
manifold. We consider the maniflod N = A× B.

Let F = (f1, f2, · · · , fk, g) : M→N be a mapping of the class
W p

n,loc(M) and g = η◦F as defined above. We have f?wA = df1∧· · ·∧dfk.

Theorem 3.2. Let F be a (K1,K2)-quasiregular mapping. Then the dif-
ferential form f?wA is of the class WT 2 on M with the structure constants
p = n/k, ν4 = ν4(n, k,K1,K2) and ν5 = ν5(n, k,K1,K2).

Remark 3.2. We can choose the constants ν3, ν4, ν5 to be

ν3 = cn−k
1 , ν4 =(

1
c2
1

+1)−n/2nn/2K1, ν5 =(
1
c2
1

+1)−n/2nn/2K2,

where c1 is the least and c1 the greatest positive root of the equation

(ξ2+1)n/2−k−k/2(n−k)−(n−k)/2nn/2K1ξ
k

−nn/2K2(
n∑

i=k+1

|dgi|2)−n/2 =0.
(3.10)

Proof. In contrast to the previous case, the k-form f?wA has now a global
coordinate representation. Because the earlier arguments had local charac-
ter, they are applicable to the present case,too. As in the previous case we
can choose θ = g?wB. Condition (2.5) holds with the same constant. We
now proceed to verify condition(2.7).

Combining (3.3), (3.4) and (3.5), we get

(
k∑

i=1

|df i|2 +
n∑

i=k+1

|dgi|2)n/2 ≤ (n|F ′ |2)n/2 = nn/2|F ′ |n

≤ nn/2(K1|F ?wN |+ K2)=nn/2K1|F ?wN |+ nn/2K2

≤ nn/2K1|df1 ∧ · · · ∧ dfk||dgk+1 ∧ · · · ∧ dgn|+ nn/2K2

≤ nn/2K1(
1
k

k∑

i=1

|df i|2)k/2(
1

n− k

n∑

i=k+1

|dgi|2)(n−k)/2 + nn/2K2

= k−k/2(n−k)−(n−k)/2nn/2K1(
k∑

i=1

|df i|2)k/2(
n∑

i=k+1

|dgi|2)(n−k)/2+nn/2K2.

Hence we have
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ξ = (
∑k

i=1 |df i|2∑n
i=k+1 |dgi|2) )1/2.

Moreover we can get

(ξ2+1)n/2≤k−k/2(n−k)−(n−k)/2nn/2K1ξ
k+nn/2K2(

n∑

i=k+1

|dgi|2)−n/2.

If c1 and c1 are, respectively, the least and greatest of the positive roots of
(3.10), then

c1(
n∑

i=k+1

|dgi|2)1/2 ≤ (
k∑

i=1

|df i|2)1/2 ≤ c1(
n∑

i=k+1

|dgi|2)1/2. (3.11)

From the relation (3.3), it follows that

(
1
c2
1

+ 1)n/2(
k∑

i=1

|df i|2)n/2 ≤ ((
1
ξ2

+ 1)(
k∑

i=1

|df i|2))n/2

= (
k∑

i=1

|df i|2 +
n∑

i=k+1

|dgi|2)n/2 ≤ nn/2|F ′ |n

≤ nn/2(K1|F ?wN |+ K2) = nn/2(K1〈f?wA, ?θ〉+ nn/2K2.

That is

‖f?wA‖n ≤ (
1
c2
1

+ 1)−n/2nn/2K1〈f?wA, ?θ〉+ (
1
c2
1

+ 1)−n/2nn/2K2,

which guarantees the truth of (2.7).
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This paper deals with the Beltrami system with three characteristic matrices
in even dimensions

Dtf(x)H(x)Df(x) = J
2
n
f (x)G(x) + K(x)Dtf(x)Df(x). (∗)

An elliptic equation of divergence type

divA(x,∇u) = divB(x, Df)

is derived from (∗) under the uniformly elliptic conditions on the matrices
H(x), G(x) ∈ S(n) and K(x) of diagonal and positive.
Keywords: Beltrami system with three characteristic matrices, elliptic system
of divergence form, quasiregular mapping.
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1. Introduction

Let Ω be a bounded domain in Rn, n ≥ 2. Consider a mapping f =
(f1, f2, · · · , fn)∈ W 1,n

loc (Ω,Rn). Denote by Df(x) = ( ∂fi

∂xj
)1≤i,j≤n and Jf (x)

= detDf(x) the Jacobian matrix and the Jacobian determinant of f , re-
spectively. Denote by Dtf(x) and |Df(x)| the transpose and the norm of
Df(x), in which |Df(x)|2 = tr(Dtf(x)Df(x)). In this paper, we also need
another norm of Df(x), denoted by |Df(x)|2, which ia defined by

|Df(x)|2 = sup
|h|∈Sn

|Df(x)h|, (1.1)

where Sn denotes the unit sphere in Rn. The two matrix norms satisfy

|Df(x)|2 ≤ |Df(x)| ≤ n
1
2 |Df(x)|2. (1.2)

In this paper, we always assume that f is orientation-preserving, i.e.
Jf (x) ≥ 0, a.e. Ω.

Definition 1.1. A mapping f : Ω → Rn is called K-quasiregular mapping,
1 ≤ K < ∞, if f(x) satisfies

(1) f ∈ W 1,n
loc (Ω,Rn);

(2) |Df |n ≤ KJf (x), a.e. x ∈ Ω.
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If f is also homeomorphous, then f is called quasiconformal mapping
(see [1]).

Beltrami system with one characteristic matrix

Dtf(x)Df(x) = J
2
n

f (x)G(x), (1.3)

and Beltrami system with two characteristic matrices

Dtf(x)H(x)Df(x) = J
2
n

f (x)G(x) (1.4)

are relevant with quasiregular mappings, in which G(x),H(x) ∈ GL(n) are
n × n matrices: positive, symmetric with determinant 1, and satisfy the
following conditions

α1| ξ|2 ≤ 〈G(x)ξ, ξ〉 ≤ β1| ξ|2, 0 ≤ α1 ≤ β1 < ∞, 0 6= ξ ∈ Rn, (1.5)

α2| η|2 ≤ 〈H(x)η, η〉 ≤ β2| η|2, 0 ≤ α2 ≤ β2 < ∞, 0 6= η ∈ Rn. (1.6)

From calculation, if f(x) ∈ W 1,n
loc (Ω,Rn) is a generalized solution of

(1.4), then f(x) is ( β1
α1

)n-quasiregular mapping (see [2]).
In complex plane, the study of the property of the solutions of Beltrami

systems with one characteristic matrix and two characteristic matrices is
very important and we have derived embedded and systematic results. How
to generalize the results in two dimensions to high dimensions, the allied
sufficient conditions and the regularity of solutions are problems which is
the mathematicians are studying all along (see [3–5]). In this paper, we
consider the Beltrami system with three characteristic matrices in even
dimensions

Dtf(x)H(x)Df(x) = J
2
n

f (x)G(x) + K(x)Dtf(x)Df(x). (1.7)

In the following, we will translate (1.7) into an elliptic equation of diver-
gence form

divA(x,∇u) = divB(x,Df). (1.8)

Because divergence form elliptic equation is important for the study of
quasiregular mappings, this paper constructs a bridge of (1.7) and quasireg-
ular mappings, such that we study the theory of quasiregular mappings with
the way of partial differential equations.

In (1.7), G(x),K(x) ∈ GL(n), H(x) is positive and diagonal matrix,
and satisfy

(i) α1| ξ|2 ≤ 〈G(x)ξ, ξ〉 ≤ β1| ξ|2, 0 ≤ α1 ≤ β1 < ∞;
(ii) α2| η|2 ≤ 〈H(x)η, η〉 ≤ β2| η|2, 0 ≤ α2 ≤ β2 < ∞;
(iii) α3| 〈ξ, ζ〉| ≤ 〈K(x)ξ, ζ〉 ≤ β3| 〈ξ, ζ〉| , 0 ≤ α3 ≤ β3 < ∞,

where 0 6= ξ, η, ζ ∈ Rn.
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From direct calculation, if f(x) ∈ W 1,n
loc (Ω,Rn) is a generalized solu-

tion of (1.7) which is satisfy (i), (ii) and (iii), then f(x) is a n
1
2 2

n−2
2 β

n
2
1

α
n
2
2 −2

n−2
2 β

n
2
3

-

quasiregular mapping.

Definition 1.2. If for every testing function φ ∈ W 1,n
0 (Ω,Rn), which has

compact supports, we have

∫

Ω

〈A(x,∇u),∇φ〉dx =
∫

Ω

〈B(x,Df),∇φ〉dx, (1.9)

then u = f l is the weak solution of the elliptic equation (1.8).
The main result is the following theorem.

Theorem 1.1. Assume that f(x) (∈ W 1,n
loc (Ω,Rn), n = 2k, k = 1, 2, . . .)

is a generalized solution of (1.7), which is satisfy (i), (ii) and (iii). Then
u = f l (l = 1, 2, ...n) are weak solutions of (1.8)

divA(x,∇u) = divB(x,Df),

in which

A(x,∇u) = (
〈G−1(x)∇u,∇u〉

H ll(x)
)

n−2
2 G−1(x)∇u,

B(x,Df) = B1(x,Df)+B2(x,∇u)+B3(x,∇u),

B1(x,Df) = (H ll(x)−H ll(x0))Jf (x)D−1f(x)el,

B2(x,∇u) = H ll(x)J
n−2

n

f (x)G−1(x)K(x)∇u(x),

B3(x,∇u) =
k−1∑
p=1

(−1)p+1Cp
k−1(

〈G−1(x)∇u,∇u〉
H ll(x)

)k−1−p

×〈G−1(x)K(x)∇u,∇u〉pG−1(x)∇u,

where H ll(x) denotes the lth element of main diagonal line in H−1(x),
l = 1, 2, · · · , n.

In the proof of the theorem 1.1, we need the following lemma, see [10].

Lemma 1.1. For quasiregular mapping f(x) ∈ W 1,n
loc (Ω, Rn) and arbitrary

constant vector a ∈ Rn, in distribution meaning, we have

div{Jf (x)D−1f(x)a} = 0. (1.10)
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2. Proof of Theorem 1.1

Proof. From the Beltrami system with three characteristic matrices (1.7),
we have

Jf (x)D−1f(x)=J
n−2

n

f (x)G−1(x)Dtf(x)H(x)−J
n−2

n

f (x)G−1(x)K(x)Dtf(x).
(2.1)

From (1.12), for arbitrary constant vector a ∈ Rn, we have

div{J
n−2

n

f (x)G−1(x)Dtf(x)H(x) · a−J
n−2

n

f (x)G−1(x)K(x)Dtf(x) · a}=0.
(2.2)

Taking x0 ∈ U , assume {e1, e2, · · · , en} is a set of standard orthogonal basis
in Rn. Let a = H−1(x0)el, l = 1, 2, · · · , n. from(2.2), we have

div{J
n−2

n

f (x)G−1(x)[∇f l(x) + Dtf(x)(H(x)H−1(x0)− Id)el]

−J
n−2

n

f (x)G−1(x)K(x)Dtf(x)H−1(x0)el} = 0,
(2.3)

From (1.7), we also get

J
2
n

f (x)H−1(x)=Df(x)G−1(x)Dtf(x)−Df(x)G−1(x)K(x)Dtf(x)H−1(x),
(2.4)

Consider the lth element of diagonal line in (2.4), we get

〈J
2
n

f (x)H−1(x)el, el〉 = 〈Df(x)G−1(x)Dtf(x)el, el〉
〈−Df(x)G−1(x)K(x)Dtf(x)H−1(x)el, el〉,

namely,

J
2
n

f (x)H ll(x) = 〈G−1(x)Dtf(x)el, Dtf(x)el〉
−H ll(x)〈G−1(x)K(x)Dtf(x)el, Dtf(x)el〉

= 〈G−1(x)∇f l,∇f l〉 −H ll(x)〈G−1(x)K(x)∇f l,∇f l〉.

(2.5)

Since H(x) satisfies (ii), we have

1
β2
| η|2 ≤ 〈H−1(x)η, η〉 ≤ 1

α2
| η|2, 0 6= η ∈ Rn.

Taking η = el = (0, · · · , 0,

lth︷︸︸︷
1 , 0, · · · , 0)t, then

1
β2

≤ H ll(x) ≤ 1
α2

, (2.6)
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and

J
2
n

f (x) =
〈G−1(x)∇f l,∇f l〉

H ll(x)
− 〈G−1(x)K(x)∇f l,∇f l〉. (2.7)

From (2.1), (2.7) and (2.3), it follows

div{( 〈G
−1(x)∇f l,∇f l〉

H ll(x)
− 〈G−1(x)K(x)∇f l,∇f l〉)n−2

2 G−1(x)∇f l

+(Jf (x)D−1f(x)+J
n−2

n

f (x)G−1(x)K(x)Dtf(x))(H−1(x0)−H−1(x))el

−J
n−2

n

f (x)G−1(x)K(x)Dtf(x)H−1(x0)el} = 0,

namely,

div{( 〈G
−1(x)∇f l,∇f l〉

H ll(x)
−〈G−1(x)K(x)∇f l,∇f l〉)n−2

2 G−1(x)∇f l

+Jf (x)D−1f(x)(H−1(x0)−H−1(x))el

−J
n−2

n

f (x)G−1(x)K(x)Dtf(x)H−1(x)el} = 0.

(2.8)
Taking n = 2k, k = 1, 2, · · ·, we have

div(
〈G−1(x)∇f l,∇f l〉

H ll(x)
)

n−2
2 G−1(x)∇f l

= div(H ll(x)−H ll(x0))Jf (x)D−1f(x)el

+divH ll(x)J
n−2

n

f (x)G−1(x)K(x)∇f lvse

+div[
k−1∑
p=1

(−1)p+1Cp
k−1(

〈G−1(x)∇f l,∇f l〉
H ll(x)

)k−1−p

×〈G−1(x)K(x)∇f l,∇f l〉pG−1(x)∇f l].

(2.9)

Let u = f l, and

A(x,∇u) = (
〈G−1(x)∇u,∇u〉

H ll(x)
)

n−2
2 G−1(x)∇u,

B(x,Df) = B1(x,Df) + B2(x,∇u) + B3(x,∇u),

B1(x,Df) = (H ll(x)−H ll(x0))Jf (x)D−1f(x)el,

B2(x,∇u) = H ll(x)J
n−2

n

f (x)G−1(x)K(x)∇u(x),

B3(x,∇u) =
k−1∑
p=1

(−1)p+1Cp
k−1(

〈G−1(x)∇u,∇u〉
H ll(x)

)k−1−p

×〈G−1(x)K(x)∇u,∇u〉pG−1(x)∇u,
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we complete the proof of Theorem 1.1.

3. The Properties of Operators A and B

Firstly, from (i) and (2.6), it is easy to get

1
β1

(
α2

β1
)

n−2
2 |ξ|n ≤ 〈A(x, ξ), ξ〉 ≤ 1

α1
(
β2

α1
)

n−2
2 |ξ|n,∀ξ ∈ Rn, ξ 6= 0. (3.1)

Then, we prove

(1) Lipschitz condition

|A(x, h1)−A(x, h2)| ≤ c1|h1 − h2|(|h1|+ |h2|)n−2,

where c1 = c1(α1, α2, α3, β1, β2, β3, n).

Proof. Since G−1(x) ∈ GL(n), there exist orthogonal matrix O1 and di-
agonal matrix Γ1, such that G−1 = O1Γ2

1O
t
1 = P t

1P1, where P1 = (O1Γ1)t.
So

A(x, hi) = H ll(x)
2−n

2 |P1hi|n−2P t
1P1hi = H ll(x)

2−n
2 P t

1 |gi|n−2gi,

where gi = P1hi, i = 1, 2. Furthermore,

|A(x, h1)−A(x, h2)| = |H ll(x)
2−n

2 P t
1(|g1|n−2g1 − |g2|n−2g2)|. (3.2)

In the following, we prove that

||g1|n−2g1 − |g2|n−2g2| ≤ (n− 1)|g1 − g2|(|g1|+ |g2|)n−2. (3.3)

In fact, with triangle inequality, we have

||g1|n−2g1−|g2|n−2g2|≤|g1|n−2 · |g1−g2|+||g1|n−2−|g2|n−2| · |g2|
≤ (|g1|+ |g2|)n−2|g1 − g2|+ ||g1|n−2 − |g2|n−2||g2|.

(3.4)

From the symmetrical characteristic of g1 and g2, we have

||g1|n−2g1−|g2|n−2g2|≤(|g1|+|g2|)n−2|g1−g2|+||g1|n−2−|g2|n−2| · |g1|. (3.5)

Let |g1| ≤ |g2|. Then

||g1|n−2−|g2|n−2| · |g1| ≤ (n− 2)|g2|n−3||g1|−|g2|| · |g1|
≤ (n− 2)|g2|n−3|g1 − g2|(|g1|+ |g2|)
≤ (n− 2)(|g1|+ |g2|)n−2|g1 − g2|.

(3.6)
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From (3.5) and (3.6), we have (3.3). From (3.2) and (3.3), we have

|A(x, h1)−A(x, h2)| ≤ (n−1)|H ll(x)
2−n

2 |·|P t
1 |·|g1−g2|(|g1|+|g2|)n−2. (3.7)

From G−1 = P t
1P1 and 1

β1
|ξ|2 ≤ 〈G−1(x)ξ, ξ〉 ≤ 1

α1
|ξ|2, we have

1
β1

≤ |P1|2 ≤ 1
α1

. (3.8)

From (3.7) and (3.8), we get the Lipschitz condition.

(2) Monotonous inequality

〈A(x, h1)−A(x, h2), h1 − h2〉 ≥ c2|h1 − h2|2(|h1|+ |h2|)n−2. (3.9)

Proof.

〈A(x, h1)−A(x, h2), h1 − h2〉
= 〈H ll(x)

2−n
2 P t

1(|g1|n−2g1 − |g2|n−2g2), h1 − h2〉
= 〈H ll(x)

2−n
2 (|g1|n−2g1 − |g2|n−2g2), g1 − g2〉

= H ll(x)
2−n

2 { 1
2 [|g1 − g2|2(|g1|n−2 + |g2|n−2)

+(|g1|2 − |g2|2)(|g1|n−2 − |g2|n−2)]}
≥ H ll(x)

2−n
2 { 1

2 |g1 − g2|2(|g1|n−2 + |g2|n−2)}
= H ll(x)

2−n
2 { 1

2 〈G−1(x)(h1 − h2), h1 − h2〉
×[〈G−1(x)h1, h1〉n−2

2 + 〈G−1(x)h2, h2〉n−2
2 ]}

≤ C|h1 − h2|2(|h1|n−2 + |h2|n−2)

≥ C2|h1 − h2|2(|h1|+ |h2|)n−2.

(3) Homogeneity condition

A(x, λξ) = |λ|n−2λA(x, ξ), λ ∈ R. (3.10)

Proof. It is easy to get from the definition of A(x, ξ).
Finally, we give the condition which B is satisfied. From (1.7), we have

J
− 2

n

f (x)H(x) = (D−1f(x))tG(x)D−1f(x)

+J
− 2

n

f (x)(D−1f(x))tK(x)Dtf(x),
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then, for ∀ξ ∈ Rn,

J
− 2

n

f (x)〈H(x)ξ, ξ〉 = 〈(D−1f(x))tG(x)D−1f(x)ξ, ξ〉

+J
− 2

n

f (x)〈(D−1f(x))t)tK(x)Dtf(x)ξ, ξ〉
= 〈G(x)D−1f(x)ξ, D−1f(x)ξ〉

+J
− 2

n

f (x)〈K(x)Dtf(x)ξ, D−1f(x)ξ〉.

So
〈G(x)D−1f(x)ξ,D−1f(x)ξ〉

= J
− 2

n

f (x)(〈H(x)ξ, ξ〉 − 〈K(x)Dtf(x)ξ,D−1f(x)ξ〉).
(3.11)

Consider (i), (ii) and (iii), we have

α1|D−1f(x)ξ|2 ≤ 〈G(x)D−1f(x)ξ, D−1f(x)ξ〉 ≤ β1|D−1f(x)ξ|2,
α2|ξ|2 ≤ 〈H(x)ξ, ξ〉 ≤ β2|ξ|2,

α3|ξ|2 = α3|〈Dtf(x)ξ,D−1f(x)ξ〉| ≤ 〈K(x)Dtf(x)ξ,D−1f(x)ξ〉
≤ β3|〈Dtf(x)ξ,D−1f(x)ξ〉| = β3|ξ|2.

so

|D−1f(x)ξ|2 ≤ 1
α1

J
− 2

n

f (x)(〈H(x)ξ, ξ〉 − 〈K(x)Dtf(x)ξ,D−1f(x)ξ〉)

≤ 1
α1

J
− 2

n

f (x)(β2 − α3)|ξ|2.

Then,

|D−1f(x)|2 ≤ 1
α1

(β2 + α3)J
− 2

n

f (x). (3.12)

With (2.6),(2.7),(i) and (ii), we have

J
2
n

f (x) =
〈G−1(x)∇f l,∇f l〉

H ll(x)
− 〈G−1(x)K(x)∇f l,∇f l〉

= q
β2

α1
|∇f l|2 − 〈K(x)∇f l, (G−1(x))t∇f l〉

≤ β2

α1
|∇f l|2 − α3|〈G−1(x)∇f l,∇f l〉|

≤ β2

α1
|∇f l|2 − α3

α1
|∇f l|2 = (

β2 − α3

α1
)|∇f l|2,

(3.13)
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so
|Jf (x)D−1f(x)| ≤ Jf (x)(

β2 − α3

α1
)

1
2 J

− 1
n

f (x)

= (
β2 − α3

α1
)

1
2 J

n−1
n

f (x) ≤ (
β2 − α3

α1
)

n
2 |∇f l|n−1,

(3.14)

then

|B1(x,Df)| = |(H ll(x)−H ll(x0))Jf (x)D−1f(x)el|

≤ 2
α2
|Jf (x)D−1f(x)| ≤ 2

α2
(
β2 − α3

α1
)

n
2 |∇f l|n−1,

(3.15)

and

|B2(x,∇f l)| = |H ll(x)J
n−2

n

f (x)G−1(x)K(x)∇f l|

≤ 1
α2

J
n−2

n

f (x)|G−1(x)K(x)∇f l|

≤ 1
α2

(
β2 − α3

α1
)

n−2
2 |G−1(x)| · |K(x)| · |∇f l|n−1.

(3.16)

Since K(x) ∈ GL(n), there exist orthogonal matrix O2 and diagonal matrix
Γ2, such that K = O2Γ2

2O
t
2 = P t

2P2, where P2 = (O2Γ2)t, then

|〈K(x)ξ, ξ〉| = 〈P t
2P2ξ, ξ〉 = |P2ξ|2 ≤ β3|ξ|2,

|P2|2 = sup
|ξ|=1

|P2ξ|2 ≤ β3.

Furthermore,
|K(x)| = |P t

2P2| ≤ |P2|2 ≤ β3. (3.17)

Similarly, we have

|G−1(x)| ≤ 1
α1

. (3.18)

Then
|B2(x,∇f l)| ≤ β3

α1α2
(
β2 − α3

α1
)

n−2
2 |∇f l|n−1. (3.19)

When n = 2k, k = 1, 2, · · ·, we have

|B3(x,∇f l)| = |
k−1∑
p=1

(−1)p+1Cp
k−1(

〈G−1(x)∇f l,∇f l〉
H ll(x)

)k−1−p

×〈G−1(x)K(x)∇f l,∇f l〉pG−1(x)∇f l|

≤
k−1∑
p=1

Cp
k−1|(

〈G−1(x)∇f l,∇f l〉
H ll(x)

)k−1−p|

×|〈G−1(x)K(x)∇f l,∇f l〉p||G−1(x)||∇f l|
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≤
k−1∑
p=1

Cp
k−1(

β2

α1
|∇f l|2)k−1−p(

β3

α1
|∇f l|2)p 1

α1
|∇f l|

=
k−1∑
p=1

Cp
k−1(

1
α1

)kβk−1−p
2 βp

3 |∇f l|2k−1

=
k−1∑
p=1

Cp
k−1(

1
α1

)kβk−1−p
2 βp

3 |∇f l|n−1

= (
1
α1

)k
k−1∑
p=1

Cp
k−1β

k−1−p
2 βp

3 |∇f l|n−1.

(3.20)

Then

|B(x,Df)| ≤ |B1(x,Df)|+ |B2(x,∇f l)|+ |B3(x,∇f l)|

≤ (c1 + c2 + c3)|∇f l|n−1,

where
c1 =

2
α2

(
β2 − α3

α1
)

n
2 ,

c2 =
β3

α1α2
(
β2 − α3

α1
)

n−2
2 ,

c3 = (
1
α1

)k
k−1∑
p=1

Cp
k−1β

k−1−p
2 βp

3 .
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This paper mainly concerns double obstacle problems for second order diver-
gence type elliptic equation divA(x, u,∇u) = 0. Firstly, we give local bound-
edness of solutions for double obstacle problems, then by using the similarly
method, the local regularity of solutions for the above problems is proved.
Keywords: Double obstacle problems, local boundedness, local regularity.
AMS No: 35J60, 35B35.

1. Introduction

Let Ω be a bounded open set of Rn (n ≥ 2). We consider the second
order divergence type elliptic equation (also called A-harmonic equation or
Leray-Lions equation)

divA(x, u(x),∇u(x)) = 0, (1.1)

in which A : Ω × R × Rn → Rn is a Carathéodory function satisfying the
coercivity and growth conditions: for almost all x ∈ Ω, all u ∈ R, and
ξ ∈ Rn,

(i) 〈A(x, u, ξ), ξ〉 ≥ α|ξ|p,
(ii) |A(x, u, ξ)| ≤ β1|ξ|p−1 + β2|u|m + ϕ1(x),

where α > 0, β1 and β2 are some nonnegative constants, 1 < p < n,
p− 1 ≤ m ≤ n(p−1)

n−p and ϕ1(x) ∈ L
s/(p−1)
loc (Ω) for some s > p.

Suppose that ψ1, ψ2 are any functions in Ω with values in R ∪ {±∞},
and that θ ∈ W 1,p(Ω). Let

Kθ,p
ψ1,ψ2

(Ω) = {v ∈ W 1,p(Ω) : ψ1 ≤ v ≤ ψ2, a.e. and v − θ ∈ W 1,p
0 (Ω)}.

The function ψ1, ψ2 are two obstacles and θ determines the boundary val-
ues.

1The research is supported by Natural Science Foundation of Hebei Province
(A2010000910) and Tangshan Science and Technology projects (09130206c).
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Definition 1.1. A solution to the Kθ,p
ψ1,ψ2

(Ω)-double obstacle problem for
the A-harmonic equation (1.1) is a function u ∈ Kθ,p

ψ1,ψ2
(Ω), such that

∫

Ω

〈A(x, u,∇u),∇(v − u)〉dx ≥ 0, (1.2)

whenever v ∈ Kθ,p
ψ1,ψ2

(Ω).

Remark 1.1. If there only one obstacle function ψ, we say it’s the (single)
obstacle problem. That is,

Kψ,θ = {v ∈ W 1,p(Ω) : v ≥ ψ, a.e. and v − θ ∈ W 1,p
0 (Ω)}.

For the details to see [2-3].
The obstacle problem has a strong background, and has many appli-

cations in physics and engineering. The local boundedness for solutions
of obstacle problems plays a central role in many aspects. Based on
the local boundedness, we can further study the regularity of the solu-
tions. In [1], Gao Hongya et al. first considered the local boundedness
for very weak solutions of obstacle problems to the A-harmonic equation
in 2010. Precisely, the authors considered the local boundedness for very
weak solutions of Kψ,θ(Ω)-obstacle problems to the A-harmonic equation
div A(x,∇u(x)) = 0 with the condition ψ ≥ 0, where operator A satisfies
conditions 〈A(x, ξ), ξ〉 ≥ α|ξ|p and |A(x, ξ)| ≤ β|ξ|p−1 with A(x, 0) = 0.
For the local boundedness results of weak solutions of nonlinear elliptic
equations, we refer the reader to [4].

In this article, we continue to consider the local boundedness property.
Under some general conditions (i) and (ii) given above on the operator A,
we obtain a local boundedness result for solutions of Kθ,p

ψ1,ψ2
-double obstacle

problems to the A-harmonic equation (1.1).

Theorem A. Let operator A satisfy conditions (i) and (ii). Suppose that
ψ1 ∈ W 1,∞

loc (Ω). Then a solution u to the Kθ,p
ψ1,ψ2

(Ω)-obstacle problem of
(1.1) is locally bounded.

Remark 1.2. Since we have assumed that operator A satisfies the growth
condition (ii), in the proof of the theorem, we have to estimate the integral
of some power of |u| by means of |∇u|. To deal with this difficulty, we will
make use of the Sobolev inequality that was used in [8].

Remark 1.3. Notice that we have restricted ourselves to the case 1 <
p < n in the above theorem. In [1], Gao Hongya et al. consider the case
max{1, p− 1} < r ≤ p.

The second aim of this paper considers local regularity for solutions of
Kθ,p

ψ1,ψ2
(Ω)-double obstacle problems, here we will show that the condition

ψ1 ≥ 0 in [8] is not necessary.
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Theorem B. Let operator A satisfies conditions (i) and (ii). Suppose that
ψ1, ψ2 ∈ W 1,s

loc (Ω) (1 < p < s < n). Then, a solution u to the Kθ,p
ψ1,ψ2

(Ω)-
obstacle problem of (1.1) is belongs to Ls∗

loc(Ω) (s∗ = 1/(1/s− 1/n)).

2. Preliminary Knowledge and Lemmas

We give some symbols and preliminary lemmas used in the proof. If x0 ∈ Ω
and t > 0, then Bt denotes the ball of radius t centered at x0. For a function
u(x) and k > 0, let Ak = {x ∈ Ω : |u(x)| > k}, A+

k = {x ∈ Ω : u(x) > k},
Ak,t = Ak ∩ Bt, A+

k,t = A+
k ∩ Bt. Moreover, if s < n, s∗ is always the real

number satisfying 1/s∗ = 1/s− 1/n. Denote tk(u) = min{u, k}. Let Tk(u)
be the usual truncation of u at level k > 0, that is,

Tk(u) = max{−k,min{k, u}}. (2.1)

Lemma 2.1[5]. Let u ∈ W 1,r
loc (Ω), ϕ0 ∈ Lq

loc(Ω), where 1 < r < n and q
satisfies 1 < q < n/r. Assume that the following integral estimate holds:

∫

Ak,t

|∇u|rdx ≤ c0

[ ∫

Ak,t

ϕ0dx + (t− τ)−α

∫

Ak,t

|u|rdx

]
, (2.2)

for every k ∈ N and R0 ≤ τ < t ≤ R1, where c0 is a real positive constant
that depends only on N, q, r,R0, R1, |Ω| and, α is a real positive constant.
Then u ∈ L

(qr)∗

loc (Ω).

Lemma 2.2[6]. Let f(τ) be a nonnegative bounded function defined for
0 ≤ R0 ≤ t ≤ R1. Suppose that for R0 ≤ τ < t ≤ R1, one has

f(τ) ≤ A(t− τ)−α + B + θf(t),

where A,B, α, θ are nonnegative constants and θ < 1. Then there exists
a constant c2 = c2(α, θ), depending only on α and θ, such that for every
ρ,R, R0 ≤ ρ < R ≤ R1, one has

f(ρ) ≤ c2[A(t− τ)−α + B].

Definition 2.1[7]. A function u ∈ W 1,m
loc (Ω) belongs to the class

B(Ω, γ,m, k0), if for all k > k0, k0 > 0 and all Bρ = Bρ(x0), Bρ−ρσ =
Bρ−ρσ(x0), BR = BR(x0), one has

∫

A+
k,ρ−ρσ

|∇u|mdx ≤ γ

{
σ−mρ−m

∫

A+
k,ρ

(u− k)mdx +
∣∣∣∣A+

k,ρ

∣∣∣∣
}

,

for R/2 ≤ ρ − ρσ < ρ < R, m < n, where |A+
k,ρ| is the n-dimensional

Lebesgue measure of the set A+
k,ρ.
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Lemma 2.3[7]. Suppose that u(x) is an arbitrary function belonging to the
class B(Ω, γ,m, k0) and BR ⊂⊂ Ω. Then one has

max
BR/2

u(x) ≤ c,

in which the constant c is determined only by γ, m, k0, R, ‖∇u‖m.

3. Proof of Theorem A

Proof. Let u be a solution to the Kθ,p
ψ1,ψ2

(Ω)-obstacle problem for the A-
harmonic equation (1.1), and BR1 ⊂⊂ Ω and 0 < R1/2 ≤ τ < t ≤ R1 be
arbitrarily fixed. Fix a cutoff function φ ∈ C∞0 (BR1), such that

suppφ ⊂ Bt, 0 ≤ φ ≤ 1, φ ≡ 1 in Bτ , |∇φ| ≤ 2(t− τ)−1. (3.1)

Consider the function
v = u− φp(u− ψk), (3.2)

where ψk = min{max{ψ1, tk(u)}, ψ2}, tk(u) = min{u, k}, k ≥ 0. It is easy
to see ψ1 ≤ ψk ≤ ψ2. Now, v ∈ Kθ,p

ψ1,ψ2
(Ω); indeed, since u ∈ Kθ,p

ψ1,ψ2
(Ω)

and φ ∈ C∞0 (Ω), then

v − θ = u− θ − φp(u− ψk) ∈ W 1,p
0 (Ω), (3.3)

v − ψ1 = u− ψ1 − φp(u− ψk) ≥ (1− φp)(u− ψ1) ≥ 0 a.e. in Ω, (3.4)

v − ψ2 = u− ψ2 − φp(u− ψk) ≤ (1− φp)(u− ψ2) ≤ 0 a.e. in Ω. (3.5)

For any fixed k > 0, let

v0 =
{

u, if u ≤ k,

v, if u > k.

It is easy to see that v0 ∈ Kθ,p
ψ1,ψ2

(Ω). By Definition 1.1, we have

0 ≤
∫

Ω

〈A(x, u,∇u),∇(v0 − u)〉dx

=
( ∫

Ω∩{u≤k}
+

∫

Ω∩{u>k}

)
〈A(x, u,∇u),∇(v0 − u)〉dx

=
∫

Ω∩{u>k}
〈A(x, u,∇u),∇(v0 − u)〉dx

=
∫

A+
k,t

〈A(x, u,∇u),∇(v − u)〉dx.

(3.6)
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That is∫

A+
k,t

〈A(x, u,∇u), φp(∇u−∇ψk) + pφp−1∇φ(u− ψk)〉dx ≤ 0. (3.7)

This implies
∫

A+
k,t

〈A(x, u,∇u), φp∇u〉dx ≤
∫

A+
k,t

〈A(x, u,∇u), φp∇ψk〉dx

+
∫

A+
k,t

〈A(x, u,∇u), pφp−1∇φ(ψk−u)〉dx

= I1 + I2.
(3.8)

We now estimate the left-hand side and the right-hand side of (3.8), re-
spectively. First,

∫

A+
k,t

〈A(x, u,∇u), φp∇u〉dx ≥
∫

A+
k,τ

〈A(x, u,∇u),∇u〉dx

≥ α

∫

A+
k,τ

|∇u|pdx,

(3.9)

here we have used condition (i). Secondly, ψk = max{ψ1, k} in A+
k,t,

|∇ψk| ≤ |∇ψ1|, by condition (ii),

|I1| =
∣∣∣∣
∫

A+
k,t

〈A(x, u,∇u), φp∇ψk〉dx

∣∣∣∣

≤
∫

A+
k,t

[β1|∇u|p−1 + β2|u|m + ϕ1]|∇ψ1|dx

= I11 + I12 + I13.

(3.10)

By Young’s inequality ab ≤ εap′ + C(ε, p)bp valid for a, b ≥ 0, ε > 0 and
p > 1, we have the estimates

|I11| ≤ β1

[
ε

∫

A+
k,t

|∇u|pdx + C(ε, p)
∫

A+
k,t

|∇ψ1|pdx

]
, (3.11)

|I12| ≤ β2

[
ε

∫

A+
k,t

|u|mp′dx + C(ε, p)
∫

A+
k,t

|∇ψ1|pdx

]
. (3.12)

We observe now that, if w ∈ W 1,p(Bt) and |suppw| ≤ 1/2|Bt|, then we
have the Sobolev inequality (see also [8])

( ∫

Bt

|w|p∗dx

)p/p∗

≤ c1(n, p)
∫

Bt

|∇w|pdx. (3.13)
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Set

gk(u) =
{

u, if u ≤ k,

0, if u > k.

Since p−1 ≤ m ≤ n(p−1)
n−p by assumption, then p ≤ mp′ ≤ p∗. (3.13) implies

∫

A+
k,t

|u|mp′dx =
∫

Bt

|u− gk(u)|mp′dx

≤ ‖u− gk(u)‖mp′−p
p∗ |Bt|1−mp′/p∗

( ∫

Bt

|u− gk(u)|p∗dx

)p/p∗

≤ c1(n, p)‖u− gk(u)‖mp′−p
p∗ |Bt|1−mp′/p∗

∫

Bt

|∇(u− gk(u))|pdx

= c1(n, p)‖u− gk(u)‖mp′−p
p∗ |Bt|1−mp′/p∗

∫

A+
k,t

|∇u|pdx,

(3.14)

provided that |supp(u− gk(u))|Bt
| ≤ 1/2|Bt|. Since supp(u − gk(u))|Bt

⊂
A+

k,t, then |supp(u− gk(u))|Bt | ≤ |A+
k,t|. On the other hand, we have

‖u‖p∗

p∗,Bt
=

∫

Bt

up∗dx ≥
∫

A+
k,t

|u|p∗dx ≥ kp∗ |A+
k,t|.

Thus, there exists a constant k0 > 0, such that for all k ≥ k0, we have
|A+

k,t| ≤ 1/2|Bt|. We can also suppose that k0 such that

∫

Ak0,t

up∗dx ≤ 1.

For such values of k we then have inequality
∫

A+
k,t

|u|mp′dx ≤ c1(n, p)‖u− gk(u)‖mp′−p
p∗ |Bt|1−mp′/p∗

∫

A+
k,t

|∇u|pdx

≤ c1(n, p)‖u− gk(u)‖mp′−p
p∗ |Ω|1−mp′/p∗

∫

A+
k,t

|∇u|pdx

≤ c1(n, p)|Ω|1−mp′/p∗
∫

A+
k,t

|∇u|pdx

= C

∫

A+
k,t

|∇u|pdx,

(3.15)
where C = C(n,m, p, k0, |Ω|).
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We derive from (3.12) and (3.15) that

|I12| ≤ β2Cε

∫

A+
k,t

|∇u|pdx + β2C(ε, p)
∫

A+
k,t

|∇ψ1|pdx, (3.16)

I13 can be estimated as follows:

|I13| ≤ ε

∫

A+
k,t

|ϕ1|p
′
dx + C(ε, p)

∫

A+
k,t

|∇ψ1|pdx. (3.17)

In conclusion, we derive from (3.10), (3.11), (3.16), and (3.17) that

I1 ≤ (β1 + β2C)ε
∫

A+
k,t

|∇u|pdx + ε

∫

A+
k,t

|ϕ1|p
′
dx

+(β1 + β2 + 1)C(ε, p)
∫

A+
k,t

|∇ψ1|pdx.

(3.18)

We now estimate |I2|. By condition (ii) and |u−ψk| ≤ |u− k| a.e. in A+
k,t,

|I2| =
∣∣∣
∫

A+
k,t

〈A(x, u,∇u), pφp−1∇φ(ψk − u)〉dx
∣∣∣

≤ p

∫

A+
k,t

[β1|∇u|p−1 + β2|u|m + ϕ1]|∇φ||u− ψk|dx

≤ 2pβ1

t−τ

∫

A+
k,t

|∇u|p−1|u−k|dx+
2pβ2

t−τ

∫

Ak,t

|u|m|u−k|dx

+
2p

t− τ

∫

A+
k,t

|ϕ1||u− k|dx

= I21 + I22 + I23,

(3.19)

I21 and I23 can be estimated as

I21 ≤ 2pβ1

[
ε

∫

A+
k,t

|∇u|pdx +
C(ε, p)
(t−τ)p

∫

A+
k,t

|u−k|pdx
]
, (3.20)

I23 ≤ 2pε

∫

A+
k,t

|ϕ1|p
′
dx +

2pC(ε, p)
(t− τ)p

∫

A+
k,t

|u−k|pdx. (3.21)

By (3.15), we know that if k ≥ k0, then

I22 ≤ 2pβ2ε

∫

A+
k,t

|u|mp′dx +
2pβ2C(ε, p)

(t− τ)p

∫

A+
k,t

|u−k|pdx

≤ 2pβ2εC

∫

A+
k,t

|∇u|pdx +
2pβ2C(ε, p)

(t−τ)p

∫

A+
k,t

|u−k|pdx.

(3.22)



212 Yu-Xia Tong, Jian-Tao Gu and Xiu-Li Hou

Combining (3.19) with (3.20), (3.21), and (3.22), we obtain

I2 ≤ 2pε(β1 + β2C)
∫

A+
k,t

|∇u|pdx + 2pε

∫

A+
k,t

|ϕ1|p
′
dx

+
2p(β1 + β2 + 1)C(ε, p)

(t− τ)p

∫

A+
k,t

|u− k|pdx.

(3.23)

Thus, the inequalities (3.8), (3.9), (3.18), and (3.23) imply that
∫

A+
k,τ

|∇u|pdx ≤ (2pβ1 + 2pβ2C + β1 + β2C)ε
α

∫

A+
k,t

|∇u|pdx

+
(2p + 1)ε

α

∫

A+
k,t

|ϕ1|p
′
dx

+
(β1 + β2 + 1)C(ε, p)

α

∫

A+
k,t

|∇ψ1|pdx

+
2p(β1 + β2 + 1)C(ε, p)

α(t− τ)p

∫

A+
k,t

|u− k|pdx.

(3.24)

Choosing ε small enough such that, the summation θ of the coefficients of
the first term in the right-handside of (3.24) is smaller than 1. Let ρ,R be
arbitrarily fixed with R1/2 ≤ ρ < R ≤ R1. Thus, from (3.24), we deduce
that for every t and τ , such that R1/2 ≤ τ < t ≤ R1, we have

∫

A+
k,τ

|∇u|pdx ≤ c3

α

∫

A+
k,R

[
|∇ψ1|p + |ϕ1|p

′]
dx

+
c4

α(t− τ)p

∫

A+
k,R

|u− k|pdx+θ

∫

A+
k,t

|∇u|pdx,

(3.25)

in which c3, c4 are some constant depending only on α, β1, β2, and p. Ap-
plying Lemma 2.2, we conclude that

∫

A+
k,ρ

|∇u|pdx ≤ c2c4

α(R− ρ)p

∫

A+
k,R

|u− k|pdx

+
c2c3

α

∫

A+
k,R

[
|∇ψ1|p + |ϕ1|p

′]
dx

≤ c2c4

α(R−ρ)p

∫

A+
k,R

|u−k|pdx+
c2c3c5

α
|A+

k,R|,

(3.26)

where c2 is the constant given by Lemma 2.2 and c5 = ‖∇ψ1‖p
L∞(Ω) +

‖ϕ1‖p′

Lp′ (Ω)
. Thus u belongs to the class B with γ = max{c2c4/α, c2c3c5/α}
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and m = p. Lemma 2.3 yields

max
BR/2

u(x) ≤ c.

This result together with the assumptions ψ1 ≤ u ≤ ψ2 and ψ1 ∈ W 1,∞
loc (Ω)

yields the desired result.

4. Proof of Theorem B

Proof. Let u be a solution to the Kθ,p
ψ1,ψ2

(Ω)-obstacle problem for the
A-harmonic equation (1.1). Owing to Lemma 2.1, it is sufficient to prove
that u satisfies the integral estimate (2.2) with α = p. Let BR1 ⊂⊂ Ω
and 0 < R0 ≤ τ < t ≤ R1 be arbitrarily fixed. Fix a cutoff function
φ ∈ C∞0 (BR1), such that

suppφ ⊂ Bt, 0 ≤ φ ≤ 1, φ ≡ 1 in Bτ , |∇φ| ≤ 2(t− τ)−1. (4.1)

Consider the function
v = u− φp(u− ψ̃k), (4.2)

where ψ̃k = min{max{ψ1, Tk(u)}, ψ2}, Tk(u) is the usual truncation of u
at level k ≥ 0 defined in (2.1). It is easy to see ψ1 ≤ ψ̃k ≤ ψ2. Now,
v ∈ Kθ,p

ψ1,ψ2
(Ω). Similarly as in the proof of Theorem A, let

v0 =

{
u, if |u| ≤ k,

v, if |u| > k,

and to show that the condition ψ1 ≥ 0 in [8] is not necessary, we can using
|u− ψ̃k| ≤ |u| a.e. in Ak,t, and obtain

∫

Ak,τ

|∇u|pdx ≤ (2pβ1 + 2pβ2C + β1 + β2C)ε
α

∫

Ak,t

|∇u|pdx

+
(2p + 1)ε

α

∫

Ak,t

|ϕ1|p
′
dx

+
(β1 + β2 + 1)C(ε, p)

α

∫

Ak,t

|∇ψ̃k|pdx

+
2p(β1 + β2 + 1)C(ε, p)

α(t− τ)p

∫

Ak,t

|u|pdx.

(4.3)

Choosing ε small enough such that, the coefficient of the first term in the
right-handside of (3.24) is smaller than 1. Let ρ,R be arbitrarily fixed with



214 Yu-Xia Tong, Jian-Tao Gu and Xiu-Li Hou

R0 ≤ ρ < R ≤ R1. Thus, from (3.24), we deduce that for every t and τ ,
such that ρ ≤ τ < t ≤ R1, and get

∫

Ak,τ

|∇u|pdx ≤ c5

α

∫

Ak,R

[|∇ψ1|p + |∇ψ2|p + |ϕ1|p
′
]dx

+
c6

α(t− τ)p

∫

Ak,R

|u|pdx+θ

∫

Ak,t

|∇u|pdx,

(4.4)

where c5, c6 are some constant depending only on α, β1, β2, and p. Applying
Lemma 2.2, we conclude that

∫

Ak,ρ

|∇u|pdx ≤ c2c6

α(R− ρ)p

∫

Ak,R

|u|pdx

+
c2c5

α

∫

Ak,R

[|∇ψ1|p+|∇ψ2|p+|ϕ1|p
′
]dx,

(4.5)

where c2 is the constant given by Lemma 2.2. Thus, u satisfies the in-
equality (2.2) with φ0 = |∇ψ1|p + |∇ψ2|p + |ϕ1|p′ and α = p. The theorem
follows from Lemma 2.1.
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MULTIPLICITY OF SOLUTIONS FOR QUASILINEAR
ELLIPTIC EQUATIONS WITH SINGULARITY1
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In this paper, we study the following quasilinear problem:

−4pu−µ
|u|p−2u

|x|p = α
up∗(t)−2

|x|t u + λ|u|p−2u +|u|q−2u, x ∈ W 1,p
0 (Ω)

with Dirichlet boundary condition, where N ≥ 3, 1 < p < N, 0 ≤ µ <

µ̄ ≡ (N−p
p

)p, 0 ≤ t < p, 1 < q < p, and p∗(t) ≡ p(N − t)/(N − p) is the

critical Sobolev-Hardy exponent. Via the variational method, we get the the

multiplicity of solutions for the quasilinear problem.

Keywords: Quasilinear elliptic equations, singularity, critical growth.

AMS No: 35J60.

1. Introduction and Main Results.

In this paper, we consider the quasilinear elliptic equation

{
−4pu−µ

|u|p−2u

|x|p =α
up∗(t)−2

|x|t u+λ|u|p−2u+|u|q−2u, x ∈ Ω,

u(x) = 0, x∈∂Ω,
(1.1)

where 4pu = div(|5u|p−25u) is the p-Laplacian of u and Ω ⊂ <N (N≥3)
is a smooth bounded domain containing the origin 0, and assume that
1 < p < N, 0 ≤ µ < µ̄ ≡ (N−p

p )p, α, λ are the real positive constant,
0 ≤ t < p, p < q < p∗(t) ≡ p(N − t)/(N − p), p∗(t) is the critical Sobolev-
Hardy exponent, especially p∗(0) = p∗ ≡ pN/(N−p) is the critical Sobolev
exponent.

The first result for nonlinear critical problems have been obtained in
a celebrated paper by Brezis and Nirenberg[1]. This pioneering work has
stimulated a vast amount of research on the class of problems, see [1–6]. It
should be mentioned that the following quasilinear problems

{
−4p u = |u|p∗−2u + λ|u|p−2u + β|u|q−2u, x ∈ Ω,

u(x) = 0, x∈∂Ω,

had been studied in [6], and existence results about k pairs of nontrivial
solutions were obtained. On the other hand, in recent years, people have

1This research is supported by Ningbao Scientific Research Foundation (2009B21003)
and K. C. Wong Magna Fund in Ningbo University
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paid much attention to the existence of nontrivial solutions for the singular
problems, see [7–12]. It should be mentioned that, for α, β > 0, p ≤ r ≤ p∗

and p ≤ q ≤ p∗(s), the following quasilinear problems

{ −div(| 5 u|p−2 5 u) = α|u|r−2u + β
|u|q−2

|x|s u, x ∈ Ω,

u(x) = 0, x∈∂Ω,

had been studied in [8] by Ghoussoub and Yuan, and existence results
about positive solutions and sign-changing solutions were obtained. In
2008, Dongsheng Kang in [7] had studied the quasilinear elliptic equation

{ −div(| 5 u|p−2 5 u)− µ
|u|p−2u

|x|p =
up∗(s)−2

|x|s u + λ
|u|q−2

|x|t u, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,

where p ≤ q < p∗(t). Via variational methods, the authors establish the
existence of one positive solution. Thus, it is natural for us to consider the
multiplicity of solutions for the problem (1.1).

In the case µ = 0, problem (1.1) is related to the well know Sobolev-
Hardy inequalities, which is essentially due to Cafferelli, Kohn and Niren-
berg (see [13]),

(∫

<N

|u|q
|x|s dx

)p/q

≤ Cq,s,p

∫

<N

| 5 u|pdx, ∀u ∈ W 1,p
0 (Ω), (1.2)

where p ≤ q ≤ p∗. As q = s = p, the above Sobolev inequality becomes the
well known Hardy inequality (see [8,12,13]),

∫

Ω

|u|p
|x|p dx ≤ 1

µ̄

∫

Ω

| 5 u|pdx, ∀u ∈ W 1,p
0 (Ω). (1.3)

In W 1,p
0 (Ω), for µ ∈ [0, µ̄], we use the norm

‖u‖ = ‖u‖W 1,p
0 (Ω) =

(∫

Ω

(
| 5 u|p − µ

|u|p
|x|p

)
dx

)1/p

,

by (1.3), this norm is equivalent to the usual norm
(∫

Ω
| 5 u|pdx

)1/p.
By the Hardy inequality and the Sobolev-Hardy inequality, for 0 ≤ µ <

µ̄, 0 ≤ t < p, we can define the best Sobolev-Hardy constant:

Aµ,t,r(Ω) = inf
u∈W 1,p

0 (Ω)\{0}

∫
Ω

(
| 5 u|p − µ |u|

p

|x|p
)

dx
(∫

Ω
|u|r
|x|t dx

)p/r
.
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In the important case where r = p∗(t), we shall simply denote Aµ,t,p∗(t) as
Aµ,t. Note that Aµ,0 is the best constant in the Sobolev inequality, i.e.,

Aµ,0(Ω) = inf
u∈W 1,p

0 (Ω)\{0}

∫
Ω

(
| 5 u|p − µ |u|p

|x|p

)
dx

(∫
Ω |u|p∗dx

)p/p∗
.

Note that Aµ,0,p(Ω) is nothing but the first eigenvalue of the positive op-

erator L in W 1,p
0 (Ω):

λ1(Ω) = inf
u∈W 1,p

0 (Ω)\{0}

∫
Ω

(
| 5 u|p − µ |u|p

|x|p

)
dx

∫
Ω |u|pdx

. (1.4)

The energy functional corresponding to problem (1.1) is defined as follows,

Iµ(u) =
1

p

∫

Ω

(
| 5 u|p − µ

|u|p

|x|p

)
dx −

α

p∗(t)

∫

Ω

|u|p
∗(t)

|x|s
dx

−
λ

p

∫

Ω

|u|pdx −
1

q

∫

Ω

|u|qdx,

(1.5)

then Iµ(u) is well defined on W 1,p
0 (Ω) and belongs to C1(W 1,p

0 (Ω), R). The
solutions of problem (1.1) are precisely the critical points of the functional
Iµ.

Now we may state our result.

Theorem 1.1. Suppose p < q < p∗. Then, given k ∈ N, there exists
αk ∈ (0,∞] such that (1.1) possesses at least k pairs of nontrivial solutions
for all α ∈ (0, αk).

2. The Palais-Smale Condition

We first need to recall the following Lemma.

Lemma 2.1[7]. Assume that 0 ≤ t ≤ p, p ≤ q ≤ p∗(t), and 0 ≤ µ < µ̄.
Then (1) There exists a constant C > 0 such that

(∫

Ω

|u|q

|x|t
dx

)1/q

≤ C‖u‖, ∀u ∈ W 1,p
0 (Ω).

(2) The map u 7→ u/|x|t/q from W 1,p
0 (Ω) into Lq(Ω) is compact if p ≤

q < p∗(t).
We recall that given E a real Banach space and I ∈ C1(E,<). We say

that I satisfies the Palase-Smale condition on the level c ∈ <, denoted by
(PS)c, if every sequence (un) ⊂ E such that I(un) −→ c and I

′

(un) −→ 0,
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as n −→ ∞, possesses a convergent subsequence. In this paper, we shall
take I = Iµ and E = W 1,p

0 (Ω).

Lemma 2.2. Given M > 0, there exists α∗ > 0 such that Iµ satisfies
the (PS)c condition for all c < M , provided 0 < α ≤ α∗, where α∗ =(

p−t
pM(N−t)

) p−t
N−p

A
N−t
N−p

µ,t .

Proof. Given c < M , let (um) ⊂ W 1,p
0 (Ω) be such that (i) Iµ(um) −→ c,

and (ii) I
′
µ(um) −→ 0 in W−1,p

′
(Ω), as m −→∞. First, we claim that (um)

is bounded in W 1,p
0 (Ω). Indeed, by (i) and (ii), for n sufficiently large,

pc + 1 + o(1) ≥ pIµ(um)− 〈I ′µ(um), um〉

= α

(
1− p

p∗(t)

) ∫

Ω

|um|p∗(t)
|x|t dx + (1− p

q
)
∫

Ω

|um|qdx.
(2.1)

Also, Invoking (1.4),

‖um‖p = pIµ(um)+
αp

p∗(t)

∫

Ω

|um|p∗(t)
|x|t dx+λ

∫

Ω

|um|pdx+
p

q

∫

Ω

|um|qdx

≤ pIµ(um) +
αp

p∗(t)

∫

Ω

|um|p∗(t)
|x|t dx +

p

q

∫

Ω

|um|qdx

+
λ

λ1(Ω)

∫

Ω

(
| 5 u|p − µ

|u|p
|x|p

)
dx.

(2.2)
Furthermore, by (2.1) and (2.2), we obtain

(
1− λ

λ1(Ω)

)
‖um‖p ≤ pIµ(um) +

αp

p∗(t)

∫

Ω

|um|p∗(t)
|x|t dx +

p

q

∫

Ω

|um|qdx

≤ C + o(1).
(2.3)

This prove the claim. Hence, without loss of generality, we may assume
that there is u ∈ W 1,p

0 (Ω) such that (um) satisfies as n −→∞




um ⇀ u weakly in W 1,p
0 (Ω),

um ⇀ u weakly in Lp∗(t)(Ω, |x|−t),

um ⇀ u weakly in Lp(Ω, |x|−p),

um → u weakly in Lq(Ω),

um → u weakly in Lp(Ω),

um → u a.e. in Ω.

(2.4)
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By the concentration compactness principle (see [14,15]), there exists a sub-
sequence, still denoted by {um}, at most countable set , a set of different
points {xj}j∈ ⊂ Ω \ {0}, sets of nonnegative real numbers {µ̃j}j∈∪{0},
{ν̃j}j∈∪{0}, and nonnegative real numbers τ̃0 and γ̃0 such that

| 5 um|p ⇀ dµ̃ ≥ | 5 u|p +
∑

j∈

µ̃jδxj
+ µ̃0δ0, (2.5)

|um|p ⇀ dν̃ = |u|p
∗

+
∑

j∈

ν̃jδxj
+ ν̃0δ0, (2.6)

|um|p
∗(t)

|x|t
⇀ dτ̃ =

|u|p
∗(t)

|x|t
+ τ̃0δ0, 0 < t < p, (2.7)

|um|p

|x|p
⇀ dγ̃ =

|u|p

|x|p
+ γ̃0δ0, (2.8)

where δx is the Dirac mass at x.
Case (1). t = 0 and p∗(t) = p∗.
We claim that  is finite and for j ∈ , either

ν̃j = 0 or ν̃j ≥ (Aµ,0)
N
p .

In fact, let ε > 0 be small enough such that 0 ∈Bε(xj) and Bε(xi)⋂
Bε(xj) = ∅ for i 6= j, i, j ∈ . We consider ϕj ∈ C∞

0 (<N ), such that

ϕj ≡ 1 on B(xj ,
ε

2
), ϕj ≡ 0 on B(xj , ε)

c, | 5 ϕj | ≤
2

ε
.

It is clear that the sequence {ϕjum} is bounded in W 1,p
0 (Ω), then, by using

(ii), we have that

lim
m→∞

〈I
′

µ(um), ϕjum〉 = 0,

that is

lim
m→∞

(

∫

Ω

|∇um|pϕjdx +

∫

Ω

um|∇um|p−2∇um∇ϕjdx−µ

∫

Ω

|um|p

|x|p
ϕjdx

−α

∫

Ω

|um|p
∗

ϕjdx − λ

∫

Ω

|um|pϕjdx −

∫

Ω

|um|qϕjdx) = 0.

(2.9)
By (2.4)–(2.6), (2.8) and (2.9), we obtain

α

∫

Ω

ϕjdν̃+

∫

Ω

|u|qϕjdx+ lim
m→∞

µ

∫

Ω

|um|p

|x|p
ϕjdx+λ

∫

Ω

|u|pϕjdx−

∫

Ω

ϕjdµ̃

= lim
m→∞

∫

Ω

um|∇um|p−2∇um∇ϕjdx.

(2.10)
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By the Hölder inequality, we have

lim
ε→0

lim
m→∞

|
∫

Ω

um|∇um|p−2∇um∇ϕjdx| ≤C lim
ε→0

(∫

B(xj ,ε)

|u|p∗dx

) 1
p∗

=0,

(2.11)

lim
ε→0

lim
m→∞

|
∫

Ω

|um|p
|x|p ϕjdx| ≤ lim

ε→0
lim

m→∞
|
∫

Bε(xj)

|um|p
(|xj | − ε)p

ϕjdx| = 0.

(2.12)
Then, from (2.10)–(2.12), we get

0 = lim
ε→0

(α
∫

Ω

ϕjdν̃ +
∫

Ω

|u|qϕjdx + lim
m→∞

µ

∫

Ω

|um|p
|x|p ϕjdx

+λ

∫

Ω

|u|pϕjdx−
∫

Ω

ϕjdµ̃)

≤ αν̃j − µ̃j .

By the Sobolev inequality, A0,0ν̃j

p
p∗ ≤ µ̃j , hence, we deduce that

ν̃j = 0 or ν̃j ≥ (
A0,0

α
)

N
p ,

which implies that  is finite.
Now we consider the possibility of concentration at the origin. Let ε > 0

be small enough such that xj∈B(0, ε), ∀j ∈ . Take ϕ0 ∈ C∞0 (<N ) such
that

ϕ0 ≡ 1 on B(0,
ε

2
), ϕ0 ≡ 0 on B(0, ε)c, | 5 ϕ0| ≤ 4

ε
.

By (2.4)–(2.6), (2.8) and (2.9), we also get that

0= lim
ε→0

(α
∫

Ω

ϕ0dν̃+
∫

Ω

|u|qϕ0dx+µ

∫

Ω

ϕ0dγ̃+λ

∫

Ω

|u|pϕ0dx−
∫

Ω

ϕ0dµ̃)

≤ αν̃0 + µγ̃0 − µ̃0.

(2.13)

By the Sobolev inequalities, we infer that Aµ,0ν̃0

p
p∗ ≤ µ̃0−µγ̃0. From (2.12),

we obtain Aµ,0ν̃0

p
p∗ ≤ µ̃0 − µγ̃0 ≤ αν̃0, which implies that

ν̃0 = 0 or ν̃0 ≥ (
Aµ,0

α
)

N
p .

Let us assume that there exists a j ∈ ∪ {0} such that ν̃j 6= 0, then, by
(i) and (ii), we infer that

c= lim
m→∞

Iµ(um)= lim
m→∞

[Iµ(um)− 1
p
〈I ′µ(um), um〉]
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= lim
m→∞

{α(
1

p
−

1

p∗
)

∫

Ω

|um|p
∗

dx+(
1

p
−

1

q
)

∫

Ω

|um|qdx}

≥
α

N
(

∫

Ω

|u|p
∗

dx +
∑

j∈

ν̃j + ν̃0)

≥
α

N
min{(

A0,0

α
)

N
p , (

Aµ,0

α
)

N
p }

=
α

N
A

N
p

µ,0 · α
− N

p =
α1−N

p

N
A

N
p

µ,0 ≥ M,

and this inequality contradicts the hypothesis. Then,

ν̃j = 0, ∀ j ∈  ∪ {0}.

Hence, we obtain that um −→ u strongly in W 1,p
0 (Ω).

Case (2). 0 < t < p, then p < p∗(t) < p∗.
We only need to consider the possibility of concentration at the origin.

Let ε > 0 be small enough such that Bε(0) ⊂ Ω. Take ϕ0 ∈ C∞
0 (<N ) such

that

ϕ0 ≡ 1 on B(0,
ε

2
), ϕ0 ≡ 0 on B(0, ε)c, | 5 ϕ0| ≤

4

ε
.

From (2.4),(2.5), (2.7)–(2.11), we get that

0 ≤ ατ̃0 + µγ̃0 − µ̃0. (2.14)

By the definition of Aµ,t, we deduce that

Aµ,tτ̃0

p

p∗(t) ≤ µ̃0 − µγ̃0. (2.15)

From (2.14) and (2.15) we have

Aµ,tτ̃0

p

p∗(t) ≤ ατ̃0,

which implies that

τ̃0 = 0, or τ̃0 ≥ (
Aµ,t

α
)

N−t

p−t .

If τ̃0 6= 0, then we infer that

c = lim
m→∞

[Iµ(um) −
1

p
〈I ′µ(um), um〉]

≥
(p − t)α

p(N − t)
(

∫

Ω

|u|p
∗(t)

|x|t
dx + τ̃0)

≥
(p − t)α

p(N − t)
τ̃0 ≥

(p − t)α

p(N − t)
(
Aµ,t

α
)

N−t

p−t ≥ M,

which contradicts of the assumption that c < M . Hence, we have that
um −→ u strongly in W 1,p

0 (Ω). Thus, the proof of the lemma is completed.
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3. Proof of Theorem 1.1

In this article we shall be using the following version of the symmetric
mountain pass theorem (see [16–18]).

Lemma 3.1. Let E = V ⊕X, where E is a real Banach space and V is
finite dimensional. Suppose I ∈ C1(E,<) is an even functional satisfying
I(0) = 0 and

(I1) there is a constant ρ > 0 such that I |∂Bρ∩X≥ 0;
(I2) there is a subspace W of E with dimV < dimW < ∞ and there is

M > 0 such that maxu∈W I(u) < M ;
(I3) considering M > 0 given by (I2), I satisfies (PS)c for 0 ≤ c ≤ M .

Then I possesses at least dimW −dimV pairs of nontrivial critical points.
First, we recall that each basis (ei)i∈N for a real Banach space E is a

Schauder basis for E, i.e., given n ∈ N, the functional e∗n : E −→ < defined
by

e∗n(v) = αn, for v =
∞∑

i=1

αiei ∈ E, (3.1)

is a bounded linear functional [19, 20]. We observe that the existence of a
Schauder basis for the space W 1,p

0 (Ω) was proved by Fucik, John and Necas
in [21].

Now, fixing a Schauder basis (ei)i∈N for W 1,p
0 (Ω), for j ∈ N we set

Vj = {u ∈ W 1,p
0 (Ω) : e∗i (u) = 0, i > j},

Xj ={u ∈ W 1,p
0 (Ω) : e∗i (u) = 0, i ≤ j}.

(3.2)

It follows by (3.1) that W 1,p
0 (Ω) = Vj ⊕Xj .

The following Lemma comes from [6].

Lemma 3.2. Given p ≤ r < p∗ and δ > 0, there is j ∈ N such that, for
all u ∈ Xj, ‖u‖r

r ≤ δ‖u‖r.

Lemma 3.3. There exists α̃ > 0 and ρ0, d > 0 such that Iµ|∂Bρ0∩Xj ≥ d
for all 0 < α < α̃.

Proof. By Lemma 2.1, (1.4) and Lemma 3.2, we obtain

Iµ(u) ≥ 1
p
‖u‖p − c1α

p∗(t)
‖u‖p∗(t) − λ

λ1(Ω)p
‖u‖p − c2

q
‖u‖q

=
1
p
ρp − c1α

p∗(t)
ρp∗(t) − λ

λ1(Ω)p
ρp − c2

q
ρq,

where ρ = ‖u‖. Now, we take α̃ > 0 so that

Iµ(u) ≥ 1
p
ρp − c1α̃

p∗(t)
ρp∗(t) − λ

λ1(Ω)p
ρp − c2

q
ρq > 0,
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for every u ∈ Xj , ‖u‖ = ρ. The proof is completed.

Lemma 3.4. Given m ∈ <, there exist a subspace W of W 1,p
0 (Ω)

and a constant Mm > 0, independent of α, such that dim W = m and
maxu∈W I0(u) < Mm.

Proof. Taking Ω0 ⊂ Ω with |Ω0| > 0 and 0 ∈ Ω0. Let x0 ∈ Ω0 and r0 > 0
be such that B(x0, r0) ⊂ Ω and 0< |B(x0, r0) ∩ Ω0|< |Ω0|/2. First, we take
ν1 ∈ C∞

0 (Ω) with supp(v1) = B(x0, r0). Considering Ω1 = Ω0 \ [B(x0, r0)∩

Ω0] ⊂ Ω̂0 = Ω \ B(x0, r0), we have |Ω1| > |Ω0|/2 > 0. Let x1 ∈ Ω1 and

r1 > 0 be such that B(x1, r1) ⊂ Ω̂ and 0 < |B(x1, r1)∩Ω1| < |Ω1|/2. Next,
we take v2 ∈ C∞

0 (Ω) with supp(v2) = B(x1, r1). After a finite number
of steps, we get v1, · · ·, vm such that supp(vi) ∩ supp(vj) = ∅, i 6= j and
|supp(vj) ∩ Ω0| > 0, for all i, j ∈ {1, · · ·, m}. Let W = span{v1, · · ·, vm}.
By construction, dim W = m and

∫

Ω0

|v|pdx > 0, for every v ∈ W \ {0}.

Let v = u
‖u‖ , by (1.5), we know

max
u∈W\{0}

I0(u)= max
t>0,v∈∂B1(0)∩W

{tp[
1

p
−

λ

p

∫

Ω

|v|pdx −
1

q
tq−p

∫

Ω

|v|qdx]}.

So, to prove the Lemma, it suffices to verify that

lim
t−→∞

(
λ

p

∫

Ω

|v|pdx −
1

q
tq−p

∫

Ω

|v|qdx) >
1

p
(3.3)

uniformly for v ∈ ∂B1(0) ∩ W . Since q > p, the inequality (3.3) is right.
The proof is completed.

Proof of Theorem 1.1. First, we recall that W 1,p
0 (Ω) = Vj⊕Xj , where Vj

and Xj are defined in (3.2). Invoking Lemma 3.3, we find j ∈ N and α̃ > 0
such that Iµ satisfies (I1) with X = Xj for all 0 < α < α̃. Now, by Lemma

3.4, there is a subspace W of W 1,p
0 (Ω) with dim W = k+j = k+dim Vj and

such that Iµ satisfies (I2). By Lemma 2.2, taking α̃ smaller if necessary,
we also have that Iµ satisfies (I3) for 0 < α < α̃. Since Iµ(0) = 0 and Iµ is
even, we may apply Theorem 3.1 to conclude that Iµ possesses at least k
pairs of nontrivial critical points for α > 0 sufficiently small.
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A p times continuously differentiable complex-valued function F in a domain

D ⊆ C is p-harmonic, if F satisfies the p-harmonic equation ∆ · · ·∆︸ ︷︷ ︸
p

F = 0,

where p (≥ 1) is an integer and ∆ represents the complex Laplacian operator.

In this paper, the main aim is to introduce two classes MHp (α) and NHp (α)

of p-harmonic mappings together with their subclasses MHp (α) ∩ T1 and

NHp (α)∩T2, and investigate the properties of mappings in these classes. First,

we obtain characterizations for mappings in MHp (α)∩T1 and NHp (α)∩T2 in

terms of S-Inequality-I and S-Inequality-II, respectively. And then we prove

that the image domains of the unit disk D under the mappings in MHp (α)

(resp. NHp (α)) satisfying Inequality-I (resp. Inequality-II) are starlike (resp.

convex) of certain order.

Keywords: P -harmonic mapping, (S-)inequality-I, (S-)inequality-II, charac-

terization, starlikeness, convexity.

AMS No: 30C65, 30C45, 30C20.

1. Introduction

A p times continuously differentiable complex-valued function F = u + iv
in a domain D ⊆ C is p-harmonic, if F satisfies the p-harmonic equation
∆ · · ·∆︸ ︷︷ ︸

p

F = 0, where p (≥ 1) is an integer and ∆ represents the complex

Laplacian operator

∆ =
∂2

∂x2
+

∂2

∂y2
= 4

∂2

∂z∂z̄
.

A mapping F is p-harmonic in a simply connected domain D if and
only if F has the following representation:

F (z) =
p∑

k=1

|z|2(k−1)Gp−k+1(z),

where each Gp−k+1 is harmonic, i.e., ∆Gp−k+1(z) = 0 for k ∈ {1, · · · , p}
(cf. Proposition 2.1, [5]).

Obviously, when p = 1 (resp. 2), F is harmonic (resp. biharmonic). The
properties of harmonic mappings have been investigated by many authors,
see [6, 7, 17] and the references therein.
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Biharmonic mappings arise in a lot of physical situations, particularly
in fluid dynamics and elasticity problems, and have many important ap-
plications in engineering and biology. See [8, 12, 13] for the details. Many
references on biharmonic mappings have been in literature, see [1, 2, 3, 8,
12, 13].

In this paper, as a generalization of harmonic mappings and biharmonic
mappings, we consider p-harmonic mappings of the unit disk D.

Let A denote the set of all analytic functions h of D with the normal-
ization h(0) = 0 and h

′
(0) = 1. Owa et al. introduced two classes M(α)

and N (α), where M(α) denotes the set of all functions h ∈ A such that

Re
zh

′
(z)

h(z)
< α,

for α > 1, and N (α) the set of all functions h ∈ A such that

Re(1 +
zh

′′
(z)

h′(z)
) < α,

for α > 1. In [14, 15], the authors discussed the starlikeness, convexity and
coefficient estimate of functions in M(α) and N (α). See [18, 20, 21] for
related discussions when α ∈ (1, 4

3 ].
In order to discuss the characterization, starlikeness, convexity of p-

harmonic mappings, in Section 2, we will introduce the notations: MHp(α)
and NHp(α), which are generalizations of M(α) and N (α) for p-harmonic
mappings, respectively. Then we prove a sufficient condition for p-harmonic
mappings to be in MHp

(α) (resp. NHp
(α)) in terms of Inequality-I (resp.

Inequality-II) (see Section 2 for the definitions). Some necessary notions
are given and several elementary results are also proved in this section. In
Section 3, we obtain characterizations for mappings in MHp(α) ∩ T1 and
NHp(α)∩T2 by using S-Inequality-I and S-Inequality-II (see Sections 2 and
3 for the definitions). Our main results are Theorems 3.1 and 3.2. Finally,
we discuss the starlikeness (resp. convexity) of mappings in MHp

(α) (resp.
NHp

(α)), when they satisfy Inequality-I (resp. Inequality-II). Our result
is Theorem 4.1, which is a generalization of [Theorem 2.5, 14].

2. Preliminaries

Let Hp denote the class of mappings F of D with the form:

F (z) =
p∑

k=1

|z|2(k−1)Gp−k+1(z), (2.1)
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where for each k ∈ {1, · · · , p}, the harmonic mapping Gp−k+1 has the
expression:

Gp−k+1 = hp−k+1 + gp−k+1,

both hp−k+1, gp−k+1 are analytic and satisfy the following conditions:

hp−k+1(z) =
∞∑

n=1

an,p−k+1z
n with a1,p = 1,

and

gp−k+1(z) =
∞∑

n=1

bn,p−k+1z
n.

For F ∈ Hp, let L(F ) = zFz − z̄Fz̄. In [3], Abdulhadi et al. discussed
the properties of this operator for biharmonic mappings. For p-harmonic
mappings, we have

Proposition 2.1. (1) If F is a p-harmonic mapping of D, then L(F ) is
p-harmonic.

(2) Suppose F is a p-harmonic mapping of D. Then L(F ) = F if and
only if F (z) =

( ∑p
k=1 ap−k+1|z|2(k−1)

)
z.

Proof. (1) Assume that

F (z) =
p∑

k=1

|z|2(k−1)Gp−k+1(z),

where Gp−k+1 = hp−k+1 + gp−k+1 for k ∈ {1, · · · , p}. Since

Fz(z)=Gz(z)+
p∑

k=2

|z|2(k−1)(Gp−k+1)z(z)+
p∑

k=2

(k−1)zk−2z̄k−1Gp−k+1(z),

and

Fz̄(z)=Gz̄(z)+
p∑

k=2

|z|2(k−1)(Gp−k+1)z̄(z)+
p∑

k=2

(k−1)zk−1z̄k−2Gp−k+1(z),

we see that

L(F ) =
p∑

k=1

|z|2(k−1)L(Gp−k+1).

By [Lemma 3, 3], we obtain that L(F ) is p-harmonic.
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(2) Assume that L(F ) = F . Then L(Gp−k+1) = Gp−k+1 for each
k ∈ {1, · · · , p} which implies

zh′p−k+1(z) = hp−k+1(z) and zg′p−k+1(z) = −gp−k+1(z).

It follows that hp−k+1(z) = ap−k+1z and gp−k+1(z) ≡ 0. The conversion is
obvious.

By using the operator L, we introduce two classes of p-harmonic map-
pings. Let α > 1 be a constant. We always use MHp

(α) to denote the set
of all mappings F ∈ Hp such that F (z) 6= 0, whenever z 6= 0 and for any
z ∈ D \ {0},

Re
L(F )(z)

F (z)
< α,

and NHp
(α) the set of all mappings F ∈ Hp such that L(F )(z) 6= 0,

whenever z 6= 0 and for any z ∈ D \ {0},

Re
L(L(F ))(z)

L(F )(z)
< α.

Obviously, we have

Proposition 2.2. F ∈ NHp(α) if and only if L(F ) ∈MHp(α).
For convenience, we introduce the following definitions.

Definition 2.1. For k0 ∈ [0, 1] and α > 1, we say that F ∈ Hp satisfies
the inequality-I, if

p∑

k=1

∞∑
n=2

(n− k0 + |n− 2α + k0|)|an,p−k+1|

+
p∑

k=1

∞∑
n=1

2(n + α)|bn,p−k+1|

+
p∑

k=2

2(α− k0)|a1,p−k+1| ≤ 2(α− 1);

(2.2)

and the inequality-II, if

p∑

k=1

∞∑
n=2

n(n− k0 + |n− 2α + k0|)|an,p−k+1|

+
p∑

k=1

∞∑
n=1

2n(n + α)|bn,p−k+1|

+
p∑

k=2

2(α− k0)|a1,p−k+1| ≤ 2(α− 1).

(2.3)



On Certain Classes of P -Harmonic Mappings 229

In particular, when k0 = 1 and α ∈ (1, 3
2 ], (2.2) and (2.3) are changed

into the following (2.4) and (2.5) respectively,

p∑

k=1

∞∑
n=2

(n− α)|an,p−k+1|+
p∑

k=1

∞∑
n=1

(n + α)|bn,p−k+1|

+
p∑

k=2

(α− 1)|a1,p−k+1| ≤ α− 1;
(2.4)

p∑

k=1

∞∑
n=2

n(n−α)|an,p−k+1|+
p∑

k=1

∞∑
n=1

n(n+α)|bn,p−k+1|

+
p∑

k=2

(α− 1)|a1,p−k+1| ≤ α− 1.

(2.5)

Definition 2.2. F is said to satisfy S-Inequality-I (resp. S-Inequality-II)
if it satisfies (2.4) (resp. (2.5)).

Now we come to derive a sufficient condition for F to be in MHp(α)
(resp. NHp

(α)) by using Inequalities-I (resp. Inequality-II), which are
generalizations of [14, Theorem 2.1].

Lemma 2.1. If F ∈ Hp satisfies Inequality-I for some k0 ∈ [0, 1] and
α > 1, then F ∈MHp

(α).

Proof. Assume that F ∈ Hp satisfies the inequality-I. Since

|z|
(
2(α− 1)−

p∑

k=1

∞∑
n=1

2(n + α)|bn,p−k+1 −
p∑

k=2

2(α− k0)|a1,p−k+1|

−
p∑

k=1

∞∑
n=2

(
n− k0 + |n− 2α + k0|

)|an,p−k+1||
)

< |z|
(
2(α− 1)−

p∑

k=2

2(α− k0)|a1,p−k+1||z|2(k−1)

−
p∑

k=1

∞∑
n=2

(
n− k0 + |n− 2α + k0|

)|an,p−k+1||z|2(k−1)+n−1

−
p∑

k=1

∞∑
n=1

2(n + α)|bn,p−k+1||z|2(k−1)+n−1
)

≤ 2(α− 1)
∣∣∣z +

p∑

k=2

|z|2(k−1)a1,p−k+1z +
p∑

k=1

∞∑
n=2

|z|2(k−1)an,p−k+1z
n

+
p∑

k=1

∞∑
n=1

|z|2(k−1)bn,p−k+1z̄
n
∣∣∣ = 2(α− 1)|F (z)|,
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thus we know that F (z) 6= 0, whenever z 6= 0.
Next, we show that for any z 6= 0, F satisfies

|L(F )(z)
F (z)

− k0| < |L(F )(z)
F (z)

− (2α− k0)|,

which is equivalent to Re(L(F )(z)
F (z) ) < α. Let

A(z) = |L(F )(z)− k0F (z)|
and

B(z) = |L(F )(z)− (2α− k0)F (z)|.
Then

A(z) =
∣∣∣(1− k0)z +

p∑

k=2

(1− k0)a1,p−k+1|z|2(k−1)z

+
p∑

k=1

∞∑
n=2

(n− k0)an,p−k+1|z|2(k−1)zn

−
p∑

k=1

∞∑
n=1

(n + k0)b̄n,p−k+1|z|2(k−1)z̄n
∣∣∣,

and

B(z) =
∣∣∣(1− 2α + k0)z +

p∑

k=2

(1− 2α + k0)a1,p−k+1|z|2(k−1)z

+
p∑

k=1

∞∑
n=2

(n− 2α + k0)an,p−k+1|z|2(k−1)zn

−
p∑

k=1

∞∑
n=1

(n + 2α− k0)b̄n,p−k+1|z|2(k−1)z̄n
∣∣∣.

Obviously,

A(z) < C = (1− k0) +
p∑

k=2

(1− k0)|a1,p−k+1|

−
p∑

k=1

∞∑
n=2

(n− k0)|an,p−k+1|+
p∑

k=1

∞∑
n=1

(n + k0)|bn,p−k+1|,

and

B(z) > D = (2α− k0 − 1)−
p∑

k=2

(2α− k0 − 1)|a1,p−k+1|

−
p∑

k=1

∞∑
n=2

|n− 2α + k0||an,p−k+1| −
p∑

k=1

∞∑
n=1

(n + 2α− k0)|bn,p−k+1|.
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Since F satisfies Inequality-I, we see that C ≤ D, which implies that

|L(F )(z)
F (z)

− k0| < |L(F )(z)
F (z)

− (2α− k0)|,

for all z 6= 0. The proof of the lemma is finished.
The following is an easy consequence of Lemma 2.1.

Corollary 2.1. If F ∈ Hp satisfies S-Inequality-I for α ∈ (1, 3
2 ], then

F ∈MHp
(α).

It follows from Proposition 2.2 and Lemma 2.1 that

Lemma 2.2. If F ∈ Hp satisfies Inequality-II for k0 ∈ [0, 1] and α > 1,
then F belongs to NHp(α).

It follows from Lemma 2.2 that

Corollary 2.2. If F ∈ Hp satisfies S-Inequality-II for α ∈ (1, 3
2 ], then

F ∈ NHp
(α).

3. Characterizations for Mappings inMHp
(α)∩T1 andMHp

(α)∩T2

The classes of analytic functions and harmonic mappings with nonnegative
(or negative) coefficients possess many interesting properties, and many
references have been in literature, see, for example, [10, 16, 19, 22]. In
order to get some analogues for p-harmonic mappings, we introduce two
notions:

T1 =
{
F ∈ Hp : F (z) = z −

p∑

k=2

|z|2(k−1)a1,p−k+1z

+
p∑

k=1

|z|2(k−1)
( ∞∑

n=2

an,p−k+1z
n −

∞∑
n=1

bn,p−k+1z̄
n
)
,

where an,p−k+1 ≥ 0, bn,p−k+1 ≥ 0 for k ∈ {1, · · · , p} and n ≥ 1
}
,

and

T2 =
{
F ∈ Hp : F (z) = z −

p∑

k=2

|z|2(k−1)a1,p−k+1z

+
p∑

k=1

|z|2(k−1)
( ∞∑

n=2

an,p−k+1z
n +

∞∑
n=1

bn,p−k+1z̄
n
)
,

where an,p−k+1 ≥ 0, bn,p−k+1 ≥ 0 for k ∈ {1, · · · , p} and n ≥ 1
}
.

Theorem 3.1. Suppose F ∈ T1. Then F ∈ MHp
(α) if and only if F

satisfies S-Inequality-I for α ∈ (1, 3
2 ].
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Proof. By Corollary 2.1, it suffices to prove the necessity. Assume F ∈
MHp

(α) ∩ T1. Then for any z 6= 0,

∣∣L(F )(z)
F (z)

− 1
∣∣ <

∣∣L(F )(z)
F (z)

− (2α− 1)
∣∣, (3.1)

which implies that

2
∣∣L(F )(z)−αF (z)

∣∣=
∣∣L(F )(z)−(2α−1)F (z)+L(F )(z)−F (z)

∣∣>0. (3.2)

Since

L(F )(z)− αF (z) = (1− α)z +
p∑

k=2

|z|2(k−1)(α− 1)a1,p−k+1z

+
p∑

k=1

|z|2(k−1)
( ∞∑

n=2

(n−α)an,p−k+1z
n+

∞∑
n=1

(n+α)bn,p−k+1z̄
n
)
,

it follows that for any r ∈ (0, 1),

L(F )(r)− αF (r) = −rA(r),

where

A(r) = α− 1−
p∑

k=2

(α− 1)a1,p−k+1r
2(k−1)

−
p∑

k=1

∞∑
n=2

(n− α)an,p−k+1r
2(k−1)+n−1

−
p∑

k=1

∞∑
n=1

(n + α)bn,p−k+1r
2(k−1)+n−1.

Suppose F does not satisfy S-Inequality-I for α ∈ (1, 3
2 ]. Then A(r) is

negative when r sufficiently approaches to 1. Obviously, A(r) is positive
when r sufficiently approaches to 0. Hence there exists r0 ∈ (0, 1) such
that A(r0) = 0, which yields L(F )(r0) − αF (r0) = 0. By (3.2), this is a
contradiction.

By Proposition 2.2 and similar arguments as in the proof of Theorem
3.1, we get

Theorem 3.2. Suppose F ∈ T2. Then F ∈ NHp
(α) if and only if S-

Inequality-II holds for α ∈ (1, 3
2 ].
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4. Starlikeness and Convexity of P -Harmonic Mappings

Before the statement of the main result in this section, we introduce the
following concepts for p-harmonic mappings.

Definition 4.1. We say that a univalent p-harmonic mapping F with
F (0) = 0 is starlike of order β with respect to the origin if d

dθ (argF (reiθ)) >
β for z = reiθ 6= 0, where β ∈ [0, 1) is a constant.

Definition 4.2. A univalent p-harmonic mapping F with F (0) = 0 and
d
dθF (reiθ) 6= 0 whenever 0 < r < 1, is said to be convex of order β if
d
dθ

(
arg d

dθF (reiθ)
)

> β for z = reiθ 6= 0, where β ∈ [0, 1) is a constant.
Let S∗Hp

(β) and K∗
Hp

(β) denote the classes of all starlike p-harmonic
mappings of order β and all convex p-harmonic mappings of order β, re-
spectively, and set S∗H(β) = S∗H1

(β) and K∗
H(β) = K∗

H1
(β) which are cor-

responding classes for harmonic mappings. In [4, 9, 10, 11, 17], the authors
discussed the properties of mappings in S∗H(β) and K∗

H(β) such as the co-
efficient estimate, distortion theorem and covering theorem. Now we come
to prove the starlikeness (resp. convexity) of mappings in MHp

(α) (resp.
NHp

(α)).

Theorem 4.1. F ∈ Hp satisfies Inequality-I for some k0 ∈ (0, 1] and
α ∈ (1,min{k0+2

2 , 4
3}), a1,p−k+1 = 0 (k ∈ {2, · · · , p}) and F (z1) 6= F (z2)

whenever |z1| 6= |z2|. Then F ∈ S∗Hp
( 4−3α
3−2α ).

If F ∈ Hp subjects to Inequality-II for some k0 ∈ (0, 1] and α ∈
(1,min{k0+2

2 , 4
3}), a1,p−k+1 = 0 (k ∈ {2, · · · , p}) and F (z1) 6= F (z2) when-

ever |z1| 6= |z2|, then F ∈ K∗
Hp

( 4−3α
3−2α ).

Proof. Assume

F (z) = z +
p∑

k=1

|z|2(k−1)
( ∞∑

n=2

an,p−k+1z
n +

∞∑
n=1

bn,p−k+1z̄
n
)

satisfies Inequality-I for some k0 ∈ (0, 1] and α ∈ (1,min{k0+2
2 , 4

3}). Then

p∑

k=1

∞∑
n=2

(n− α)|an,p−k+1|+
p∑

n=1

∞∑
n=1

(n + α)|bn,p−k+1| ≤ α− 1.

For r ∈ (0, 1), let

Fr(z) = z +
p∑

k=1

r2(k−1)
( ∞∑

n=2

an,p−k+1z
n +

∞∑
n=1

bn,p−k+1z̄
n
)
,

for z ∈ D. Obviously, Fr is harmonic.
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It is known that if a harmonic mapping f with the normalization fz(0) =
1 satisfies ∞∑

n=2

n− β

1− β
|an|+

∞∑
n=1

n + β

1− β
|bn| ≤ 1,

then f ∈ S∗H(β) = S∗H1
(β), where β ∈ [0, 1) (cf. [9, Theorem 1]).

Let β0 = (4− 3α)/(3− 2α). Then

β0 ≤ (2− α)n− α

n− 2α + 1
, β0 ≤ (2− α)n + α

n + 2α− 1
,

for n ≥ 2 and

1 + β0

1− β0
≤ α + 1

α− 1
.

Hence

∞∑
n=2

n− β0

1− β0

∣∣
p∑

k=1

r2(k−1)an,p−k+1

∣∣ +
∞∑

n=1

n + β0

1− β0

∣∣
p∑

k=1

r2(k−1)bn,p−k+1

∣∣

≤
p∑

k=1

∞∑
n=2

n− α

α− 1
|an,p−k+1|+

p∑

k=1

∞∑
n=1

n + α

α− 1
|bn,p−k+1| ≤ 1,

which shows Fr ∈ S∗H( 4−3α
3−2α ) = S∗H1

( 4−3α
3−2α ), that is, d

dθ (arg Fr(r1e
iθ)) >

4−3α
3−2α for r1 ∈ (0, 1). Let r1 = r. Then we have d

dθ (arg F (reiθ)) > 4−3α
3−2α .

From Fr ∈ S∗H( 4−3α
3−2α ), we know that Fr is univalent. By the univalence of

Fr and the assumption F (z1) 6= F (z2) whenever |z1| 6= |z2|, we deduce that
F is univalent. Therefore F ∈ S∗Hp

( 4−3α
3−2α ).

Similarly, we can show that if F ∈ Hp satisfies Inequality-II for some
k0 ∈ (0, 1] and α (1 < α ≤ min{k0+2

2 , 4
3}) with a1,p−k+1 = 0 (k ∈

{2, · · · , p}) and F (z1) 6= F (z2) whenever |z1| 6= |z2|, then F ∈ K∗
Hp

( 4−3α
3−2α ).
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In this paper, we list some holomorphic function spaces in Clifford analysis
and give their properties. Firstly, we give some properties of regular func-
tion space. Next we study hypermonogenic function space and its properties.
Finally we study k-holomorphic function and give some of its properties in
unbounded domain.
Keywords: Holomorphic function space, regular function, hypermonogenic
function, k-holomorphic function, Clifford analysis.
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1. Clifford Algebra Cln and Regular Function

Let Cln be a real Clifford algebra over a n-dimensional real vector space
Rn with orthogonal basis e : = {e1, · · · , en}. Then Cln has its basis

1, e1, · · · , en; e1e2, · · · , en−1en; · · · ; e1 · · · en.

Hence an arbitrary element of the basis may be written as eA = eα1 · · · eαh
,

where A = {α1, · · · , αh} ⊆ {1, · · · , n}, 1 ≤ α1 < α2 < · · · < αh ≤ n and
e∅ = 1,

eiej =

{ −ejei, i 6= j,

−1, i = j,
i, j = 1, · · · , n.

Clifford number is

a =
∑

A

xAeA =
∑

A,n/∈A

xAeA +
( ∑

A,n∈A

xAeA/n

)
en

= Pa + (Qa)en,

1This research is supported by NSFC (No.10771049)
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where xA(∈ R) are real numbers. We call Pa, Qa ∈ Cln−1 the P part and
Q part of a.

And we define some involutions:

′ : Cln → Cln, (e0)
′
=e0, (ei)

′
= −ei, i=1, · · · , n,

̂: Cln → Cln, ên = −en, êi = ei, i = 0, · · · , n−1.

Clifford analysis deals with the function f : Ω ⊂ Rn+1 −→ Cln, x =
x0 + x1e1 + · · ·+ xnen, f(x) =

∑
A

fA(x)eA. Dirac operator is defined as

Df(x) =
n∑

i=0

ei
∂f(x)
∂xi

=
n∑

i=0

ei

∑

A

∂fA(x)
∂xi

eA.

If Df(x) = 0 in domain Ω, we call f(x) is a left regular (monogenic or
holomorphic) function in Ω. Similarly we have defined right Dirac opera-
tion and right regular (monogenic or holomorphic) functions. In Clifford
analysis this function space was firstly discussed by F. Brack, R. Delanghe
and F. Sommen[1]. Huang Sha, Qiao Yuying et al. have done some work
about the properties of this function Space. They also studied bimonogenic
function in Clifford analysis and published a book basic on these results[2].

Remark. The regular function in Clifford analysis has many properties
of monogenic function in complex, such as Cauchy integral formula, Taylor
series, extension theorem and uniqueness theorem. But x and xn are not
regular (monogenic or holomorphic) functions.

2. Hypermonogenic Function Space

2.1 Hypermonogenic function

Definition 2.1. Let

Mf(x) = Df(x) + (n− 1)
Q
′
f

xn
.

If Mf = 0, then we call f is a hypermonogenic function.
In Clifford analysis, the hypermonogenic function have been discussed

since 1992 by S. L. Eriksson, H. Leutwiler and J. Ryan[3]−[4]. It is the gener-
alization of holomorphic function with the hyperbolic metric. S. L. Eriksson
studied this function firstly and gave the Cauchy formula[3]. J. Ryan, Qiao
Yuying and S. Bernstein have done some work about this function[4],[5].
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2.2 Bihypermonogenic function

Definition 2.2. Suppose that Ω1 and Ω2 are open subsets of Rm+1\{xm ≤
0} and Rk+1\{yk ≤ 0} respectively. If

{
M l

xf(x, y) = 0,

Mr
y f(x, y) = 0,

in Ω1 × Ω2,

then the function f(x, y) is called a bihypermonogenic function in Ω1×Ω2.

2.3 A equivalent condition of hypermonogenic function

Theorem 2.1. Let f(z) : Ω ⊂ Rn+1 → Cln be a function, f ∈ C1(Ω).
Then f is a hypermonogenic function if and only if





∂fA

∂x0
−

n∑

j=1

δjA

∂fjA

∂xj
= 0, n ∈ A,

∂fA

∂x0
−

n∑

j=1

δjA

∂fjA

∂xj
+

n− 1
xn

(−1)|A|fnA = 0, n 6∈ A,

where δjA is the symbol as stated in reference [2].

2.4 Cauchy-Riemann form condition

Theorem 2.2. Let Ω be an open subset of Rn+1
+ and f : Ω → Cln, f ∈

C2(Ω). Then f is a k-hypermonogenic function if and only if




∂P ′f(x)
∂xn

+
n−1∑

i=0

ei
∂Qf(x)

∂xi
= 0,

n−1∑

i=0

ei
∂Pf(x)

∂xi
− ∂Q′f(x)

∂xn
+ k

Q′f(x)
xn

= 0.

2.5 The extension theorem of hypermonogenic function

Theorem 2.3. (Extension theorem) Let Ω be a set as stated above
and Ω

′
= Ω

⋂{(x0, x1, . . . , xn−1, an)}, where an > 0 be a constant. If f ∈
C1(Ω, Cln) and f is hypermonogenic in Ω\Ω′

, then f is a hypermonogenic
function in Ω.

2.6 The uniqueness theorem of hypermonogenic function

Theorem 2.4. (Uniqueness theorem) Let Ω be the set as stated above,
f(x) be a hypermonogenic function in Ω and f(x) ∈ C1(Ω, Cln). Then if
f(x) = 0 in

∧̃ ⊂ Ω
⋂{xn = an} 6= φ(an > 0), we have f(x) = 0 in Ω.
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2.7 Cauchy integral formula and Plemelj formula for bihyper-
monogenic functions

The integral

φ(t1, t2) = λ

∫

∂Ω1×∂Ω2

Em(µ, t1)dσ0(µ)ϕ(µ, v)dσ0(v)Ek(v, t2)

−λ

∫

∂Ω1×∂Ω2

Em(µ, t1)dσ0(µ)ϕ(µ, v)︸ ︷︷ ︸ dσ0(v)︸ ︷︷ ︸ Mk(v, t2)

−λ

∫

∂Ω1×∂Ω2

Mm(µ, t1)d̂σ0(µ)ϕ̂(µ, v)dσ0(v)Ek(v, t2)

+λ

∫

∂Ω1×∂Ω2

Mm(µ, t1)d̂σ0(µ) ϕ̂(µ, v)︸ ︷︷ ︸ dσ0(v)︸ ︷︷ ︸ Mk(v, t2)

is called a singular integral on ∂Ω1 × ∂Ω2, where

λ =
2m−1xm−1

m 2k−1yk−1
k

ωm+1ωk+1
,

El(µ, x) =
(µ− x)−1

|µ− x|l−1|µ− x̂|l−1
, (l = m, k),

Ml(µ, x) =
(µ̂− x)−1

|µ− x|l−1|µ− x̂|l−1
, (l = m, k),

in which êi = ei, i = 0, 1, 2, · · · ,m − 1, êm = −em, ei︸︷︷︸ = ei, i = 0, 1, 2,

· · · , k − 1, ek︸︷︷︸ = −ek.

If lim
δ→0

φδ(t1, t2) = I, where

φδ(t1, t2) = λ

∫

∂Ω1×∂Ω2−λδ

Em(µ, t1)dσ0(µ)ϕ(µ, v)dσ0(v)Ek(v, t2)

−λ

∫

∂Ω1×∂Ω2−λδ

Em(µ, t1)dσ0(µ)ϕ(µ, v)︸ ︷︷ ︸ dσ0(v)︸ ︷︷ ︸ Mk(v, t2)

−λ

∫

∂Ω1×∂Ω2−λδ

Mm(µ, t1)d̂σ0(µ)ϕ̂(µ, v)dσ0(v)Ek(v, t2)

+λ

∫

∂Ω1×∂Ω2−λδ

Mm(µ, t1)d̂σ0(µ) ϕ̂(µ, v)︸ ︷︷ ︸ dσ0(v)︸ ︷︷ ︸ Mk(v, t2),

then I is called the Cauchy principal value of the singular integral and
written as I = φ(t1, t2).

Theorem 2.5. (Cauchy type formula) Suppose Ω
′
and Ω

′′
be open

subsets of Rm+1\{xm ≤ 0} and Rk+1\{yk ≤ 0} respectively. Let Ω1,Ω2
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satisfy Ω1 ⊂ Ω
′
,Ω2 ⊂ Ω

′′
respectively. If ϕ(x, y) is a bihypermonogenic

function in Ω
′ × Ω

′′
, x ∈ Ω1 and y ∈ Ω2, then

ϕ(x, y) = λ

∫

∂Ω1×∂Ω2

Em(µ, x)dσ0(µ)ϕ(µ, v)dσ0(v)Ek(v, y)

−λ

∫

∂Ω1×∂Ω2

Em(µ, x)dσ0(µ)ϕ(µ, v)︸ ︷︷ ︸ dσ0(v)︸ ︷︷ ︸ Mk(v, y)

−λ

∫

∂Ω1×∂Ω2

Mm(µ, x)d̂σ0(µ)ϕ̂(µ, v)dσ0(v)Ek(v, y)

+λ

∫

∂Ω1×∂Ω2

Mm(µ, x)d̂σ0(µ) ϕ̂(µ, v)︸ ︷︷ ︸ dσ0(v)︸ ︷︷ ︸ Mk(v, y).

3. K-holomorphic Function

3.1 Definition of K-holomorphic function

Definition 3.1. Let Ω ⊂ Rn be a nonempty and open set, f ∈ C(r)(Ω, Cln)

(r ≥ k , k < n), D∗f(x) =
n∑

i=1

ei
∂f
∂xi

. If Dk
∗f(x) = 0 (f(x)Dk

∗ = 0) for any

x ∈ Ω, then f is called a left k−regular (right k−regular) function on Ω.
Usually left k−regular function is called a k−regular function for short.

Remark. Let Hk
l (Ω) (Hk

r (Ω)) denote all the k−regular functions (right
k−regular functions) on Ω. If k1 < k2, then Hk1

l (Ω) ⊂ Hk2
l (Ω) (Hk1

r (Ω) ⊂
Hk2

r (Ω)).
For any natural number k, Hk

l (Ω) is not empty. The higher order kernel
functions introduced later in this paper are examples.

3.2 Higher order kernel function

H∗
j (x) =

Aj

ωn

xj

| x |n , j < n, (1)

Aj =





1

2i−1(i− 1)!
∏i

r=1(2r − n)
, j =2i, j <n, i=1, 2, · · · ,

1

2ii!
∏i

r=1(2r − n)
, j = 2i + 1, j < n, i = 0, 1, · · · ,

(2)

where x ∈ Rn
0 , ωn =

2π
n
2

Γ(n
2 )

is the area of the unit sphere in Rn.

3.3 Cauchy integral formula of k-holomorphic function

Lemma 3.1[6]. Let Ω be a bounded, connected and open set in Rn, ∂Ω be
its boundary, f ∈ C(r)(Ω

⋃
∂Ω, Cln), k ≤ r, k < n, and H∗

j (x) be defined
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in (1). Then for any z ∈ Ω, we have

f(z) =
k−1∑

j=0

(−1)j

∫

∂Ω

H∗
j+1(x−z)dσxDj

∗f(x)+(−1)k

∫

Ω

H∗
k(x−z) ·Dk

∗f(x)dxn.

Let U be an unbounded, connected and open set, ∂U be its boundary
and Rn \ U be not an empty set. Then we can obtain some properties of
k-holomorphic function in U .

Theorem 3.1. Let U and ∂U be defined as above, f ∈ C(r)(U
⋃

∂U,Cln)
(r ≥ k, k < n), | Dj

∗f(x) |≤ C | x |−j+s (s ∈ [0, 1), j = 0, 1, · · · , k − 1),
and C be a positive real constant. Then for any z ∈ U , we have

f(z)=
k−1∑

j=0

(−1)j

∫

∂U

G∗j+1(x, z)dσxDj
∗f(x) + (−1)k

∫

U

G∗k(x, z)(Dk
∗f(x))dxn,

(3)
or

f(z)=
k−1∑

j=0

(−1)j

∫

∂U

f(x)Dj
∗dσxG∗j+1(x, z) + (−1)k

∫

U

(f(x)Dk
∗)G

∗
k(x, z)dxn,

(4)
where G∗j+1(x, z) = H∗

j+1(x− z)−H∗
j+1(x− z0) and z0 ∈ Rn \U is a fixed

point.

Theorem 3.2. (Higher order Cauchy integral formula) Let U be
defined as above, f ∈ Hk(U) and | Dj

∗f(x) |≤ C | x |−j+s, s ∈ [0, 1), j =
0, 1, · · · , k − 1. Then

k−1∑

j=0

(−1)j

∫

∂U

G∗j+1(x, z)dσxDj
∗f(x) =

{
f(z), z ∈ U,

0, z ∈ Rn\U,
(5)

or

k−1∑

j=0

(−1)j

∫

∂U

(f(x)Dj
∗)dσxG∗j+1(x, z) =

{
f(z), z ∈ U,

0, z ∈ Rn\U,
(6)

where G∗j+1(x, z) is the function in Theorem 3.1.

Theorem 3.3. (Cauchy inequality) Let U be defined as above, f ∈
Hk(U) (r≥k, k<n), and |Dj

∗f(x)| ≤ C|x|−j+s (s∈ [0, 1), j =0, 1, · · · , k−1).
Then for any a ∈ U , B(a, r) ⊂ U , we have

∣∣∣∣
∂pf(z)

∂zk1 · · · ∂zkp

∣∣∣∣
z=a

≤ Cp(n)
rp

,
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where Cp(n) is a constant depending on Dj
∗f(j = 0, · · · , k− 1), p, n and r.

3.4 Boundary behavior of higher order Cauchy-type integrals
over unbounded domain

The integral

Φ(z) =
k−1∑

j=0

(−1)j

∫

∂U

G∗j+1(x, z)dσxDj
∗f(x) (7)

is called a higher order Cauchy-type integral, where U and ∂U are defined as
above, G∗j+1(x, z) = H∗

j+1(x−z)−H∗
j+1(x−z0), f ∈ C(r)(∂U,Cln) (r ≥ k),

z0 ∈ Rn\U is a fixed point, x ∈ ∂U , | Dj
∗f(x) |≤ C | x |−j+s (s ∈ [0, 1), j =

0, 1, · · · , k − 1), z ∈ Rn \ U and C is a real constant.
If z ∈ ∂U , we construct a sphere E with the center at z and radius

δ > 0, where ∂U is divided into two parts by E and the part of ∂U lying
in the interior of E is denoted by λδ. If lim

δ→0
Φδ(z) = I, in which

Φδ(z) =
k−1∑

j=0

(−1)j

∫

∂U−λδ

G∗j+1(x, z)dσxDj
∗f(x),

then I is called the Cauchy principal value of the singular integral and
denoted by I = Φ(z).

Lemma 3.2. Let U and ∂U be defined as above. Suppose that ψ : ∂U →
Cln is bounded and Hölder continuous with exponent s ∈ (0, 1). Then the
integral ∫

∂U

G∗1(x, z)dσxψ(x)

is well defined for each x ∈ ∂U in the context of Cauchy principal value.

Theorem 3.4. Let U and ∂U be defined as above, f ∈ C(r)(∂U,Cln) (r ≥
k, k < n), and | Dj

∗f(x) |≤ C | x |−j+s (s ∈ [0, 1), j = 0, 1, · · · , k − 1).
Then for any z ∈ ∂U , Φ(z) is well defined in the context of Cauchy principal
value.

Lemma 3.3. For any x, z, z0 ∈ Rn, when j ≥ 0, we have

| (x− z)j+1

| x− z |n − (x− z0)j+1

| x− z0 |n |

≤
[ n−1∑

k=1

(| x | + | z0 |)j

| x− z |k| x− z0 |n−k
+

j∑

k=1

(| x | + | z0 |)j−k

| x− z |n−k

]
.

Lemma 3.4. Let U and ∂U be as above. Suppose that ψ : ∂U → Cln
is Hölder continuous with exponent s ∈ (0, 1), t ∈ ∂U, and Ψ(z) =
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∫
∂U

G∗1(x, z)dσxψ(x). Then

Ψ±(t) = ±1
2
ψ(t) +

∫

∂U

G∗1(x, t)dσxψ(x).

Theorem 3.5. (Plemelj formula) Let U and ∂U be as above, f ∈
C(r)(∂U,Cln) (r ≥ k, k < n), and | Dj

∗f(x) |≤ C | x |−j+s (s ∈ [0, 1), j =
0, 1, · · · , k − 1). Then





Φ+(t) =
1
2
f(t) + Φ(t),

Φ−(t) = −1
2
f(t) + Φ(t).

(8)

Theorem 3.6. Let U , ∂U and G∗j+1(x, z) be as above, z ∈ Rn \ ∂U and
f ∈ C(r)(∂U,Cln) (k ≤ r, k < n). Then

Φ(z) =
k−1∑

j=0

(−1)j

∫

∂U

G∗j+1(x, z)dσxDj
∗f(x)

is a k−regular function.

Theorem 3.7. (Extension Theorem) Let U and ∂U be as above. If
Dk
∗f(z) = 0 for any point z ∈ Rn \ ∂U and or z ∈ ∂U , f+(z) =

f−(z) (f+(z), f−(z) ∈ H(∂U, β), 0 < β < 1). Then Dk
∗f(z) = 0 for

z ∈ Rn.
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1. Introduction

The method of Clifford analysis theory is a powerful tool for generalizing
the classical one variable complex function theory to higher dimensions. In
[1–3], some kinds of jumping boundary value problems for regular functions
in Clifford analysis were studied, which generalized the classical one in [4].
The Privalov theorems and Plemelj formulae play crucial roles in solving
these problems. In [5,6], they studied the boundary value problems for
harmonic and bi-harmonic functions. With the help of high order cauchy
formula in [7,8], we can represent k-regular functions by some integrals,
furthermore represent harmonic and bi-harmonic functions. Therefore, the
boundary properties of these integrals are very important for solving the
boundary value problems for harmonic and bi-harmonic functions. In this
article, we will study these integral operators’ boundary behavior with the
standard method in [9,10], then obtain a series of Privalov theorems and
Plemelj formulae.

2. Integral Representation for K-Regular Functions

Let Vn,n be an n-dimensional real linear space with basis {e1, e2, · · · en},
C(Vn,n) be the 2n-dimensional real linear space with the basis

{eA : A = {h1, · · · , hr} ∈ PN, 1 ≤ h1 < · · · < hr ≤ n},

where N stands for the set {1, · · · , n} and PN denotes the family of all
order-preserving subsets of N in the above way. We denote e∅ as e0 and eA

1This research is supported by NSFC (No.10471107) and RFDP of Higher Eduction
of China(No.20060486001)
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as eh1···hr
for A = {h1, · · · , hr} ∈ PN . The product on C(Vn,n) is defined

by




eAeB = (−1)P (A,B)eA∆B, if A,B ∈ PN ,

λµ =
∑

A,B∈PN
λAµBeAeB, if λ =

∑

A∈PN
λAeA, µ =

∑

B∈PN
µBeB,

where the number P (A,B) =
∑
j∈B

P (A, j), P (A, j) = #{i : i ∈ A, i > j}.
e0 is the identity element written as 1.

Thus C(Vn,n) is real, linear, associative, but noncommutative algebra
and it is called a universal Clifford algebra over Vn,n (see [11,12]).

In the sequel, we constantly use the following conjugate




ēi = ei, if i=1, 2, · · · , n,

λ̄ =
∑

A∈PN
λAēA, if λ ∈ C(Vn,n).

Hence we introduce the norm on C(Vn,n) as follows

|λ| = (
∑

A∈PN
λ2
A)

1
2 , and |λ + µ| ≤ |λ|+ |µ|, |λµ| ≤ 2n|λ||µ|.

Let Ω be an open nonempty subset of Rn. Functions f defined in Ω
and with values in C(Vn,n) will be considered, i.e., f : Ω → C(Vn,n), more
clearly, f(x) =

∑
A∈PN

fA(x)eA, x ∈ Ω, where fA is the eA-component of

f(x). Obviously, fA are real-valued functions in Ω. Whenever a property
such as continuity and differentiability is ascribed to f, it is clear that in
fact all the component functions fA possess the cited property. So f ∈
Cr(Ω, C(Vn,n)) is very clear.

In this paper, we shall consider the following operator D:

D =
n∑

i=1

ei
∂

∂xi
: Cr(Ω, C(Vn,n)) → Cr−1(Ω, C(Vn,n)),

its action on functions from the left being governed by the rules

D[f ] =
n∑

i=1

∑

A
eieA

∂fA
∂xi

.

Definition 2.1. A function f(x) ∈ Cr(Ω, C(Vn,n)) (r ≥ 1) is called regular
in Ω, if D[f ] = 0 in Ω; A function f(x) ∈ Cr(Ω , C(Vn,n)) (r ≥ 1) is called
k-regular in Ω if Dk[f ] = 0 in Ω.
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Thus the Laplace operator satisfies ∆ = D2, ∆2 = D4.
Denote the fundamental solution of Dk(k=1,2,3,4) respectively as fol-

lows, for n > 4




H1(x) =
x

wnρn(x)
,

H2(x) =
−1

(n− 2)wnρn−2(x)
,

H3(x) =
−x

2(n− 2)wnρn−2(x)
,

H4(x) =
1

2(n− 2)(n− 4)wnρn−4(x)
,

where ρ(x) = (
n∑

k=1

x2
k)

1
2 , wn denotes the area of the unit sphere in Rn.

Lemma 2.1 ([7, 8]). Let Ω be an open bounded nonempty subset of Rn with
a Liapunov boundary ∂Ω, f ∈ C2(Ω, C(Vn,n)) ∩ C1(Ω, C(Vn,n)),∆[f ] = 0
in Ω. Then for x ∈ Ω,

f(x) =
∫

∂Ω

H1(y − x)dσyf(y)−
∫

∂Ω

H2(y − x)dσyD[f ](y).

Lemma 2.2 ([7, 8]). Let Ω be an open bounded nonempty subset of Rn with
a Liapunov boundary ∂Ω, f ∈ C4(Ω, C(Vn,n)) ∩ C3(Ω, C(Vn,n)),∆2[f ] = 0
in Ω. Then for x ∈ Ω,

f(x) =
∫

∂Ω

H1(y − x)dσyf(y)−
∫

∂Ω

H2(y − x)dσyD[f ](y)

+
∫

∂Ω

H3(y−x)dσy∆[f ](y)−
∫

∂Ω

H4(y−x)dσyD3[f ](y).

In what follows, we suppose Ω be an open bounded nonempty subset of Rn

with a Liapunov boundary ∂Ω, denote Ω+ = Ω and Ω− = Rn \ Ω .
For f ∈ C(∂Ω, C(Vn,n)), denote

(S1f)(x) ∆=
∫

∂Ω

H1(y − x)dσyf(y), x ∈ Rn,

(S2f)(x) ∆=
∫

∂Ω

H2(y − x)dσyf(y), x ∈ Rn,
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(S3f)(x) ∆=
∫

∂Ω

H3(y − x)dσyf(y), x ∈ Rn,

(S4f)(x) ∆=
∫

∂Ω

H4(y − x)dσyf(y), x ∈ Rn,

where for x ∈ ∂Ω, (Sif)(x) (i = 1, 2, 3, 4) are considered as principal value
integrals.

3. Privalov Theorem and Plemelj Formula

In this section, we discuss the boundary properties of operators Si (i =
1, 2, 3, 4).

Theorem 3.1. Let f ∈Hα(∂Ω, C(Vn,n)) (0 < α≤ 1), g ∈C(∂Ω,C(Vn,n)).
Then the following principal value integrals are convergent and satisfy

i) (S1f)(t) ∈ H α̃(∂Ω, C(Vn,n)), 0 < α̃ ≤ α,
ii) (S2g)(t) ∈ H1−ε(∂Ω, C(Vn,n)), ∀ 0 < ε ≤ 1,
iii) (S3g)(t) ∈ H1(∂Ω, C(Vn,n)),
iv) (S4g)(t) ∈ H1(∂Ω, C(Vn,n)).

Proof. i) has been proved in [9,10].
ii) For t1, t2 ∈ ∂Ω, it is enough to consider the case of ρ(t1− t2) = δ > 0

being sufficiently small,

(n− 2)
∣∣∣∣ (S2g)(t1)− (S2g)(t2)

∣∣∣

=
∣∣∣ 1
wn

∫

∂Ω

1
ρn−2(y − t1)

dσyg(y)− 1
wn

∫

∂Ω

1
ρn−2(y − t2)

dσyg(y)
∣∣∣∣

≤
∣∣∣∣

1
wn

∫

∂Ω\B(t1,2δ)

( 1
ρn−2(y − t1)

− 1
ρn−2(y − t2)

∣∣∣∣)dσyg(y)
∣∣∣

+
∣∣∣ 1

wn

∫

∂Ω∩B(t1,2δ)

1
ρn−2(y − t1)

dσyg(y)
∣∣∣

+
∣∣∣ 1
wn

∫

∂Ω∩B(t2,4δ)

1
ρn−2(y − t2)

dσyg(y)
∣∣∣

4
= I1 + I2 + I3.

For y ∈ ∂Ω \ B(t1, 2δ), we have ρ(y − t1) ≤ 2ρ(y − t2). For any
t1, t2, y ∈ Rn, t1, t2 6= y,
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∣∣∣∣
1

ρn−2(y − t1)
− 1

ρn−2(y − t2)

∣∣∣∣

≤
∣∣∣∣

1
ρn−2(y − t1)

− 1
ρn−3(y − t1)ρ(y − t2)

+
1

ρn−3(y − t1)ρ(y − t2)

− · · ·+ 1
ρ(y − t1)ρn−3(y − t2)

− 1
ρn−2(y − t2)

∣∣∣∣

≤ ρ(t1 − t2)
ρn−2(y − t1)ρ(y − t2)

+
ρ(t1 − t2)

ρn−3(y − t1)ρ2(y − t2)
+ · · ·+

ρ(t1 − t2)
ρ(y − t1)ρn−2(y − t2)

= δ ·
n−2∑

i=1

1
ρn−1−i(y − t1)ρi(y − t2)

. (3.1)

So

I1 ≤
22n−1 · δ sup

y∈∂Ω
|g(y)|

wn

∫

∂Ω\B(t1,2δ)

1
ρn−1(y − t1)

dS,

I2 ≤
2n sup

y∈∂Ω
|g(y)|

wn

∫

∂Ω
⋂

B(t1,2δ)

1
ρn−2(y − t1)

dS

≤ M(n)

2δ∫

0

dr

π∫

0

sinn−3 ϕ1dϕ1 · · ·
π∫

0

sinϕn−3dϕn−3

2π∫

0

dϕn−2

≤ M(n)

2δ∫

0

dr ≤ M(n)δ,

I3 ≤
2n sup

y∈∂Ω
|g(y)|

wn

∫

∂Ω
⋂

B(t2,4δ)

1
ρn−2(y−t2)

dS≤M(n)

4δ∫

0

dr≤M(n)δ,

where M(n) denotes a nonnegative constant, depending on the quantities
in the parentheses, and M(n) always changes in different inequality.

Then there exists a constant δ0 independent of t1 and t2, such that

I1 ≤ M(n)δ

δ0∫

2δ

dr

r
≤ M(n)δ [| log δ0|+ | log(2δ)|] ≤ M(n)δ1−ε,

∀ 0 < ε < 1.

Thus the result ii) holds.
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iii) 2(n− 2)
∣∣∣ (S3g)(t1)− (S3g)(t2)

∣∣∣

=
∣∣∣ 1
wn

∫

∂Ω

y − t1
ρn−2(y−t1)

dσyg(y)− 1
wn

∫

∂Ω

y − t2
ρn−2(y−t2)

dσyg(y)
∣∣∣

≤
∣∣∣ 1

wn

∫

∂Ω\B(t1,2δ)

( y − t1
ρn−2(y − t1)

− y − t2
ρn−2(y − t2)

)
dσyg(y)

∣∣∣

+
∣∣∣ 1

wn

∫

∂Ω∩B(t1,2δ)

y − t1
ρn−2(y − t1)

dσyg(y)
∣∣∣

+
∣∣∣ 1
wn

∫

∂Ω∩B(t2,4δ)

y − t2
ρn−2(y − t2)

dσyg(y)
∣∣∣

4
= I1 + I2 + I3.

For any t1, t2, y ∈ Rn, t1, t2 6= y,
∣∣∣ y − t1

ρn−2(y − t1)
− y − t2

ρn−2(y − t2)

∣∣∣

≤
∣∣∣ y − t1

ρn−2(y − t1)
− y − t2

ρn−2(y − t1)

∣∣∣ +
∣∣∣ y − t2

ρn−2(y − t1)
− y − t2

ρn−2(y − t2)

∣∣∣

≤ ρ(t1 − t2)
ρn−2(y − t1)

+ ρ(t1 − t2)
n−2∑

i=1

1
ρn−1−i(y − t1)ρi−1(y − t2)

(By (3.1)).

So

I1 ≤ M(n)δ
∫

∂Ω\B(t1,2δ)

1
ρn−2(y − t1)

dS,

I2 ≤ M(n)
∫

∂Ω
⋂

B(t1,2δ)

∣∣∣ y − t1
ρn−2(y − t1)

∣∣∣dS ≤ M(n)

2δ∫

0

rdr ≤ M(n)δ2,

I3 ≤ M(n)
∫

∂Ω
⋂

B(t2,4δ)

∣∣∣ y − t2
ρn−2(y − t2)

∣∣∣dS ≤ M(n)

4δ∫

0

rdr ≤ M(n)δ2.

Then there exists a constant δ0 independent of t1 and t2, such that

I1 ≤ M(n)δ

δ0∫

2δ

dr ≤ M(n)δ(δ0 − 2δ).
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Thus iii) holds. By using the same method, iv) follows immediately.

Theorem 3.2. (Privalov theorem) Suppose f ∈ Hα(∂Ω, C(Vn,n)) (0 <
α ≤ 1), g ∈ C(∂Ω, C(Vn,n)). Then

i) (S±1 f)(x) ∈ H α̃(Ω±, C(Vn,n)), 0 < α̃ ≤ α,

ii) (S±2 g)(x) ∈ H1−ε(Ω±, C(Vn,n)), ∀ 0 < ε < 1,

iii) (S±3 g)(x) ∈ H1(Ω±, C(Vn,n)),
iv) (S±4 g)(x) ∈ H1(Ω±, C(Vn,n)).

Proof. In the following, we only prove the results for x ∈ Ω+. For x ∈ Ω−,
it can be proved similarly. Since i) has been proved in [9, 10], now we prove
ii).

Case 1: For all x1, x2 ∈ ∂Ω, by Theorem 3.1, we have

|(S+
2 g)(x1)− (S+

2 g)(x2)| ≤ M(n)|x1 − x2|1−ε, ∀ 0 < ε < 1. (3.2)

Case 2: For x1 ∈ Ω, x2 ∈ ∂Ω, denote ρ(x1 − x2) = δ > 0 being suf-
ficiently small. Since ∂Ω is compact, for all x1 ∈ Ω, there exists a point
x1,∂Ω ∈ ∂Ω such that ρ(x1,∂Ω − x1) = inf

y∈∂Ω
ρ(y − x1). Obviously, x1,∂Ω

exists, but is not unique necessarily. It satisfies

ρ(x1 − x1,∂Ω) ≤ δ , ρ(x1,∂Ω − x2) ≤ 2ρ(x1 − x2) = 2δ,

and then

∣∣∣
∫

∂Ω

1
ρn−2(y − x1)

dσyg(y)−
∫

∂Ω

1
ρn−2(y − x2)

dσyg(y)
∣∣∣

≤
∣∣∣

∫

∂Ω

1
ρn−2(y − x1)

dσyg(y)−
∫

∂Ω

1
ρn−2(y − x1,∂Ω)

dσyg(y)
∣∣∣

+
∣∣∣

∫

∂Ω

1
ρn−2(y − x1,∂Ω)

dσyg(y)
∫

∂Ω

1
ρn−2(y − x2)

dσyg(y)
∣∣∣.

By Theorem 3.1,

∣∣∣
∫

∂Ω

1
ρn−2(y−x1,∂Ω)

dσyg(y)−
∫

∂Ω

1
ρn−2(y−x2)

dσyg(y)
∣∣∣≤M(n)δ1−ε, (3.3)

and
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∣∣∣∣
∫

∂Ω

1
ρn−2(y − x1)

dσyg(y)−
∫

∂Ω

1
ρn−2(y − x1,∂Ω)

dσyg(y)
∣∣∣∣

≤ 2n sup
y∈∂Ω

|g(y)|
∫

∂Ω\B(x1,∂Ω,2δ)

∣∣∣∣
1

ρn−2(y−x1)
− 1

ρn−2(y−x1,∂Ω)

∣∣∣∣dS

+2n sup
y∈∂Ω

|g(y)|
∫

∂Ω∩B(x1,∂Ω,2δ)

1
ρn−2(y − x1)

dS

+2n sup
y∈∂Ω

|g(y)|
∫

∂Ω∩B(x1,∂Ω,2δ)

1
ρn−2(y − x1,∂Ω)

dS

4
= I1 + I2 + I3.

For y ∈ ∂Ω, since x1, ∂Ω is a nearest distance point between x1 and
∂Ω, ρ(y − x1,∂Ω)− ρ(y − x1) ≤ ρ(x1,∂Ω − x1) ≤ ρ(y − x1), then

ρ(y − x1,∂Ω) ≤ 2ρ(y − x1).

So there exists a a constant δ0 independent of x1 and x1, ∂Ω, such that

I1≤ 22n−1 · δ sup
y∈∂Ω

|g(y)|
∫

∂Ω\B(x1,∂Ω,2δ)

1
ρn−1(y − x1,∂Ω)

dS

≤ M(n)δ

δ0∫

2δ

dr

r
≤M(n)δ[| log(δ0)|+| log(2δ)|]≤M(n)δ1−ε, (3.4)

I2≤22n−2 sup
y∈∂Ω

|g(y)|
∫

∂Ω
⋂

B(x1,∂Ω,2δ)

1
ρn−2(y−x1,∂Ω)

dS≤M(n)δ, (3.5)

I3≤ 2n sup
y∈∂Ω

|g(y)|
∫

∂Ω
⋂

B(x1,∂Ω,2δ)

1
ρn−2(y−x1,∂Ω)

dS ≤ M(n)δ. (3.6)

Combining (3.3),(3.4),(3.5) and (3.6), (3.2)holds.
Case 3: For all x1, x2 ∈ Ω, denote |x1 − x2| = δ. Since segment x1x2

and ∂Ω are compact, there exist x̃ ∈ x1x2, x̃∂Ω ∈ ∂Ω, such that

ρ(x̃− x̃∂Ω) = inf
x∈x1x2,t∈∂Ω

ρ(x− t).

Denote ρ(x̃− x̃∂Ω) = d.
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1) If d=0, then x̃ ∈ ∂Ω. By Case 2, we have

|(S+
2 g)(x1)− (S+

2 g)(x2)|
≤ |(S+

2 g)(x1)− (S+
2 g)(x̃)|+ |(S+

2 g)(x̃)− (S+
2 g)(x2)|

≤ M(n)δ1−ε.

2) If d > 0, d ≤ 2δ, then ρ(x1 − x̃∂Ω) ≤ 3δ, ρ(x2 − x̃∂Ω) ≤ 3δ, thus by
Case 2, we have

|(S+
2 g)(x1)− (S+

2 g)(x2)|
≤ |(S+

2 g)(x1)− (S+
2 g)(x̃∂Ω)|+ |(S+

2 g)(x̃∂Ω)− (S+
2 g)(x2)|

≤ M(n)δ1−ε.

3) If d ≥ 2δ > 0, then for all y ∈ ∂Ω,

ρ(y − x1) ≤ 2ρ(y − x2), ρ(y − x2) ≤ 2ρ(y − x1),

ρ(y−x̃∂Ω) ≤ 3ρ(y−x1), ρ(y−x̃∂Ω) ≤ 3ρ(y−x2).

Thus from the above inequalities, by the same technique, we have

|(S+
2 g)(x1)− (S+

2 g)(x2)| ≤ M(n)δ1−ε.

So the result ii) holds, and iii), iv) follow in the same way.

Corollary 3.1. (Plemelj formula) Suppose f ∈ Hα(∂Ω, C(Vn,n)), 0<
α ≤1, g∈ C(∂Ω, C(Vn,n)), then for x ∈ Rn \ ∂Ω, we have

i) lim
x→t

x∈Ω±
t∈∂Ω

1
wn

∫

∂Ω

y − x

ρn(y−x)
dσyf(y)=±1

2
f(t)+

1
wn

∫

∂Ω

y − t

ρn(y−t)
dσyf(y),

ii) lim
x→t

x∈Ω±
t∈∂Ω

1
wn

∫

∂Ω

1
ρn−2(y − x)

dσyg(y) =
1

wn

∫

∂Ω

1
ρn−2(y − t)

dσyg(y),

iii) lim
x→t

x∈Ω±
t∈∂Ω

1
wn

∫

∂Ω

y − x

ρn−2(y − x)
dσyg(y) =

1
wn

∫

∂Ω

y − t

ρn−2(y − t)
dσyg(y),

iv) lim
x→t

x∈Ω±
t∈∂Ω

1
wn

∫

∂Ω

1
ρn−4(y − x)

dσyg(y) =
1

wn

∫

∂Ω

1
ρn−4(y − t)

dσyg(y).

Proof. It can be directly proved by Theorems 3.1 and 3.2.
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1. Introduction

We consider the differential-difference operators Di, i = 1, · · · , d, on Rd, as-
sociated with a positive root system R+, a nonnegative multiplicity function
κ and index γκ > 0, introduced by C. F. Dunkl in [6] and called Dunkl op-
erators in the literature which are invariant under finite reflection groups.
These operators are very important in pure mathematics and in physics.
Dunkl operators not only provide a useful tool in the study of special func-
tions with root systems ([7,11,21]), but they are closely related to certain
representations of degenerated affine Hecke algebras ([3,13]). Moreover the
commutative algebra generated by these operators has been used in the
study of certain exactly solvable models of quantum mechanics, namely
the Calogero-Moser-Sutherland models, which describe quantum mechani-
cal system of N identical particles on a circle or line which interact pairwise
through long range potentials of inverse square type ([12,17]).

Based on Dunkl operators the authors in [2,14] were able to introduce a
Dirac operator, called Dunkl-Dirac operator, which is invariant under finite
reflection groups and also factorizes the Dunkl Laplacian. Starting from
the latter operator the authors in [10] recently obtained the fundamental
solutions of the iterated Dunkl-Dirac operators Dl

h = (
∑d

i=1 eiDi)l, l ∈ Z+

but for l < µ, where Z+ denotes the set of all positive integers and µ =
2γκ + d is the so-called Dunkl-dimension(see Section 2). So, in this paper

1This research is supported by Fundação para Ciência e a Tecnologia, Portugal, No.
SFRH/BPD/41730/2007.



Fundamental Solutions of Iterated Dunkl-Dirac Operators 255

we will further study the fundamental solutions of the iterated Dunkl-Dirac
operators with a different approach, the so-called Dunkl transform ([4,8]),
which generalizes the results in [10] to any positive integer power of Dunkl-
Dirac operator.

Throughout this paper we use the convention that cα,β and c
′

α,β denote
constants, depending on the parameters α and β, their values may change
from line to line. Then the main result of this paper reads:

Theorem 1.1. For any l ∈ Z+, the following function Eµ,l is a funda-
mental solution of the iterated Dunkl-Dirac operators Dl

h in Rd:
for µ odd,

Eµ,l(x) =


cµ,l

x

|x|µ−l+1
, l odd,

cµ,l
1

|x|µ−l
, l even,

and for µ even,

Eµ,l(x) =



cµ,l
x

|x|µ−l+1
, l odd and l < µ−1,

cµ,l
1

|x|µ−l
, l even and l < µ,

(cµ,l log |x|+ c
′

µ,l)
x

|x|µ−l+1
, l odd and l ≥µ− 1,

(cµ,l log |x|+ c
′

µ,l)
1

|x|µ−l
, l even and l ≥ µ.

2. Preliminaries and Dunkl Analysis

Let e1, · · · , ed be an orthonormal basis of Rd satisfying the anti-
commutation relationship eiej + ejei = −2δij , where δij is the Kro-
necker symbol. We define the universal real valued Clifford algebra R0,d

as the 2d-dimensional associative algebra with basis given by e0 = 1
and eA = eh1 · · · ehn , where A = {h1, h2, · · · , hn} ⊂ {1, 2, · · · , d}, for
1 ≤ h1 < h2 < · · · < hn ≤ d. Hence, each element x ∈ R0,d will be
represented by x =

∑
A xAeA, xA ∈ R. We now introduce the Dirac op-

erator ∂ =
∑d

i=1 ei
∂

∂xi
. In particular we have that ∂2 = −∆, where ∆

is the d-dimensional Laplacian. For all what follows let Ω be an open set
of Rd. Then a function f : Ω → R0,d is said to be left-monogenic (resp.
right-monogenic) if it satisfies the equation ∂f = 0(resp. f∂ = 0) for each
x ∈ Ω. Basic properties of Dirac operator and left-monogenic functions can
be found in [1,5].

For α ∈ Rd\{0}, the reflection σαx of a given vector x ∈ Rd on the
hyperplane Hα ⊂ Rd orthogonal to α is given, in Clifford notation, by
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σαx := −αxα−1.

A finite set R ⊂ Rd\{0} is called a root system if R
⋂

Rd · α = {α,−α}
and σαR = R for all α ∈ R. For a given root system R the reflections σα,
α ∈ R, generate a finite group W ⊂ O(d), called Coxeter group or reflection
group associated to R. All reflections in W correspond to suitable pairs
of roots. For a given β ∈ Rd\

⋃
α∈R Hα, we fix the positive subsystem

R+ = {α ∈ R|〈α, β〉 > 0}, then for each α ∈ R either α ∈ R+ or −α ∈ R+.
A function κ : R → C on a root system R is called a multiplicity

function if it is invariant under the action of the associated reflection group
W . If one regards κ as a function on the corresponding reflections, this
means that κ is constant on the conjugacy classes of reflections in W . For
abbreviation, we introduce the index γκ =

∑
α∈R+

κ(α) and the weight
function hκ(x) =

∏
α∈R+

|〈α, x〉|κα , which is homogeneous of degree γκ. In
addition, we let µ = 2γκ + d which is the so-called Dunkl-dimension.

We now denote by Ck(Rd) the space of k-times continuously differen-
tiable functions on Rd and by S(Rd) the space of C∞-functions on Rd

which are rapidly decreasing as their derivatives. The Dunkl operators
Dj , j = 1, · · · , d, on Rd associated to the finite reflection group W and
multiplicity function κ are given by

Djf(x) =
∂

∂xj
f(x) +

∑
α∈R+

κα
f(x)− f(σα(x))

〈α, x〉
αj , f ∈ C1(Rd).

In the case κ = 0, the Dj , j = 1, · · · , d, reduce to the corresponding
partial derivatives. In this paper, we will assume throughout that k ≥ 0
and γ > 0. More importantly, these operators mutually commute; that is,
DiDj = DjDi. This property allows us to define a Dunkl-Dirac operator
for the reflection group W via

Dhf =
d∑

j=1

ejDjf, or fDh =
d∑

j=1

(Djf)ej ,

respectively. A function which is annihilated by the Dunkl-Dirac operator
from the left or right is called left Dunkl-monogenic function or right Dunkl-
monogenic function. In addition, the corresponding Dunkl Laplacian ∆h

on Rd is defined through ∆h = −D2
h =

∑d
j=1 D2

j .
The Dunkl intertwining operator Vκ is a linear positive operator deter-

mined uniquely by([16])

VκPd
n ⊂ Pd

n, Vκ1 = 1, DjVκ = Vκ∂j , 1 ≤ j ≤ d,
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where Pd
n is the space of homogeneous polynomials of degree n in d vari-

ables. This operator has been extended by K. Trimèche in [19] to the space
C∞(Rd).

The Dunkl kernel K(x, y) on Rd × Rd is now defined as

K(x, y) =
∞∑

n=0

Vκ(
〈·, y〉n

n!
)(x) = Vκ(exp(〈·, y〉))(x),

which generalizes the usual exponential function exp(〈x, y〉). For y ∈ Rd,
the function x → K(x, y) may be also characterized as the unique analytic
solution on Rd of the system{

Dju(x, y) = yju(x, y), j = 1, · · · , d,

u(0, y) = 1, for all y ∈ Rd.
(2.1)

This kernel has a unique holomorphic extension to Cd × Cd. The detailed
study of Dunkl kernel can be found in [7].

Now we need to define the equivalent of the Fourier transform in the
Dunkl setting.

Definition 2.1. The Dunkl transform is given for any f ∈ S(Rd) by

f̂(y) = ch

∫
Rd

K(x,−iy)f(x)h2
κ(x)dx,

where ch is the constant defined by c−1
h =

∫
Rd e−|x|

2/2h2
κ(x)dx.

Obviously, the extension of Dunkl transform to S ′(Rd) is by duality, as
usual. The detailed study about Dunkl kernel and Dunkl transform can be
found in [4,7,20].

Since the Dunkl transform is not invariant under the classical transla-
tion operator, we need to introduce the following translation operator (see
[20]).

Definition 2.2. The Dunkl translation operators τy, y ∈ Rd, are defined
on C∞(Rd) by

τyf(x) = V (y)
κ V (x)

κ [(Vκ)−1f(x + y)], ∀x ∈ Rd,

where the superscript (y) in V
(y)
κ means that Vκ is applied to the y-variable.

The properties of Dunkl translation operator can be found in [18,20].
Using this translation operator we have the Dunkl-convolution defined by

f ∗ g(y) =
∫

Rd

τyf(−x)g(x)h2
κ(x)dx,
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for which the following relation holds

(f ∗ g)ˆ= f̂ ĝ. (2.2)

In the following we will use the notation f̌ to denote the inverse Dunkl
transform of the function f .

3. Proof of the Main Theorem

We will follow the approach in [15] for the unweighted case. To this end, we
start with the following Lemma from [18], which we only state the special
case that we will use in this paper.

Lemma 3.1. For 0 < β < µ, the identity(
1

|x|µ−β

)∧

= cµ,β
1
|x|β

, cµ,β = 2−µ/2+β Γ(β/2)
Γ(µ/2− β/2)

,

holds in the sense that∫
Rd

1
|x|µ−β

φ̂(x)h2
κ(x)dx = cµ,β

∫
Rd

1
|x|β

φ(x)h2
κ(x)dx

for every φ which is sufficiently rapidly decreasing at ∞, and whose Dunkl
transform has the same property.

We are now ready to present our proof of Theorem 1.1.

Proof. Define D−β
h , β > 0, by

D−β
h f(x) = cµ

∫
Rd

K(x, iξ)(iξ)−β f̂(ξ)h2
κ(ξ)dξ,

where (iξ)−β is defined by

(iξ)−β = |ξ|−βχ+(ξ)+(−|ξ|)−βχ−(ξ) and χ±(ξ)=
1
2

(
1± iξ

|ξ|

)
.

Thus, if β = l is a positive integer, we have

(iξ)−l =


1
|ξ|l

, l even;

iξ

|ξ|l+1
, l odd.

Therefore, using (2.1) there has

D−l
h f(x) =

cµ

2

[∫
Rd

K(x, iξ)|ξ|−lf̂(ξ)h2
κ(ξ)dξ
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+Dh

∫
Rd

K(x, iξ)|ξ|−l−1f̂(ξ)h2
κ(ξ)dξ

+
∫

Rd

K(x, iξ)(−|ξ|)−lf̂(ξ)h2
κ(ξ)dξ

+Dh

∫
Rd

K(x, iξ)(−|ξ|)−l−1f̂(ξ)h2
κ(ξ)dξ

]
.

If 0 < l, l+1 < µ, by invoking relation (2.2) and Lemma 3.1 for 0 < m < µ,
(1/|x|µ−m)∨ = cµ,m/|x|m, we conclude that

D−l
h f(x) = Eµ,l ∗ f(x), (3.1)

where

Eµ,l(x) = cµ,l(1 + e−ilπ)
1

|x|µ−l
+ c

′

µ,l(1− e−ilπ)Dh
1

|x|µ−l−1
.

Furthermore, for general β > 0, the same criterion gives

Eµ,β(x) = cµ,β(1 + e−iβπ)Gµ,β(x) + c
′

µ,β(1− e−iβπ)DhGµ,β(x),

where Gµ,β is the fundamental solution of |Dh|β that is the operator asso-
ciated with symbol |ξ|β .

Accordingly, from (3.1) and the spherical decomposition of Dh([9]), we
can easily check that the function Eµ,l given by, for µ odd,

Eµ,l(x) =


cµ,l

x

|x|µ−l+1
, l odd,

cµ,l
1

|x|µ−l
, l even,

and for µ even,

Eµ,l(x) =



cµ,l
x

|x|µ−l+1
, l odd and l < µ−1,

cµ,l
1

|x|µ−l
, l even and l < µ,

(cµ,l log |x|+ c
′

µ,l)
x

|x|µ−l+1
, l odd and l ≥ µ−1,

(cµ,l log |x|+ c
′

µ,l)
1

|x|µ−l
, l even and l ≥ µ,

is a fundamental solution of Dl
h in Rd.

Remark 3.1. We call “a” fundamental solution of Dl
h but not “the”

fundamental solution of Dl
h in Theorem 1.1 since the fundamental solution

of Dl
h is not unique.
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Remark 3.2. Comparing with the classical case(see [15]), the crucial
part in our treatment of Theorem 1.1 is the replacement of the classical
Euclidean dimension d by the Dunkl-dimension µ.

References
[1] F. Brackx, R. Delanghe and F. Sommen, Clifford analysis, Research Notes in Mathe-

matics, Vol. 76, Pitman Advanced Publishing Company, Boston, London, Melbourne,
1982.

[2] P. Cerejeiras, U. Kähler and G. Ren, Clifford analysis for finite reflection groups,
Complex Var. Elliptic Equ. 51 (5-6) (2006), 487-495.

[3] L. Cherednik, A unification of the Knizhnik-Zamolodchikov equation and Dunkl op-
erators via affine Hecke Algebras, Invent. Math. 106 (1991), 411-432.

[4] M. F. E. de Jeu, The Dunkl transform, Invent. Math. 113 (1993), 147-162.
[5] R. Delanghe, F. Sommen and V. Souček, Clifford algebra and spinor valued functions,

A function theory for Dirac operator, Kluwer, Dordrecht, 1992.
[6] C. F. Dunkl, Differential-difference operators associated to reflection groups, Trans.

Amer. Math. Soc. 311 (1989), 167-183.
[7] C. F. Dunkl, Integral kernels with reflection group invariance, Canad. J. Math. 43

(1991), 1213-1227.
[8] C. F. Dunkl, Hankel transforms associated to finite reflection groups, in Hypergeomet-

ric functions on domains of positivity, Jack polynomials, and applications (Tampa,
FL, 1991), 123–138, Contemp. Math., 138, Amer. Math. Soc., Providence, RI, 1992.

[9] M. Fei, P. Cerejeiras and U. Kähler, Fueter’s Theorem and its Generalizations in
Dunkl-Clifford Analysis, J. Phys. A: Math. Theor. 42(2009), No. 39, 395209, 15pp.

[10] M. Fei, P. Cerejeiras and U. Kähler, Fundamental solutions of iterated Dunkl-Dirac
operators and applications, submitted for publication.

[11] G. J. Heckman, An elementary approach to the hypergeometric shift operators of
Opdam, Invent. Math. 103 (1991), 341-350.

[12] K. Hikami, Dunkl operator formalism for quantum many-body problems associated
with classical root systems, J. Phys. Soc. Japan 65 (1996), 394-401.

[13] E. M. Opdam, Harmonic analysis for certain representations of graded Hecke algebras,
Acta Math. 175 (1995), 75-121.

[14] B. Ørsted, P. Somberg and V. Souček, The Howe duality for Dunkl version of the
Dirac operator, Adv. Appl. Clifford Algebras 19(2) (2009), 403-415.

[15] J. Peetre and T. Qian, Möbius covariance of iterated Dirac operators, J. Austral.
Math. Soc. Ser. A 56(1994), No.3, 403-414.

[16] M. Rösler, Positivity of Dunkl’s intertwining operator, Duke Math. J. 98 (1999),
445-463.

[17] M. Rösler, Dunkl Operators: Theory and Applications, in Orthogonal polynomials
and special functions (Leuven, 2002), 93-135, Lecture Notes in Math. 1817, Springer,
Berlin, 2003.

[18] S. Thangavelu and Y. Xu, Riesz transform and Riesz potentials for Dunkl transform,
J. Comput. Appl. Math. 199 (2007), 181-195.

[19] K. Trimèche, The Dunkl intertwining operator on spaces of functions and distribu-
tions and integral representation of its dual, Integral Transforms and Special Func-
tions 12(4) (2001), 349-374.

[20] K. Trimèche, Paley-Wiener theorems for the Dunkl transform and Dunkl translation
operators, Integral Transforms and Special Functions 13 (2002), 17-38.

[21] J. F. van Diejen, Confluent hyperge2oetric orthogonal polynomials repated to the
rational quantum Calogero system with harmonic confinement, Comm. Math. Phys.
188 (1997), 467-497.



ON THE LEFT LINEAR HILBERT PROBLEM
IN CLIFFORD ANALYSIS

ZHONG-WEI SIa and JIN-YUAN DUb

a,bSchool of Mathematics and Statistics, Wuhan University, Wuhan 430072, China
aE-mail: szhw8882005@163.com

bE-mail: jydu@whu.edu.cn

In this paper, we consider a Hilbert boundary value problem in R0,m Clifford
analysis. Find a R0,m-valued left monogenic function u(x) in Rm

+ , which can

extend continuously to Rm
0 , whose positive boundary value u+ satisfies

X(m)
(
a(t)u+(t)

)
= c(t), t ∈ Rm

0 ,

where c(t) is a R0,m−1-valued function, a(x) is a given R0,m-valued function,

whose inverse a−1(x) exsists. We may transform the Hilbert problem into a

Riemann boundary value problem, in [1] the Riemann problem may be solved

by the successive approximation, if a(x) satisfies some conditions.

Keywords and Phrases: Riemann problem, Hilbert problem, monogenic

function.

AMS No: 30G35.

1 Introduction

Recently many mathematicians have discussed the Riemann boundary
value problem and the Hilbert boundary value problem in Clifford anal-
ysis. In this paper, we mainly discuss the Hilbert boundary value problem
in Clifford analysis. Find an R0,m-valued left monogenic function u(x) in
Rm

+ , which can extend continuously to Rm
0 , whose positive boundary value

u+ satisfies
X(m)

(
a(t)u+(t)

)
= c(t), t ∈ Rm

0 ,

where c(t) is an R0,m−1-valued function, a(x) is a given R0,m-valued func-
tion, whose inverse a−1(x) exsists. If a is a constant, the solution has been
discussed in [14], but when a(x) is an R0,m-valued function, the method
may fail, we could not use the way again. Successive approximation for the
singular integral equation in space of Hölder continuous functions was con-
sidered by Xu in [15] and Bernstein have discussed the Riemann boundary
value problem in Clifford analysis when a(x) is an R0,m-valued function.
Here we mainly discuss the Hilbert boundary value problem by the succes-
sive approximation.

2 Preliminaries

Let R0,m be the real Clifford algebra with generating vectors ei, i =
1, · · · , n, where, e2

i = −1 and eiej + ejei = 0 if i 6= j and i, j = 1, 2, . . . , n.
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Besides, let e0 be the unit element. Then an arbitrary b ∈ R0,m is given
by b =

∑
β bβeβ , where bβ ∈ R and eβ = eβ1eβ2 · · · eβh

, and β1 < β2 <

· · · < βh. A conjugation is defined by b =
∑

β bβeβ , eβ = eβh
...eβ2 · eβ1

and e0 = e0, ej = −ej , j = 1, 2, · · ·n. By [b]0 = b0e0 we denote the scalar
part of b, whereas Im b =

∑
β 6=0 bβeβ denotes the imaginary or multivector

part.

In the sequel x ∈ Rm is represented as x =
∑m

j=1 ejxj or x = Zx+emxm

or x = (Zx, xm) equivalently, where Zx =
∑m−1

j=1 ejxj . Define Rm
+ = {x |

xm > 0}, Rm
− = {x | xm < 0}, Rm

0 = {x | xm = 0}, Rm
+ = Rm

+ ∪Rm
0 , Rm− =

Rm
− ∪ Rm

0 . Then Rm
0 may be identified with Rm−1, Rm

+ ,Rm
− are the halt

space locating above and below the hyperplane Rm
0 respectively. For any

x ∈ Rm, since x2 = −|x|2, then x−1 = −x|x|−2 is the inverse of x 6= 0, i.e.,
x−1x = xx−1 = 1.

Supposed that Ω is a domain in Rm, Dx =
∑m

j=1 ej(∂/∂xj), f(x) =∑
A fA(x)eA is a R0,m-valued C1-function, then we say f ∈ C1(Ω;R0,m)

and f is left monogenic in Ω if Dxf(x) =
∑m

j=1 ejeA(∂fA/∂xj) = 0
as well as f ∈ C1(Ω;R0,m), and f is right monogenic in Ω if fDx =
m∑

j=1

eAej(∂fA/∂xj) = 0. Let R0,m−1 be the subalgebra of R0,m constructed

from {e1, · · · , em−1}, then R0,m has the decomposition see [2]

R0,m = R0,m−1 + emR0,m−1.

Thus any λ ∈ R0,m can be decomposed as λ = λ1 + emλ2, λ1, λ2 ∈ R0,m−1,
we may define X(m)(λ) = λ1, Y (m)(λ) = λ2. Particularly, X(m)(x) =
Zx, Y (m)(x) = xm.

It is clear that the decomposition is the generalization of classical repre-
sentation of complex number, i.e., operators X(m) and Y (m) acting on R0,m

are the generalizations of operators Re and Im acting on C. For any R0,m-
valued function q(x) =

(
X(m)q

)
(x) + em

(
Y (m)q

)
(x), define the operator

“ ∗ ” as

q∗(x) =
(
X(m)q

)
(x)− em

(
Y (m)q

)
(x), (2.1)

and for any x = Zx + xmem ∈ Rm
± , x∗ = Zx − xmem ∈ Rm

∓ .

Theorem 2.1. For any R0,m-valued function a(x) and b(x), then

(a∗)∗(x) = a(x), (a(x)b(x))∗ = a∗(x)b∗(x).
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Proof.

(a∗)∗ = (X(m)a− em(Y (m)a))∗ = X(m)a + em(Y (m)a),

(ab)∗ = ((X(m)a + em(Y (m)a))(X(m)b + em(Y (m)b)))∗

= (X(m)a)(X(m)b)− (X(m)a)em(Y (m)b)

−em(Y (m)a)(X(m)b) + em(Y (m)a)em(Y (m)b),

while

a∗b∗ =
(
X(m)a− em

(
Y (m)a

)) (
X(m)b− em

(
Y (m)b

))

=
(
X(m)a

) (
X(m)b

)− (
X(m)a

)
em

(
Y (m)b

)

−em

(
Y (m)a

) (
X(m)b

)
+ em

(
Y (m)a

)
em

(
Y (m)b

)
,

so
(a∗)∗(x) = a(x), (a(x)b(x))∗ = a∗(x)b∗(x).

Theorem 2.2. Let g(x) be a R0,m-valued left monogenic function defined
in Rm, and g∗(x) be defined as

g∗(x) = g∗(x∗) =
(
X(m)g

)
(x∗)− em

(
Y (m)g

)
(x∗), (2.2)

which is the conjugate extension of g with respect to the hyperplane xm = 0.
Then g∗(x) is a left monogenic function too.

Proof. g(x) is left monogenic in Rm if and only if X(m)g and Y (m)g satisfy
the equations

DZx

(
X(m)g

)
(Zx, xm)− ∂/∂xm

(
Y (m)g

)
(Zx, xm)=0, (2.3)

∂/∂xm

(
X(m)g

)
(Zx, xm)−DZx

(
Y (m)g

)
(Zx, xm)=0. (2.4)

Since DZx
em = −emDZx

, we have

Dg∗(x) = (DZx
+ em∂/∂xm

)((X(m)g)(Zx,−xm)− em(Y (m)g)(Zx,−xm))

= DZx(X(m)g)(Zx,−xm) + ∂/∂xm(Y (m)g)(Zx,−xm)

+em(∂/∂xm(X(m)g)(Zx, xm) + DZx(Y (m)g)(Zx,−xm))

= 0 + em0 = 0.

Theorem 2.3. Let G be the lower half space Rm
+ and assume that

(1) H(x) =
∑

β

Hβ(x)eβ, and all Hβ are real-valued,
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(2) (1 + H(x))(1 + H(x)) ∈ R, and H(x)H(x) ∈ R for all x ∈ Rm−1,
and

(3) There exists an ε > 0 such that H0(x) > ε for all x ∈ Rm−1. Then
the Riemann problem

Du = 0 in Rm\ Rm
0 ,

u+ = H(x)u− + h(x) on Rm
0 ,

|u| = O(|x|m−1
2 ) as |x| → ∞,

is uniquely solvable in L2,R(Rm−1) and the successive approximation

un(x) := 2(1 + H)−1h− (1 + H)−1(1−H)Sun−1, n = 1, 2, · · ·
with arbitrary u0 ∈ L2,R(Rm−1) converge to the unique solution u of

1
2
(I + S)u +

1
2
H(I − S)u =

1
2
(1 + H)u +

1
2
(1−H)Su = h,

where
(Su)(x)=2

∫

Rm
0

E(x−y)n(y)u(y)dx, x∈Rm
0 ,

E(x)=
1

Am

x

|x|m , Am =
2π

m
2

Γ
(

m
2

) .

3 The Left Linear Hilbert Problem

Hilbert Boundary Value problem. Find a R0,m-valued left monogenic
function u(x) in Rm

+ , which can extend continuously to Rm
0 , whose positive

boundary value u+ satisfies

X(m)
(
a(t)u+(t)

)
= c(t), t ∈ Rm

0 , (3.1)

where c(t) is a R0,m−1-valued function, a(x) is some given R0,m-valued
function whose inverse a−1(x) exists. Since u(x) is left monogenic in Rm

+

and can extend continuously to the boundary Rm
0 , we may define a new

function Ω(x) as

Ω(x) =

{
u(x), x ∈ Rm

+ ,

u∗(x) = u∗(x∗), x ∈ Rm
− ,

(3.2)

then by the Theorem 2.2 that Ω(x) is left monogenic in Rm
− and can also

extend continuously to Rm
0 in Rm

− too. Moreover

Ω+(t) =
(
X(m)u

)
(Zx, 0) + em

(
Y (m)u

)
(Zx, 0)), t=Zx ∈ Rm

0 , (3.3)

Ω−(t) =
(
X(m)u

)
(Zx, 0)− em

(
Y (m)u

)
(Zx, 0)), t = Zx ∈ Rm

0 . (3.4)
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The relationships between Ω+(t) and Ω−(t):

Ω−(t) = u−∗ (t) =
(
u+(t)

)∗= (Ω+(t))∗, t= Zx ∈ Rm
0 , (3.5)

(
Ω+(t)

)∗ = Ω−∗ (t),
(
Ω−(t)

)∗=Ω+
∗ (t), t=Zx∈Rm

0 . (3.6)

Thus, Hilbert BVP (3.1) is equivalent to

a(t)u+(t) +
(
a(t)u+(t)

)∗ = 2c(t), t ∈ Rm
0 , (3.7)

since (
a(t)u+(t)

)∗ = a∗(t)
(
u+(t)

)∗
,

then (3.7) is equivalent to

a(t)u+(t) + a∗(t)
(
u+(t)

)∗ = 2c(t), t ∈ Rm
0 , (3.8)

as a(t) is required to have inverse a−1(t) in R0,m, and it can also be written
as

a(t)Ω+(t) + a∗(t)Ω−(t) = 2c(t), t = Zx ∈ Rm
0 , (3.9)

Ω+(t) + a−1(t)a∗(t)Ω−(t) = 2a−1(t)c(t), t=Zx∈Rm
0 . (3.10)

Note that c(t) is a R0,m−1-valued function defined on Rm
0 , then by the facts

c∗(t) = c(t), we use “*” operator to both sides in (3.9), we may get
(
a(t)Ω+(t)

)∗+(
(a(t))∗ Ω−(t)

)∗=2c(t), t = Zx ∈ Rm
0 , (3.11)

thus, we have

a(t)Ω+
∗ (t) + a∗(t)Ω−∗ (t) = 2c(t), t = Zx ∈ Rm

0 , (3.12)

it can be written

Ω+
∗ (t)+a−1(t)a∗(t)Ω−∗ (t)=2a−1(t)c(t), t = Zx ∈ Rm

0 , (3.13)

which shows that if Ω(x) is a solution of Riemann BVP (3.7), then Ω∗(x)
is the solution of it too. But from the theorem 2.3, we know that the
Riemann boundary value problem (3.10) have the unique solution if
H = −a−1a∗ satisfies the conditions in the Theorem 2.3, so we get that
Ω(x) = Ω∗(x).

Remark 3.1. In the formula (3.7), if a(x) ∈ R0,m−1, we cannot use this
method.
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In fact, if a(x) ∈ R0,m−1, Hilbert BVP (3.7) is equivalent to

Ω+(t) + Ω−(t) = 2a−1(t)c(t), t = Zx ∈ Rm
0 . (3.14)

In the Riemann Boundary Value problem (3.14), we have

H ≡ −1 < 0.

So we cannot use the Theorem 2.3.
In the next section, we may see that not all the cases could be solved

by this method.

4 Some Examples

In Hilbert boundary value problem (3.1), a(x) should satisfy some
conditions, or this method may fail. So here, we introduce the following
examples.

Example 3.1. If a(t) = x1e1 + · · ·+ xm−1em−1 + x1em, t ∈ Rm
0 , we have

H(t) = −a−1(t)a∗(t), while

a−1(t) = − x1

x2
1 + x2

2 + · · ·+ x2
m−1 + x2

1

e1

− · · · − xm−1

x2
1 + x2

2 + · · ·+ x2
m−1 + x2

1

em−1

− x1

x2
1 + x2

2 + · · ·+ x2
m−1 + x2

1

em, t ∈ Rm
0 , (4.1)

we get
(1) (1 + H(t))(1 + H(t)) = (1− a−1a∗)(1− a−1a∗) ∈ R, and
(2) HH = a−1a∗a−1a∗ ∈ R, but
(3)

H0(x) = − (
a−1(t)a∗(t)

)
0

= − x2
2 + · · ·+ x2

m−1

x2
1 + x2

2 + · · ·+ x2
m−1 + x2

1

≤ 0, (4.2)

so H(x) do not satisfies the condition (3) in the Theorem 1.3.

Example 3.2. If a(t) = x1e1+· · ·+xm−1em−1+(x2
1+· · ·+x2

m−1+1)em, t ∈
Rm

0 , we have H(t) = −a−1(t)a∗(t), while

a−1(t) = − x1

x2
1 + x2

2 + · · ·+ x2
m−1 + (x2

1 + · · ·+ x2
m−1 + 1)2

e1

− · · · − xm−1

x2
1 + x2

2 + · · ·+ x2
m−1 + (x2

1 + · · ·+ x2
m−1 + 1)2

em−1

− x2
1 + · · ·+ x2

m−1 + 1
x2

1 + x2
2 + · · ·+ x2

m−1 + (x2
1 + · · ·+ x2

m−1 + 1)2
em, t ∈ Rm

0 ,
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we get
(1) (1 + H(t))(1 + H(t)) = (1− a−1a∗)(1− a−1a∗) ∈ R,
(2) HH = a−1a∗a−1a∗ ∈ R, and
(3)

H0(t) = − (
a−1(t)a∗(t)

)
0

=
−x2

1 − · · · − x2
m−1 + (x2

1 + · · ·+ x2
m−1 + 1)2

x2
1 + x2

2 + · · ·+ x2
m−1 + (x2

1 + · · ·+ x2
m−1 + 1)2

≥ 1, (4.3)

so H do satisfies the conditions (1),(2) and (3) in the Theorem 2.3.

Remark 4.1. Let R0,m+1 be the real vector space Rm+1 provided with a
quadratic form of signature (0,m+1) and let e0, e1, · · · , em be an orthonor-
mal basis for Rm+1, then Rm+1 generates the universal Clifford algebra
R0,m+1, which is a real linear associative algebra with identity 1, e2

i = −1,
eiej + ejei = 0 (i 6= j, 0 ≤ i, j ≤ m). Define Rm+1

+ = {x | x0 > 0}, Rm+1
− =

{x | x0 < 0}, Rm+1
0 = {x | x0 = 0}, Rm+1

+ = Rm+1
+ ∪ Rm+1

0 , Rm+1
− =

Rm+1
− ∪ Rm+1

0 . The space of vector Rm+1 is identified with the subspace
R0,m+1 by the correspondence

(x0, x1, · · · , xm) −→ x =
m∑

i=0

xiei,

or with the subspace R+ e0R0,m by the correspondence

(x0, x1, · · · , xm) = (x0, x) −→ x0 + e0x = x0 + e0

m∑

i=1

xiei.

Hereby R0,m = spanR(e1, · · · , em) generates inside R0,m+1 the Clifford
algebra R0,m. By means of the identifications made, we have that for
x ∈ Rm+1 and x ∈ Rm, x2 = −|x|2, and x2 = −|x|2. Further R0,m+1

admits the decomposition

R0,m+1 = R0,m + e0R0,m. (4.4)

The Dirac operator ∂x and the Cauchy-Riemann Operator Dx in Rm+1 are
defined, respectively by

∂x =
m∑

i=0

ei∂xi
, Dx = ∂x0 + e0∂x,

where ∂x =
∑m

j=1 ej∂xj
is the Dirac operator in Rm.
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A function f ∈ C1(Ω,R0,m+1) satisfying ∂xf = 0 in Ω (or equivalently
Dxf = 0 in Ω) is called left monogenic in Ω.

By using the decomposition (4.4), a function f ∈ C1(Ω,R0,m+1) is writ-
ten as

f = u + e0v,

where u, v ∈ C1(Ω,R0,m), we let Ref = u, Imf = v. Particularly, if x =
−x0e0 + x1e1 + · · ·+ xmem = x0e0 + x1e1 + · · ·+ xmem, where u = x1e1 +
· · ·+ xmem, v = x0, x∗ = u− e0v, Rex∗ = u, Imx∗ = −v.

Lemma 4.1. If f is left monogenic in Ω, we have

Dxf = 0 ⇔
{

∂x0u + ∂xv = 0,

∂xu + ∂x0v = 0.

For any R0,m+1-valued function f(x) = u+ e0v, we may also define “*”
operator as

f∗(x) = u− e0v.

Lemma 4.2. Let f(x) be a R0,m+1-valued left monogenic function defined
in Rm+1, and f∗(x) be defined as

f∗(x) = f∗(x∗),

which is the conjugate extension of f with respect to the hyperplane x0 = 0,
then f∗(x) is a left monogenic function too.

Proof. f(x) is left monogenic in R0,m if and only if u and v satisfying the
equations {

∂x0u + ∂xv = 0,

∂xu + ∂x0v = 0,

we have

Dxf∗(x) = (∂x0 + e0∂x) (u(−x0, x)− e0v(−x0, x))

= ∂x0u(−x0, x)− ∂xv(−x0, x)

+e0

(
∂xu(−x0, x)−∂x0v(−x0, x)

)
(Zx,−xm)

= 0.

Because of Lemma 4.2, we may also solve the following Hilbert BVP:
Find a R0,m+1-valued left monogenic function u(x) in Rm+1

+ , which can
extend continuously to Rm+1

0 , whose positive boundary value u+ satisfies

Re
(
a(t)u+(t)

)
= c(t), t ∈ Rm+1

0 , (4.5)
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where c(t) is a R0,m-valued function, a(t) is some given R0,m+1-valued
function whose inverse a−1(t) exists.
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Let D =

(
λ + ∂

∂x1
∂

∂x2
+ i ∂

∂x3
∂

∂x2
− i ∂

∂x3
λ− ∂

∂x1

)
, where λ is a positive real constant.

In this paper, by using the methods from quaternion calculus, we investigate

the complex vector solution u(x) =

(
u1(x)
u2(x)

)
of the equation Du = 0, and

work out a systematic theory analogous to the quaternionic regular function.
Differing from that the component functions of a quaternionic regular func-
tion are harmonic, the component functions of the solution satisfy the Modified
Helmholtz equation, that is, (λ2 − ∆)ui = f, i = 1, 2. In addition, we give
out a distribution solution of the inhomogeneous equation Du = f and study
some properties of the solution.
Keywords: Quaternion calculus, modified Helmholtz equation, Pompeiu for-
mula, Cauchy integral formula.
AMS No: 30G35, 35J05.

It is well known that the theories of the holomorphic function of one
complex variable and the regular functions of quaternion as well as Clif-
ford calculus are closely connected with the theory of harmonic functions,
i.e. their component functions are all harmonic. But side by side with
the Laplace operator is the Helmholtz operator and modified Helmholtz
operator

4λ = λ2 ±4, λ(∈ R) 6= 0,

which play an important role and are often met in application. In recent
years, it was considered that by replacing the harmonic function with the
solutions of Helmholtz equation and modified Helmholtz equation, the the-
ory of the regular functions is naturally generalized in quaternion calculus
and Clifford calculus. The theory has been well developed and has been
applied to research of some partial differential equations such as Helmholtz
equation, Klein-Cordon equation, Schroding equation. The corresponding
results can be found in [1-9].

Let H(R) and H(C) denote the real and complex quaternion space re-
spectively. Their basis elements 1, i, j, k satisfy relations: i2 = j2 = k2 =
−1, ij = −ji = k, jk = −kj = i .

In [1], the authors introduced a differential operator of first order Dλ =
λ + i ∂

∂x1
+ j ∂

∂x2
+ k ∂

∂x3
, where λ is a positive real constant. It is easy to
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see that

−D−λDλ = ∆ + λ2,

where ∆ + λ2 is namely the 3-dimensional Helmholtz operator. A quater-
nion function theory associated with the operator was established, which in-
volved the Pompeiu formula corresponding to Dλ, the Cauchy integral for-
mula for the solution of equation Dλu = 0, the Plemelj formula of Cauchy
type integral and the theory of operator Tλ. By using these results, the
Dirichlet boundary problems for Helmholtz equation

(∆ + λ2)u = f,

and the equation of linear elasticity

(∆ +
m

m− 2
grad div)u = f,

as well as some related problems for the time-independent Maxwell equa-
tions and Stokes equations were investigated.

Since the operator λ2 − ∆ can not be decomposed into the product
of two differential operators of first order, the quaternion function theory
about the modified Helmholtz equation was developed in complex quater-
nion space H(C), namely the operator ∆+λ, λ ∈ C and some related equa-
tions were directly investigated by H(C). However, different from the op-
erator Dλ, the Dirac operators of first order corresponding to ∆+λ, λ ∈ C
are not elliptic in general. Some properties analogous to the regular func-
tion such as the Pompeiu formula, the Cauchy integral formula do not hold.
There exists an essential difference between the two theories.

In this article, we shall use the quasi-quaternion space introduced in
[10,11], transform the problem into matric form. By using the quaternion
technique, we obtain a systematic theory about the modified Helmholtz
operator analogous to the quaternion regular function.

1. Some Notations and Definitions

Denote

e0 =
( 1 0

0 1

)
, e1 =

( 1 0

0 −1

)
, e2 =

( 0 1

1 0

)
, e3 =

( 0 i

−i 0

)
.

It is easy to see that

e2
1 = e2

2 = e2
3 = e0, e1e2 = −e2e1 = −ie3,

e2e3 = −e3e2 = −ie1, e3e1 = −e1e3 = −ie2.
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In the following we shall abbreviate e0 to 1.
Introduce the 3-dimensional modified Helmholtz operator D = λ +∇,

where ∇ = ∂
∂x1

e1 + ∂
∂x2

e2 + ∂
∂x3

e3, that is, the 3-dimensional gradient
operator and λ is a positive real constant.Define D′ = λ−∇, then DD′ =
D′D = (λ2 − 4)e0, where 4 is the 3-dimensional Laplace operator. The
matrix forms of D, D′ are

D=
(

λ + ∂
∂x1

∂
∂x2

+ i ∂
∂x3

∂
∂x2

− i ∂
∂x3

λ− ∂
∂x1

)
, D′=

(
λ− ∂

∂x1
− ∂

∂x2
− i ∂

∂x3

− ∂
∂x2

+ i ∂
∂x3

λ + ∂
∂x1

)
,

and then

DD′ = D′D =
(

λ2 −∆ 0

0 λ2 −∆

)
.

Let Ω be a bounded domain in R3 with a piecewise smooth boundary.

u(x) =
(

u1(x)
u2(x)

)
is a complex vector function defined in Ω. If u(x) ∈

C1(Ω) and satisfies the equation

Du = 0, (1)

then u(x) will be called Hλ-regular vector function in Ω.

2. Pompeiu Formula and Cauchy Integral Formula of
Hλ-Regular Vector Function

Let Ω be a bounded domain in R3 with a piecewise smooth boundary S.
U(x), V (x) are 2-dimensional complex vector functions defined in Ω and
U(x), V (x) ∈ C1(Ω) ∩ C(Ω). By the divergence theorem

∫

Ω

[(U∇)V + U(∇V )] dσ

=
∫

Ω

[
∂

∂x1
(Ue1V )+

∂

∂x2
(Ue2V )+

∂

∂x3
(Ue3V )

]
dσ=

∫

S

U=V dS,

where = = e1 cos α1 + e2 cos α2 + e3 cos α3, (cos α1, cos α2, cos α3) denotes
the unit outward normal to the surface S. From the equality (2), we have

∫

Ω

[U(DV )− (UD′)V ] dσ =
∫

S

U=V dS. (2)

It is easy to show that 1
4πr eλr, r= |x|=(x2

1+x2
2+x2

3)
1
2 , is a fundamental

solution of the Helmholtz operator λ2−∆. When r 6= 0, (λ2−∆)( 1
4πr eλr) =
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0. We write

E(x) = D

(
1

4πr
eλr

)
=

1
4π

[
λ

r
+

(
λ

r2
− 1

r3

)
(x1e1 + x2e2 + x3e3)

]
eλr.

Suppose u(x) is a complex vector function defined in Ω and u(x) ∈
C1(Ω) ∩ C(Ω). Let x = (x1, x2, x3) be a fixed point in Ω and Bε(x) be
an open ball with the center x, and the radius ε be so small such that
Bε(x) ⊂ Ω. Write Ωε = Ω \ Bε(x). Using the formula (3) in Ωε and
replacing U, V by E(y − x), u(y) respectively, we have

∫

Ωε

E(y − x)Dyudσy

=
∫

S

E(y − x)=u(y)dSy−
∫

∂Bε(x)

E(y − x)=u(y)dSy. (3)

Where
∫

∂Bε(x)

E(y − x)=u(y)dSy = I1 + I2 + I3,

I1 =
λeλε

4πε2

∫

∂Bε(x)

[(y1 − x1)e1 + (y2 − x2)e2 + (y3 − x3)e3]u(y)dSy,

I2 = −λeλε

4πε

∫

∂Bε(x)

u(y)dSy, I3 =
λeλε

4πε2

∫

∂Bε(x)

u(y)dSy.

It is easy to show

lim
ε→0

I1 = 0, lim
ε→0

I2 = 0, lim
ε→0

I3 = u(x).

Then letting ε tend to zero in (4), we obtain the following Pompeiu formula
corresponding to the operator Dλ.

Theorem 1. Let Ω be a bounded domain in R3 with a piecewise smooth
boundary S. If u(x) is a complex vector function defined in Ω and u(x) ∈
C1(Ω) ∩ C(Ω), then

u(x) =
∫

S

E(y − x)=u(y)dSy −
∫

Ω

E(y − x)Dyudσy, x ∈ Ω. (4)

By applying Theorem 1 we can deduce the following Cauchy integral
formula of the Hλ-regular vector function.

Theorem 2. If a complex vector function u(x) ∈ C1(Ω) ∩ C(Ω) and
satisfies the equation Du = 0 in Ω, then

u(x) =
∫

S

E(y − x)=u(y)dSy, x ∈ Ω, (5)
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and if x∈Ω, then
∫

S

E(y − x)=u(y)dSy = 0. (6)

Proof. The formula (6) follows directly from the Pompeiu formula (5),
and the equality (7) can easily be derived from (3).

3. Cauchy Type Integral and Plemelj Formula

Let ϕ(x) be a complex vector function defined on a smooth closed
surface S in R3, ϕ(x) ∈ Cα(S), 0 < α < 1. Denote

Φ(x) =
∫

S

E(y − x)=u(y)dSy, (7)

and call Φ(x) the Cauchy type integral with respect to the operator D, in
the following we shall simply call it the Cauchy type integral. In addition,
ϕ(x) is called the density function of Φ(x).

For arbitrary x∈S, there exists a neighborhood Bρ(x) of x, which does
not intersect with S.In Bρ(x),

DΦ(x) = (λ +∇x)
∫

S

(λ +∇y)(
1

4π|y − x|e
λ|y−x|)=u(y)dSy

= (λ +∇x)
∫

S

(λ−∇x)(
1

4π|y − x|e
λ|y−x|)=u(y)dSy

=
∫

S

(λ2 −4x)(
1

4π|y − x|e
λ|y−x|)=u(y)dSy = 0.

Consequently Φ(x) is Hλ-regular in the exterior of S.
In addition, the Cauchy type integral Φ(x) = o(eλ|x|), x → ∞. In fact,

since ϕ(x)=
(

ϕ1(x)
ϕ2(x)

)
∈Cα(S), hence ϕ(x) is bounded on S, that is, there

exists a positive real constant M , such that |φ(x)| = (ϕ1(x)2 +ϕ2(x)2)
1
2

≤ M . From

|Φ(x)e−λ|x|| ≤ 1
4π

∫

S

(
2λ

r
+

1
r2

)eλ(|y−x|−|x|)|ϕ(y)|dSy

≤ M

4π

∫

S

(
2λ

r
+

1
r2

)eλ|y|dSy,

letting x →∞, the integral on the right-hand side of this inequality tends
to zero, therefore the desired result is achieved.
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When x ∈ S, we provide that the integral on the right side of (8)
represents Cauchy’s principal value.

Lemma 1. Let Ω be a bounded domain in R3 with a smooth boundary
S.If x ∈ S, in the sense of Cauchy’s principal value, we have∫

S

E(y − x)=dSy =
1
2
e0 +

∫

Ω

E(y − x)dσy. (8)

Proof. Let Bε(x) be an open ball with the radius ε and the center x,
write the component of ∂Bε(x) lying in the exterior of Ω as Γ. Then
x is an interior point of the region inclosed by the closed surface S′ =
(S \ (S ∩Bε(x)) ∪ Γ. By the Pompeiu formula (5), we have

e0 = (
∫

S\(S∩Bε(x))

+
∫

Γ

)E(y − x)=dSy − λ

∫

Ω∪Bε(x)

E(y − x)dσy. (9)

Similar to the proof of Theorem 1, we can derive

lim
ε→0

∫

Γ

E(y − x)=dSy =
1
2
e0.

Letting ε → 0 in (10), it follows that (9) holds.
By using Lemma 1, we can obtain the following Plemelj formula of the

Cauchy type integral (8).

Theorem 3. Write the domain Ω as Ω+ and the complementary domain
of Ω as Ω−. When x tends to x0 (∈ S) from Ω+ and Ω− respectively, the
limits of the Cauchy type integral (8) exist, which will be written as Φ+(x0)
and Φ−(x0) respectively, and





Φ+(x0) =
∫

S

E(y − x0)=ϕ(y)dSy +
1
2
ϕ(x0),

Φ−(x0) =
∫

S

E(y − x0)=ϕ(y)dSy − 1
2
ϕ(x0).

(10)

The above formula can be rewritten as



Φ+(x0)− Φ−(x0) = ϕ(x0),

Φ+(x0) + Φ−(x0) = 2
∫

S

E(y − x0)=ϕ(y)dSy.
(11)

Proof. Since ϕ(x) ∈ Cα(S), 0 < α < 1, therefore the improper integral∫
S

E(y − x0)=(ϕ(y)− ϕ(x0))dSy is convergent. By Lemma 1, we have
∫

S

E(y − x0)=ϕ(y)dSy

=
∫

S

E(y−x0)=(ϕ(y)−ϕ(x0))dSy+
1
2
ϕ(x0)+λ

∫

Ω

E(y−x)dσy ·ϕ(x0).
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The Cauchy type integral (8) can be written in the following form
∫

S

E(y − x)=ϕ(y)dSy

=
∫

S

E(y−x)=(ϕ(y)−ϕ(x0))dSy+
∫

S

E(y−x)=dSy ·ϕ(x0). (12)

By the Pompeiu formula, we obtain

∫

S

E(y − x)=dSy =





e0 + λ

∫

Ω

E(y − x)dσy, x ∈ Ω,

λ

∫

Ω

E(y − x)dσy, x∈Ω.

When x (∈S) → x0 (∈ S), by using the method similar to one complex
variable[10], we can show that

lim
x→x0

∫

S

E(y−x)=(ϕ(y)−ϕ(x0))dSy =
∫

S

E(y−x0)=(ϕ(y)−ϕ(x0))dSy.

Moreover, by the using Hölder inequality, it is easy to show that

lim
x→x0

∫

Ω

E(y − x)dσy =
∫

Ω

E(y − x0)dσy.

Thus letting x tend to x0(∈ S) from Ω+ and Ω− respectively in (13), we
get

Φ+(x0)=
∫

S

E(y−x0)=(ϕ(y)−ϕ(x0))dSy+ϕ(x0)+λ

∫

Ω

(y−x0)dσy ·ϕ(x0)

=
∫

S

E(y − x0)=ϕ(y)dSy +
1
2
ϕ(x0),

Φ−(x0)=
∫

S

E(y − x0)=(ϕ(y)−ϕ(x0))dSy + λ

∫

Ω

E(y − x0)dσy · ϕ(x0)

=
∫

S

E(y − x0)=ϕ(y)dSy − 1
2
ϕ(x0).

This is (11), and (12) is easily deduced from (11).
The following result follows directly from Theorem 3.

Corollary 1. Let Ω be a bounded domain in R3, whose boundary is a
smooth closed surface S. ϕ(x) is a complex vector function defined on the
surface S,and ϕ(x) ∈ Cα(S), 0 < α < 1. Then the Cauchy type integral (8)
whose density function is ϕ(x) is a Cauchy integral if and only if x0 ∈ S,

Φ−(x0) = 0.
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4. Operator TΩf

Let f(x) be a complex vector function defined in a bounded domain Ω of
R3. Denote

TΩf = −
∫

Ω

E(y − x)f(y)dσy, (13)

where

E(y − x)=
1
4π

[
λ

|y − x|+
(

λ

|y − x|2−
1

|y−x|3
)

((y1−x1)e1

+(y2 − x2)e2 + (y3 − x3)e3)
]
eλ|y−x|.

In this section, we shall get that if f(x) ∈ L1(Ω), then TΩf is a distri-
bution solution of the inhomogeneous equation

Du = f, (14)

and shall discuss some properties of the operator TΩf .
Similar to the quaternion calculus, we can obtain the following results.

Theorem 4. If f(x) ∈ L1(Ω), then TΩf exists for all x in the exterior
of Ω. Beside TΩf is Hλ-regular in the exterior of Ω and

TΩf = o(eλ|x|), x →∞.

Theorem 5. Let f(x) ∈ L1(Ω), then TΩf exists almost everywhere on R3

and belongs to Lp(Ω∗), 1 ≤ p < 3
2 , where Ω> denotes any bounded domain

in R3.

For complex vector functions f(x) =
(

f1(x)

f2(x)

)
, ϕ(x) =

(
ϕ1(x)

ϕ2(x)

)

given on Ω, define

(f, ϕ) =
∫

Ω

(f1ϕ1 + f2ϕ2)dσ.

When f(x) ∈ L1(Ω), ϕ(x) ∈ C∞0 (Ω), it is easy to show that f(ϕ) = (f, ϕ)
is a distribution on C∞0 (Ω).

Theorem 6. Let f(x) ∈ L1(Ω). Then for any ϕ(x) =
(

ϕ1(x)

ϕ2(x)

)
∈

C∞0 (Ω),

(TΩf,D′ϕ) = (f, ϕ)
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holds.

Proof. By using the method analogous to the proof of the Pompeiu for-
mula (5), we can derive the Pompeiu formula corresponding to the operator
D′, i.e. if u(x) ∈ C1(Ω) ∩ C(Ω), we have

u(x) =
∫

S

E′(y − x)=u(y)dSy +
∫

Ω

E′(y − x)D′
yudσy, x ∈ Ω, (15)

where E′(x) = D′ ( 1
4πr eλr

)
. Thus for any ϕ(x) ∈ C∞0 (Ω),

ϕ(x) = T ′Ωϕ =
∫

Ω

E′(y − x)D′
yϕdσy

holds.
In accordance with Theorem 5, TΩf ∈ L1(Ω). Thereby by the Fubini

theorem

(TΩf,D′ϕ) = (f, T ′Ω(D′ϕ)) = (f, ϕ),

the desired result follows.
Let complex vector functions f, g ∈ L1(Ω). If for any ϕ(x) ∈ C∞0 (Ω),

(g, D′ϕ) = (f, ϕ),

then f is called generalized derivative corresponding to the operator D of g.
The derivative is denoted by f = (g)D. From Theorem 6 and the definition,
(TΩf)D = f .

Theorem 7. If a complex vector function g ∈ C1(Ω) and satisfies the
equation Dg = f , then

(g)D = f.

This shows that if the complex vector function g is a classical solution of
the equation (15), then it is also a distributional solution of the equation.

Proof. Since g ∈ C1(Ω), using the divergence theorem we can obtain

(∇g, ϕ) = −(g,∇ϕ),

so that

(Dg, ϕ)=((λ +∇)g, ϕ)=λ(g, ϕ)+(∇g, ϕ)=λ(g, ϕ)−(g,∇ϕ)=(g, D′ϕ).

And since Dg = f , thus the above equality implies namely

(g)D = f.
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The changes that have occurred and advances that have been achieved in the

behavior of fracture for functionally graded materials (FGMs) subjected to a

mechanical and/or temperature change. This paper mainly reviews the re-

search of functionally graded composites material involving the static and dy-

namic crack problem, thermal elastic fracture analysis, the elastic wave propa-

gation and contact problem. Development of analytical methods to obtain the

solution of the transient thermal/mechanical fields in FGMs are introduced.
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1. Introduction

The name of functionally graded materials was first coined by Japanese
materials scientists in the Sendai area in 1984 as a means of manufactur-
ing thermal barrier coating materials. The advantages of FGMs are that
which can reduce the magnitude of the residual and thermal stresses and
increase the bonding strength and fracture toughness, so they have been
introduced and applied in the development of structural components in ex-
tremely high temperature environment [1]. Due to their intrinsic coupling
between mechanical deformation and electric fields, piezoelectric materials
(PMs) are widely used as sensors and actuators to monitor and control the
dynamic behavior of intelligent structural systems [2]. Functionally graded
piezoelectric materials (FGPMs) is a kind of piezoelectric material with
material composition and properties varying continuously along certain di-
rection [3]. FGPMs is the composite material intentionally designed so that
they possess desirable properties for some specific applications. The advan-
tage of this new kind of materials can improve the reliability of life span of
piezoelectric devices. Magnetoelectric coupling is a new product property
of composites, since it is absent in all constituents [4]. In some cases, the
coupling effect of piezoelectric/piezomagnetic composites can even be ob-
tained a hundred times greater than that in a single-phase magnetoelectric
material. Consequently, they are extensively used in magnetic field probes,
electric packaging, acoustic, hydrophones, medical ultrasonic imaging, sen-
sors, and actuators for magneto-electro-mechanical energy conversion. Sim-

1This research project was supported by NSFC (10962008) and (51061015)
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ilar to FGPMs, functionally graded piezoelectric/piezomagnetic materials
(FGPPMs) was developed.

2. The Integral Equation Method on the Static and Dy-
namic Fracture of Functionally Graded Composite Materials
(FGCMs)

(1) The investigations of static and dynamic crack problems
in FGCMs (Non-periodic cases)

The static or dynamic crack problems on the complex model of FGMs
were studied by our group using the integral equation method or hyper-
singular integral equation method, which overcome the complexity on
mathematics and obtained the high degree of accuracy. In 2004, Ma Hai-
long and Li Xing [5] investigated the anti-plane moving Yoffe crack problem
in a strip of functionally graded piezoelectric materials (FGPMs) using in-
tegral equation method.

And model III crack problem in two bonded functionally graded
magneto-electro-elastic materials (FGPMMs) was studied by Li Xing and
Guo Lifang [6]. It was assumed that the material constants of the magneto-
electro-elastic varied continuously along the thickness of the strip. Integral
transforms and dislocation density functions were employed to reduce the
problem with the Cauchy singular integral equations, which could be solved
numerically by Gauss-Chebyshev method. An anti-plane shear crack in
bonded functionally graded piezoelectric materials under electromechani-
cal loading was investigated by Ding and Li [7]. A moving mode III crack
at interface between two different functionally graded piezoelectric piezo-
magnetic materials has been studied by Lu and Li [8].

The anti-plane problem of functionally graded magneto-electro-elastic
strip sandwiched between two functionally graded strips was investigated
by Guo, Li and Ding [9]. It is assumed that the material properties vary
exponentially with the coordinate parallel to the crack as follows

c44 = c440e
β1x, ε11 = ε110e

β1x, e15 = e150e
β1x, (1)

f15 = f150e
β1x, g11 = g110e

β1x, µ11 = µ110e
β1x. (2)

The crack is assumed to be either magneto-electrically impermeable or
permeable. Fourier transforms are used to reduce the crack problems to
following system of singular integral equations for impermeable case

τzy −m20Dy −m30By = m10
1
π

eβ1x

∫ b

a

(
1

t− x
+ Λ1(x, t))g1(t)dt, (3)

Dy =
1
π

eβ1x

∫ b

a

[(
1

t−x
+Λ2(x, t))(e150g1(t)−ε110g2(t)−g110g3(t))]dt, (4)
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By =
1
π

eβ1x

∫ b

a

[(
1

t−x
+Λ2(x, t))(f150g1(t)−g110g2(t)−µ110g3(t))]dt, (5)

where
Λ1(x, t) = h1(x, t) + K2(x, t) + K3(x, t), (6)

Λ2(x, t) = h1(x, t) + K4(x, t) + K5(x, t), (7)

h1(x, t) =
∫ ∞

0

[
(1 +

β2

α2
)

1
4 cos(

θ

2
)− 1

]
sin [α(t− x)] dα

+
∫ A

0

(1 +
β2

α2
)

1
4 sin(

θ

2
) cos [α(t− x)] dα +

∫ A(t−x)

0

cos α−1
α

dα

+
∫ ∞

A

[
(1+

β2

α2
)

1
4 sin(

θ

2
)− β

2α

]
cos

[
α(t−x)

]
dα− β

2
γ0− β

2
log A,

(8)

K2(x, t) = e
β1
2 (t−x){ δ1

t + x

+
∫ ∞

0

[
(−α2)(m2t2t5e

−α1(t+x)−m3t2t4e
α1(t−x))

α1m2m3z1
−δ1e

−α(t+x)]dα},
(9)

K3(x, t) = e
β1
2 (t−x){ −δ3

2h1 − t− x

+
∫ ∞

0

[
(−α2)(t1t4m3e

α1(t+x)−m2t2t4e
−α1(t−x))

α1m2m3z1
+δ3e

−α(2h1−t−x)]dα},
(10)

K4(x, t)= e
β1
2 (t−x){ 1

t + x
+

∫ ∞

0

[
α2e−α1x sinh (α1(t− h1))

α1m2 sinh(α1h1)
−e−α(t+x)])dα},

(11)

K5(x, t)=e
β1
2 (t−x){− 1

2h1 − t− x

+
∫ ∞

0

[
(−α2)eα1(x−h1) sinh(α1t)

α1m3 sinh(α1h1)
+e−α(2h1−t−x)]dα}.

(12)

For the magneto-electrically permeable case, the singular integral equation
can be derived by a similar method as

τzy−m20Dy−m30By =m10
1
π

eβ1x

∫ b

a

(
1

t− x
+Λ1(x, t)

)
g1(t)dt, (13)

Dy = e150
1
π

eβ1x

∫ b

a

(
1

t− x
+ Λ2(x, t)

)
g1(t)dt, (14)

By = f150
1
π

eβ1x

∫ b

a

(
1

t− x
+ Λ2(x, t)

)
g1(t)dt. (15)
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Recently, the crack-tip fields in bonded functionally graded finite strips
were studied by Ding, Li and Zhou [10]. A bi-parameter exponential func-
tion was introduced to simulate the continuous variation of material prop-
erties as

µ1(x) = µ0α
β1x
1 , ρ1(x) = ρ0α

β1x
1 ,

µ2(x) = µ0α
β2x
2 , ρ2(x) = ρ0α

β2x
2 .

(16)

The problem was reduced as a system of Cauchy singular integral equations
of the first kind by Laplace and Fourier integral transforms. Various inter-
nal cracks and edge crack and crack crossing the interface configurations
were investigated, respectively. The asymptotic stress field near the tip of
a crack crossing the interface was examined and it is shown that, unlike
the corresponding stress field in piecewise homogeneous materials, in this
case the “kink” in material property at the interface does not introduce
any singularity.

(2) The investigations of static and dynamic crack problems
in FGCMs (Periodic cases)

In 2002, Li Xing and Wu Yaojun [11] got the numerical solutions of
the periodic crack problems for an anisotropic strip by employing Lobotto-
Chebyshev quadrature formulas and Gauss quadrature formulas. On the
basis, Li Xing and Wang Wenshuai extended the anisotropic materials to
PMs and investigated an antiplane problem of periodic cracks in piezoelec-
tric medium by means of Riemann-Schwarz’s symmetry principle, complex
conformal mapping and analytical continuation [12]. And Ding and Li [13]
extended the anisotropic materials to FGMs and analyzed the interface
cracking between a functionally graded material and an elastic substrate
under antiplane shear loads. Two crack configurations were considered,
namely a FGM bonded to an elastic substrate containing a single crack
and a periodic array of interface cracks, respectively.

For the periodic cracks problem, application of finite Fourier transform
techniques reduces the solution of the mixed boundary value problem for a
typical strip to triple series equations, then to a singular integral equation
with a Hilbert-type singular kernel as follows

∫ 1

−1

[cot(
aγ(s− r)

2
) + cot(

aγ(s + r)
2

)]α∗l (s)ds

+
∫ 1

−1

Q∗(r, s)α∗l (s)ds =
4τ∗(r)

µ1
, | r |< 1.

(17)

The resulting singular integral equation is solved numerically by employing
the direct quadrature method of Li and Wu [11].
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3. IEM for Scattering of SH Wave of Functionally Graded Piezo-
electric/Piezomagnetic Materials

The study of elastic wave propagation through FGCMs has many important
applications. Through analysis, we can predict the response of composite
materials to various types of loading, and obtain the high strength and
toughness of materials. In 2006, Liu Junqiao and Li Xing [14] studied the
scattering of the SH wave on a crack in an infinite of orthotropic functionally
grade materials plane by using dual integral equation method, the latter
DIE was solved employing the Copson method [15].

The problem of scattering of SH wave propagation in laminated struc-
ture of functionally graded piezoelectric strip was studied by Yang Juan
and Li Xing [16]. Due to the same time factor of scattering wave and in-
cident wave, the scattering model of the crack tip can be constructed by
making use of the displacement function of harmonic load on any point of
the infinite plane. It is found from numerical calculation that the dynamic
response of the system depends significantly on the crack configuration, the
material combination and the propagating direction of the incident wave.
It is expected that specifying an appropriate material combination may
retard the growth of the crack for a certain crack configuration.

The scattering of the anti-plane incident time-harmonic wave with arbi-
trary degree by the interface crack between the functionally graded coating
and the homogeneous substrate is investigated [17]. By using the principle
of superposition and Fourier transform, the singular integral equations are
give by

∫ c

−c

[
1

ξ−x
+Q(x, ξ)

]
f(ξ)dξ=−2πτ0(x),

Q (x, ξ) =
∫ ∞

0

Q0 (η) sin [ η (ξ − x)] dη.

(18)

There are some pole points in the integral path, an integral path in the
complex plane consisting of four straight lines is adopted. The effects of
the frequency of the incident wave, the incident direction of the wave, mate-
rial gradient parameter and the crack configuration on the dynamic stress
intensity factors (DSIF) are examined. The scattering of the plane inci-
dent wave (P wave, SV wave) with arbitrary degree by the interface crack
between the functionally graded coating and the homogeneous substrate
is investigated. An integral path in the complex plane consisting of four
straight lines is adopted to avoid singular points. Numerical results show
the effects of the frequency of the incident wave, the type of incident wave,
the incident direction of the wave, material gradient parameter and the
crack configuration on the DSIF.
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Problems of SH-wave scattering from the crack of functionally graded
piezoelectric/piezomagnetic composite materials had been studied by Yang
Juan and Li Xing [18]. Fourier transforms are used to reduce the problem
to the solution of a pair of dual integral equation, which are then reduced
to a Fredholm integral equation of the second kind by the Copson method.
Numerical results shown the effect of loading combination parameter, the
angle of wave upon the normalized stress intensity factors. Scattering of
the SH wave from a crack in a piezoelectric substrate bonded to a half-
space of functionally graded materials was investigated by Li Xing and Liu
Junqiao [19].

4. Thermal Elastic Fracture Analysis of FGMs

The transient thermal fracture problem of a crack (perpendicular to the
gradient direction) in a graded orthotropic strip was investigated by Zhou
Yueting, Li Xing and Qin Junqing [20]. The transient two-dimensional
temperature problem was analyzed by the methods of Laplace and Fourier
transformations. A system of singular integral equations are obtained as

∫ 1

−1

{
[

χ1

s−x
+H11(x, p, s)]ψ∗1(s, p)+H12(x, p, s)ψ∗2(s, p)

}
ds=2πwT

1 (x, p),

∫ 1

−1

{
[

χ2

s−x
+H22(x, p, s)]ψ∗2(s, p)+H21(x, p, s)ψ∗1(s, p)

}
ds=2πwT

2 (xp).

(19)

The transient response of an orthotropic functionally graded strip with a
partially insulated crack under convective heat transfer supply was consid-
ered by Zhou Yueting, Li Xing and Yu Dehao[21]. The thermal boundary
conditions were given by

∂T (x,−a, τ)
∂y

−Ha · T (x,−a, τ) = −Ha · Ta(τ) · fa(x), (20)

∂T (x, b, τ)
∂y

+ Hb · T (x, b, τ) = Hb · Tb(τ) · fb(x), (21)

∂T (x, 0+, τ)
∂y

= −Bi · (T (x, 0+, τ)− T (x, 0−, τ)), (22)

T (x, 0+, τ) = T (x, 0−, τ), (23)

∂T (x, 0+, τ)
∂y

=
∂T (x, 0−, τ)

∂y
. (24)
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The mixed boundary value problems of the temperature field and dis-
placement field were reduced to a system of singular integral equations in
Laplace domain. The expressions with high order asymptotic terms for
the singular integral kernel were considered to improve the accuracy and
efficiency. The numerical results present the effect of the material nonhomo-
geneous parameters, the orthotropic parameters and dimensionless thermal
resistant on the temperature distribution and the transient thermal stress
intensity factors with different dimensionless time τ .

5. Contact Problem of FGMs

A problem for the bonded plane material with a set of curvilinear cracks,
which is under the action of a rigid punch with the foundation of con-
vex shape, has been considered by Zhou Yueting, Li Xing and Yu Dehao
[22]. Kolosov-Muskhelishvili complex potentials are constructed as inte-
gral representations with the Cauchy kernels with respect to derivatives of
displacement discontinuities along the crack contours and pressure under
the punch. The considered problem has been transformed to a system of
complex Cauchy type singular integral equations of first and second kind.

The receding contact problem between the functionally graded elastic
strip and the rigid substrate is considered by An Zhenghai and Li Xing [23].
The receding contact problem are solved for various different stamp pro-
files including flat, semicircular, cylindrical, parabolical. Under the mixed
boundary conditions, the Fourier transform technique and effective singu-
lar integral equation methods are employed to reduce the receding contact
problem to a set of Cauchy kernel singular integral equations as follows

∫ a

−a

p(t)
t−x

dt+
∫ b

−b

k11(x, t)p(t)dt+
∫ a

−a

k12(x, t)q(t)dt=2πµ0e
βhf(x), |x|<a,

∫ b

−b

q(t)
t− x

dt +
∫ b

−b

k21(x, t)q(t)dt +
∫ a

−a

k22(x, t)p(t)dt = 0, |x| < b,

(25)

where

k11(x, t) =
∫ +∞

0

[
α2

4∑

j=1

mj(α)Jj(α)eλjh−1
]

sin[α(t− x)]dα,

k12(x, t)=−eβh

∫ +∞

0

[
α2

4∑

j=1

mj(α)Lj(α)eλjh

]
sin[α(t−x)]dα.

(26)

The singular integral equations can be solved by using the Gauss-
Chebyshev formulas numerically.
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Pang Mingjun and Li Xing [24] discussed the thermal contact problem
of a functionally graded material with a crack bonded to a homogeneous
elastic strip. The problem has been reduced to singular integral equations
with the first Cauchy kernel by using of the superposition principle as
follows

∫ a

−a

[(
1

t−y
+g11(t, y)

)
ϕ1(y)+g12(t, y)ϕ2(y)

]
dt=π

1+κ

2
ω1(y),

∫ a

−a

[
g21(t, y)ϕ1(y)+

(
1

t−y
+g22(t, y)

)
ϕ2(y)

]
dt=π

1+κ

2
ω2(y).

(27)

6. Future Work

Doubly-periodic crack problems of FGCMs will shade a light in the future
investigation. Great efforts have been made to study the doubly-periodic
crack problems of homogenous elastic materials. However, little literature
is available on the investigation of the doubly-periodic crack problems of
FGCMs despite the practical significance of this case.
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1. Introduction

The analysis of functionally graded materials has become a subject of in-
creasing importance motivated by a number of potential benefits from the
use of such novel materials in a wide range of modern technological prac-
tices. The major advantages of the graded material, especially in elevated
temperature environments stem from the tailoring capability to produce
a gradual variation of its thermomechanical properties in the spatial do-
main. A Great efforts have been made to study the fracture behavior of
FGMs [1–5]. As it is reported in the literature [6–7], the graded materials
are rarely isotropic because of the nature of techniques used in fabricat-
ing them. Thus, it is necessary to consider the anisotropic character when
studying the failure behaviors of FGMs. Guo et al. [8] investigated the
mode I surface crack problem for an orthotropic graded strip. H. M. Xu
et al. [9] studied the problems of a power-law orthotropic and half-space

1This research is supported by NSFC (10962008) and (51061015) and NSF of Ningxia
(NZ1001)
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functionally graded material (FGM) subjected to a line load. In the pa-
per [10], asymptotic analysis coupled with Westergaard stress function ap-
proach is used to develop quasi-static stress fields for a crack oriented along
one of the principal axes of inhomogeneous orthotropic medium. Kim and
Paulino [11–12] examined mixed-mode stress intensity factors for cracks ar-
bitrarily oriented in orthotropic FGMs using modified crack closure method
and the path-independent J∗k -integral, respectively.

Though there are lots of papers related to the crack problem of or-
thotropic functionally graded materials, very few papers on the plane crack
problem of a functionally graded strip with a crack perpendicular to the
boundary are published. It is very significant to study this kind of crack
problem, since the geometry can be used as an approximation to a number
of structural components and laboratory specimens, at the same time in
line with the result of the Kawasaki and Watanabe[13]’s experiments about
the thermal fracture behavior of metal/ceramic functionally graded materi-
als(PSZ/IN 100 FGMS and PSZ/Inco 718 FGMs), the sequence of spalling
behavior was found to be: crack vertical to the sample surface formed dur-
ing cooling, then transverse crack formed in graded layer during heating,
and subsequent growth of transverse cracks and their coalescence led even-
tually the ceramic coating to spall. Therefore, the surface crack problem is a
very important issue to be considered during the design of FGMs. In these
papers, the Mode I crack problem for a functionally graded orthotropic
coating-substrate structure will be presented and the results could be use-
ful in the laboratory test and the design of the orthotropic functionally
graded materials .

2. Formulation of the Problem

b

a

h

substrate

x

yo

FGM orthotropic
1

2

2a0

c

Figure 1: The geometry of the Mode I crack problem for the functionally graded
orthotropic substrate-coating structure .

As shown in Fig.1: A functionally graded orthotropic strip with prop-



Mode I Crack Problem for a Substrate-Coating Structure 291

erties varying in the x-direction bonded to a half infinite orthotropic elastic
substrate. The strip is infinite along the y-axis and has a thickness h along
x-axis. The principal direction of orthotropy are parallel and perpendicular
to the boundaries of the strip.

The material properties are defined as

c11 (x)=c110e
δx, c12 (x)=c120e

δx, c22 (x)=c220e
δx, c66 (x)=c660e

δx, (1)

where c110, c120, c220, c660 and δ are constants. c110, c120, c220 and c660 are
the material parameters of y = 0, δ is the gradient parameters of function-
ally graded material.

The general constitutive relation can be written as

σ1xx =c11 (x)
∂u

∂x
+c12 (x)

∂v

∂y
, σ1yy =c12 (x)

∂u

∂x
+c22 (x)

∂v

∂y
,

σ1xy = c66 (x)
(

∂u

∂y
+

∂v

∂x

)
.

(2)

The equilibrium equation in terms of the displacements can be given as:

∂σ1xx

∂x
+

∂σxy

∂y
= 0,

∂σ1yy

∂y
+

∂σxy

∂x
= 0, (3)

make use of the equation Eqs. (1), (2) and (3), it can be obtained that

c11(x)
∂2u

∂x2
+c66(x)

∂2u

∂y2
+ [c12(x)+c66(x)]

∂2v

∂x∂y

+c11 (x) δ
∂u

∂x
+c12 (x) δ

∂v

∂y
=0,

c22 (x)
∂2v

∂y2
+c66 (x)

∂2v

∂x2
+ [c12 (x) + c66 (x)]

∂2u

∂x∂y

+c66 (x) δ
∂u

∂y
+c66 (x) δ

∂v

∂x
=0,

(4)

if let the δ = 0, then the equations of the elastic substrate can be obtained.
The mixed boundary conditions of the problem in Fig.1 can be written

as

σ1xx (h, y) = 0, σ1xy (h, y) = 0, σ1xx (0, y) = σ2xx (0, y) ,

σ1xy (0, y)=σ2xy (0, y) , u1 (0, y)=u2 (0, y) , v1 (0, y)=v2 (0, y) ,
(5)

σ2xx(x, y) = 0, σ2xy(x, y) = 0, x → −∞, (6)

σ1xy (x, 0)=0, 0<x<h, σ1yy (x, 0)=−σ0 (x) , a<x<b,

v1(x, 0) = 0, 0 < x < a, b < x < h.
(7)
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By use of the Fourier transform method and thinking of the Eq. (6), the
following displacement forms can be obtained, for functionally graded coat-
ing:

u1 =
1
2π

∫ ∞

−∞

4∑

j=3

E1j (s)A1je
λ1j(s)y−isxds

+
2
π

∫ ∞

0

4∑

j=1

E2j (α) A2je
λ2j(α)x cos αydα,

v1 =
1
2π

∫ ∞

−∞

4∑

j=3

A1je
λ1j(s)y−isxds

+
2
π

∫ ∞

0

4∑

j=1

A2je
λ2j(α)x sinαydα,

(8)

for elastic substrate:

u2 =
2
π

∫ ∞

0

2∑

j=1

A3j (α) E3je
λ3j(α)x cos αydα,

v2 =
2
π

∫ ∞

0

2∑

j=1

A3je
λ3j(α)x sinαydα,

(9)

where the coefficient Eij , λij (i = 1, 2, 3, j = 1, · · · , 4) are shown in Ap-
pendix A, Aij (i=1, 2, 3, j =1, · · · , 4) are unknown functions, which can be
solved by the boundary conditions. To obtain the integral equations, let’s
introduce the following auxiliary function

g (x) =
∂

∂x
v1 (x, 0) , (10)

and g (x) subjected to the following single-valuedness conditions

∫ b

a

g (x) dt = 0. (11)

By using Eqs. (7), (10) and applying the Fourier transform to Eq. (10), it
can be obtained that

A13 =q13

∫ b

a

g (u) eisudu, A14 =q14

∫ b

a

g (u) eisudu, (12)

where q13 =
−i(c120s2+c220λ2

14)
c220s(λ2

13−λ2
14)

, q14 =
i(c120s2+c220λ2

13)
c220s(λ2

13−λ2
14)

.
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Then by residue theorem and the boundary conditions, we can get the
following linear algebraic equations
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

B21e
λ21h B22e

λ22h B23e
λ23h B24e

λ24h 0 0
F21e

λ21h F22e
λ22h F23e

λ23h F24e
λ24h 0 0

B21 B22 B23 B24 −B31 −B32

F21 F22 F23 F24 −F31 −F32

E21 E22 E23 E24 −E31−E32

1 1 1 1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A21

A22

A23

A24

A31

A32

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

R1

R2

R3

R4

R5

R6

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (13)

where

R1(u) =

(−c2
120 + c110c220

)
α2λ23

c110 (λ23 − λ21) (λ23 − λ22) (λ23 − λ24)
e−λ23(u−h)

+

(−c2
120 + c110c220

)
α2λ24

c110 (λ24 − λ21) (λ24 − λ22) (λ24 − λ23)
e−λ24(u−h),

R2 (u) = −
(−c2

120 + c110c220

)
αλ23 (λ23 + δ)

c110 (λ23 − λ21) (λ23 − λ22) (λ23 − λ24)
eλ23(h−u)

+c110 (λ24 − λ21) (λ24 − λ22) (λ24 − λ23)eλ23(h−u),

R3 (u) =
− (−c2

120 + c110c220

)
α2λ21

c110 (λ21 − λ22) (λ21 − λ23) (λ21 − λ24)
e−λ21u

+
− (−c2

120 + c110c220

)
α2λ22

c110 (λ22 − λ21) (λ22 − λ23) (λ22 − λ24)
e−λ22u,

R4 (u) =

(−c2
120 + c110c220

)
αλ21 (λ21 + δ)

c110 (λ21 − λ22) (λ21 − λ23) (λ21 − λ24)
e−λ21u

+

(−c2
120 + c110c220

)
αλ22 (λ22 + δ)

c110 (λ22 − λ22) (λ22 − λ23) (λ22 − λ24)
e−λ22u,

R5 (u) =
1

c110

[c120λ
2
21 + 2δc120λ21 + c120δ

2 + α2c220

(λ21 − λ22) (λ21 − λ23) (λ21 − λ24)
e−λ21u

+
c120λ

2
22 + 2δc120λ22 + c120δ

2 + α2c220

(λ22 − λ21) (λ22 − λ23) (λ22 − λ24)
e−λ22u

]
,

R6 (u) =
−α

(−c2
120 + c110c220 − c120c660

)
λ2

21

c110c660λ21 (λ21 − λ22) (λ21 − λ23) (λ21 − λ24)
e−λ21u

+
αδλ21

(
c2
120−c110c220+2c120c660

)−αc660

(
δ2c120+c220α

2
)

c110c660λ21 (λ21 − λ22) (λ21 + λ23)− (λ21 − λ24)
e−λ21u

+
−α

(−c2
120 + c110c220 − c120c660

)
λ2

22

c110c660λ22 (λ22 − λ21) (λ22 − λ23) (λ22 − λ24)
e−λ22u
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+
αδλ22

(
c2
120−c110c220+2c120c660

)−αc660

(
δ2c120+c220α

2
)

c110c660λ22 (λ22 − λ21) (λ22 − λ23) (λ22 − λ24)
e−λ22u

+
α

(
δ2c120 + c220α

2
)

c110λ21λ22λ23λ24
.

During the process of obtaining Eq. (13), the integral identities A6 [14]
shown in Appendix are used. The Bj , Cj and Fj are some expressions
of material consistents, Eij and λij (i = 1, 2, 3, j = 1, . . . , 4). Then the
solution of the unknown functions can be obtained. Substitute the solution
of the above equation and using the conditions of the crack surface, after
considering the asymptotic when s →∞ and α → 0, the following equation
can be obtained

1
π

∫ b

a

[
− Im(ω1)

u− x
+h1(u, x)+2K2s+2h2(u, x)

]
g(u)du=−σ0(x)e−δx, (14)

the Eq. (14) is the first kind of Fredholm integral equation, which can be
solved by the method of [15].

The stress intensity factors of the internal crack tips can be express as

KI (a) = lim
x→a

√
2 (a− x)σyy (x, 0) = −Im (ω11) eδa

N∑
n=1

an,

gI(b)= lim
x→b

√
2 (x−b) σyy(x, 0)=−Im (ω11) eδb

N∑
n=1

(−1)nan.

(15)

For convenience, the SIFs are normalized by k0 = σ0

√
a0h, where σ0 is

uniform crack surface pressure.

3. Numerical Results and Discussion

In the following analysis, we will study the influence of the length of the
crack, the location of the crack, the functionally graded strip’s width h and
the gradient parameters of functionally graded material δ on the normalized
stress intensity factors (SIFs) of the crack.

Firstly, the influence of the length of the crack and the gradient param-
eters of functionally graded material δ on the normalized stress intensity
factors (SIFs) of the crack will be discussed. Here h = 5.0, δh = −1, 0, 1, 2,
c=0.4h. It can be found in the Fig.2–Fig.3 that the normalized intensity
factors of both crack tips KI(a) and KI(b) increases with the increase of the
normalized half crack length a0 and the gradient parameters of functionally
graded material δ. Therefore, to prevent the coating crack from growing
toward the interface, the gradient parameters of functionally graded mate-
rial δ should be chosen as δ < 0.
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Figure 3: The normalized stress inten-
sity factor KI(a)versus
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h

Secondly, we will discuss the influence of the location of the crack on the
normalized stress intensity factors (SIFs) of the crack. Here δh = 1, c =
0.5, 1, 1.5, 2. It can be found from Fig.4–Fig.5 that the normalized intensity
factors of both crack tips KI(a) and KI(b) increases with the increase of
the c = b+a

2 .
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Figure 4: The normalized stress inten-
sity factor KI(b)versus a0
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Figure 5: The normalized stress inten-
sity factor KI(a)versus a0

Finally, we will discuss the influence of the width of the functionally
graded orthotropic strip on the normalized stress intensity factors (SIFs) of
the crack. Here h = 1, 2, 3, 4, δh = 1, c = 0.5. It can be found from
the Fig.6–Fig.7 that the normalized intensity factors of both crack tips
KI(a) and KI(b) decreases with the increase of the h, but as the increase
of the strip width and the increase of the crack length, the effect is not
obvious, so increasing the width of coating is not an effective way to restrain
the expansion of the crack.
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Figure 6: The normalized stress inten-
sity factor KI(b)versus a0
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4. Conclusion

In this paper, the mode I crack problem for a functionally graded or-
thotropic strip bonded to orthotropic substrate is studied analytically. The
influences of the nonhomogeneity constants and geometric parameters on
the stress intensity factors are investigated. The result may be help for the
analysis and design of functionally graded orthotropic coating-substrate
structures.

References
[1] F. Delale and F. Erdogan, On the mechanical modeling of the interfacial region in

bonded half-planes, International Journal of Applied Mechanic 55 (1988), 317–324.

[2] S. Dag and F. Erdogan, A surface crack in a graded medium loaded by a sliding rigid
stamp, Engineering Fracture Mechanics 69 (2002), 1729–1751.

[3] Y. D. Li, W. Tan and H. C. Zhang, Anti-plane transient fracture analysis of the
functionally gradient elastic bi-material weak/infinitesimal-discontinuous interface,
International Journal of fracture 142 (2006), 163–171.

[4] L. C. Guo, L. Z. Wu and L. Ma, The interface crack problem under a concentrated load
for a functionally graded coating- substrate composite system, Composite structure
63 (2004), 397–406.

[5] L. C. Guo, L. Z. Wu, L. Ma and T. Zeng, Fracture analysis of a functionally graded
coating-substrate structure with a crack perpendicular to the interface, Part I: static
problem, International Journal of fracture 127 (2004), 21–38.

[6] M. Ozturk and F. Erdogan, Mode-I crack problem in an inhomogeneous orthotropic
medium, Journal of Engineering Science 35 (1997), 869C-883.

[7] S. Dag, B. Yildirim and F. Erdogan, Interface crack problems in graded orthotropic
media: Analytical and computational approaches. International Journal of Fracture
130 (2004), 471C-496.

[8] L. C. Guo, L. Z. Wu, T. Zeng and L. Ma, Mode I crack problem for a functionally
graded orthotropic strip, European Journal of Mechanics A/solids 23 (2004), 219–
234.



Mode I Crack Problem for a Substrate-Coating Structure 297

[9] H. M. Xu, X. F. Yao, X. Q. Feng and H. Y. Yeh, Fundamental solution of a power-law
orthotropic and half-space functionally graded material under line loads, Composites
Science and Technology 68 (2008), 27–34.

[10] Vijaya Bhaskar Chalivendra, Mode-I crack-tip stress fields for inhomogeneous or-
thotropic medium, Mechanics of Materials 40 (2008), 293–301.

[11] J. H. Kim and G. H. Paulino, Mixed-mode fracture of orthotropic functionally graded
materials using finite elements and the modified crack closure method, Engineer
fracture mechanic 69 (2002), 1557–1586.

[12] J. H. Kim and G. H. Paulino, Mixed-mode J-integral formulation and implementation
using graded finite elements for fracture analysis of nonhomogeneous orthotropic
materials, mechanic material 35 (2003), 107–128.

[13] A. Kawasaki and R. Watanabe, Thermal fracture behavior of metal/ceramic func-
tionally graded materials, Engineering Fracture Mechanics 69 (2000), 1713–1728.

[14] I. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products, Else-
vier/Academic Press, Amsterdam, 2007.

[15] X. Li, Integral equations, Science Press, Beijing, 2008.

Appendix





E1j =

[
c660 (s + iδ) s− c220λ

2
1j

]
i

[c120s + c660 (s + iδ)]λ1j
,

E2j =
c660λ2j (λ2j + δ)− α2c220

α [c120λ2j + c660 (λ2j + δ)]
,

E3j =
c660λ

2
3j − α2c220

α (c120 + c660)λ3j
,





j =1 . . . , 4, (A1)





λ1j = −
√
−Ω11

2
± 1

2

√
Ω2

11−4Ω12,

λ2j =
−δ ±

√
δ2−2Ω21±2

√
Ω2

21−4Ω22

2
,

λ3j =
√

2
2

√
−Ω31 ±

√
Ω2

31 − 4Ω32,





j =1 . . . , 4, (A2)

Ω11 =
(c2

120−c120c220)s(s+iδ)+(2s2+2isδ−δ2)c120c660

c220c660
,

Ω12 =
c110s

2(s+iδ)2

c220
,

(A3)

Ω21 =

[
c2
120−c110c220+2c120c660

]
α2

c110c660
, Ω22 =

(
c220

c110
α2+

c120

c110
δ2

)
α2, (A4)

Ω31 =
[

c2
120

c110c660
+ 2

c120

c110
− c220

c660

]
α2, Ω32 =

c220

c110
α4, (A5)
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∫ ∞

0

e−px sin (qx + λ) dx =
1

p2 + q2
(q cos λ + p sinλ) ,

∫ ∞

0

e−px cos (qx + λ) dx =
1

p2 + q2
(p cos λ− q sinλ) ,

p > 0, (A6)

ω1 =
ic660

(
c120 + c220p

2
11

) (
c120 + c220p

2
12

)

c220 (c120 + c660) p11p12 (p11 + p12)
,

h1 (u, x) =
1
2

∫ ∞

−∞

( 4∑

j=3

C1jq1j − ω1

)
eis(u−x)ds,

(A7)

K2s =
[

Λ1

p21(x + u)
+

Λ2

p21x + p22u
+

Λ3

p22x + p21u
+

Λ4

p22(x + u)

]
, (A8)

h2 (u, x)=
∫ ∞

0

[ 4∑

j=3

C2je
λ2jxA2j−Λ1e

−p21α(x+u)

−Λ2e
−α(p21x+p22u)−Λ3e

−α(p22x+p21u)−Λ4e
−p22α(x+u)

]
dα,

(A9)

Λ1 =
1
4

(
c120p

2
21 + c220

) (
c120c660+c2

120−c110c220+c110c660p
2
22

)

× [−c110c660p
4
21 +

(
c110c220 − c2

120 − 2c120c660

)
p2
21 − c220c660

]

× 1
c660 (c660 + c120) c2

110p
2
21 (p21 + p22)

2 (p21 − p22)
2 ,

(A10)

Λ2 =
1
4
(c120p

2
21 + c220)

×[−c110c660p
4
22+(c110c220−c2

120−2c120c660)p2
22−c220c660]

× (
c110c220 − c110c660p21p22 − c2

120 − c120c660

)

× 1
c660c2

110 (c660 + c120) p2
22 (p21 + p22)

2 (p21 − p22)
2 ,

(A11)

Λ3 =
1
4

(
c120p

2
22 + c220

)

×[−c110c660p
4
21+(c110c220−c2

120−2c120c660)p2
21−c220c660]

× (
c110c220 − c110c660p21p22 − c2

120 − c120c660

)

× 1
c660c2

110 (c660 + c120) p2
21 (p21 + p22)

2 (p21 − p22)
2 ,

(A12)
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Λ4 = −1
4

(
c120p

2
22 + c220

)

×[−c110c660p
4
22+

(
c110c220−c2

120−2c120c660

)
p2
22−c220c660]

× (−c120c660 − c2
120 + c110c220 − c110c660p

2
21

)

× 1
c660c2

110 (c660 + c120) p2
22 (p21 + p22)

2 (p21 − p22)
2 ,

(A13)

p1j =−
√

2
2

ξ11

√
aa1±bb1, ξ1j =sign

[
Re

√
aa1± bb1

]
,

p2j =
√

2
2

ξ21

√
aa2 ± bb2, ξ21 = sign

[
Re

√
aa2± bb2

]
,

j =1, 2, (A14)

aa1 =
c110c220 − c120 (c120 + 2c660)

c220c660
,

bb1 =

√
(c2

120 − c110c220) [(c120 + 2c660)
2 − c110c220]

c220c660
,

aa2 =
c110c220 − c2

120 − 2c120c660

c110c660
,

bb2 =

√
(c2

120 − c110c220) [(c120 + 2c660)
2 − c110c220]

c110c660
.

(A15)
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1. Basic Knowledge and Notations

Suppose D is the bounded simply connected domain with the bound-
ary ∂D = Γ being a Lyapunov closed curve in the complex plane, and
z = 0 ∈ D. When D is an arbitrary multiply connected bounded domain
in the complex plane, the boundary ∂D = Γ is composed of finite dis-
joint Lyapunov closed curves. It will not be announced below. Let f(z)
is a complex function in the domain D, while Lp(D)(1 < p < ∞) and
Lp

β−2/p(D)(1 < p < ∞, 0 < β < 2) are the Banach spaces in real number
field. Then

Lp
β−2/p(D)={f(z) : |z|β−2/pf(z)=F (z) ∈ LP (D), ||f ||Lp

β−2/p
= ||F ||Lp}.

Through here the functions in Lp(D) and Lp
β−2/p(D) are complex-

valued, the spaces themselves are regarded as real spaces, that is, they
themselves can be as the linear combinations in the real number field, and
also the singular operators’ synthesis of the conjugate operation can be
operated. The function

B(z, ζ)=− 2
π

∂2G(z, ζ)
∂z∂ζ̄

=
1

π(1− zζ̄)2
, G(z, ζ)=ln

∣∣∣∣
1−zζ̄

z − ζ

∣∣∣∣, |z| < 1, (1)

1This research is supported by scientific and technological project of Hebei (No.
072135115)
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is defined as Bergman kernel functions on the unit disk, while G(z, ζ) is the
Green function of Dirichlet problem of Laplace equation in |z| < 1. For the
general single computational domain D, denote by σ = ω(z) a conformal
mapping from D onto the circle |σ| < 1 with the condition ω(0) = 0. Then

B(z,ζ)=− 2
π

∂2G(z,ζ)
∂z∂ζ̄

=
ω′(z)ω′(ζ)

π(1−ω(z)ω(ζ))2
, G(z,ζ)=ln

∣∣∣∣∣
1− ω(z)ω(ζ)
ω(z)− ω(ζ)

∣∣∣∣∣ (2)

is defined as the Bergman kernel functions in domain D, where ζ is analytic
function of z and it possess the singularity when z = ζ ∈ Γ.

Next, some simple operator notations will be introduced. For z ∈ D,
I is identity operator, T is completely continuous operator in Lp

β−2/p(D),

and K is conjugate operator, that is, (Kf)(z) = f(z), and

Π=(Πf)(z)=− 1
π

∫∫

D

f(ζ)
(ζ−z)2

dσζ , (Π̄f)(z)=− 1
π

∫∫

D

f(ζ)
(ζ̄−z̄)2

dσζ ; (3)

B = (Bf)(z)=
∫∫

D

B(z, ζ)f(ζ)dσζ , (B̄f)(z)=
∫∫

D

B(z, ζ)f(ζ)dσζ ; (4)

(Svf)(z) =
(−1)|v||v|

π

∫∫

D

e−2ivθ

|ζ − z|2 f(ζ)dσζ , θ = arg(ζ − z); (5)

Π̄ = Π−1 = K Π K, B̄ = K B K. (6)

There into, dσζ is the plane measure element of Lebesgue, the integral in
(3) is regarded as the integral with the Cauchy principal value, and v is
an integer.

At last, the principal auxiliary function notations used in the following
will be given. Let all a(z), b(z), c(z), d(z) etc. are continuous complex-
valued functions on D, marked as a(z), b(z), c(z), d(z), · · · ∈ C(D). Also as
(Some leave out the function of variable z):





∆ = ∆1 = |a|2−|b|2, ∆2 = |c|2−|d|2, ∆3 = |e|2−|h|2 ,

λ = λ1 = ac− bd, λ2 = hc− ed, λ3 = ae− bh,

µ = µ1 = ad− bc, µ2 = hd− ec, µ3 = ah− be;

(7)





M(z) = max
|t|=1

Re
[
(λ1(z) + λ3(z))t− µ2(z)t2

]
,

−m(z) = min
|t|=1

Re
[
(λ1(z) + λ3(z))t− µ2(z)t2

]
;

(8)

χ(z) =





M(z), if ∆j(z) > 0,

m(z), if ∆j(z) < 0,
j = 1, 2, 3. (9)



302 Su-Kui Lu, Zi-Zhi Li and Si-Le Wang

2. Nöether’s Theory of Some Two-Dimensional Singular Inte-
gral Operator with Continuous Coefficients

In reference [1], the author gives the simplest two-dimensional singular
integral operator, which plays an important role in the theory of quasi-
conformal mappings and generalized analytic functions. In Chapter 2, [2],
the author describes the theory about the general two-dimensional singular
integral equation, which shows that there are close relations between two-
dimensional singular integral operator and the Riemann boundary value
problem of elliptic systems of first order equations. In [3] and [4], they
make systematic researches on the elliptic systems of equations of different
orders and the boundary value problem. However, little headway has been
made in the deep and efficient research on Nöether’s theory of operator for a
long time. After 1970, the references from [5] to [8] make effective research
on more general two-dimensional singular integral equation and present the
effective Nöether’s condition and the index formula. The main character-
istics of the research is as follows: Firstly, the research is extended from
Lp(D) to Lp

β−2/p(D). Secondly, operator’s coefficients requires continuous
functions with weak conditions or discontinuous points rather than very
strong differentiability and even Hölder continuity. Finally, according to
[9], the author constructed the relative operator matrix and the Bergman
kernel function which play a key function in the proof. This method differs
from that in [2], that is, research is carried out from operator itself without
transforming the general boundary value problem related to the general-
ized analytic function, and Nöether’s condition is set up and applied in
the boundary value problem. Nöether’s theory of two-dimensional singu-
lar integral operator with discontinuous coefficients has been discussed in
[11], so this paper will present Nöether’s theory of two-dimensional singular
integral operator with continuous coefficients.

Next, we will provide an introduction about some two-dimensional sin-
gular integral operator with continuous coefficients discussed in the ref-
erences from [5] to [8], the main Nöether theorems in the Banach space
Lp(D)(1 < p < ∞) and Lp

β−2/p(D) (1 < p < ∞, 0 < β < 2):

Theorem 1[5]. Let D be a multi-connected bounded domain in the complex
plane and an operator be

A1 ≡ (A1f)(z) ≡ aI + bK + cΠ + dKΠ, ∀z ∈ D, (10)

with the conditions a(z), b(z), c(z), d(z) ∈ C(D). Then in space Lp(D) (1 <
p < ∞), A1 is an Nöether operator, if and only if one of the following
mutually exclusive conditions holds:

|∆1| > |λ|+ |µ|, ∀z ∈ D, (11)
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|∆2| > |λ|+ |µ| , ∀z ∈ D, µ(t) 6= 0, ∀t ∈ Γ. (12)

If the condition (11) is satisfied, then A1 has bounded inverse operator.
If the condition (12) is satisfied, the index κ of A1 is

κ = 2IndΓµ(t). (13)

Nöether’s condition and index calculation formula of another operator will
be introduced in the following:

Let D be an arbitrary multiply connected bounded domain in the com-
plex plane, and the operator

A2 ≡ (A2f)(z) ≡ aI + b0K +
n∑

ν=−m

∗
bνSνK, z∈D, (14)

where
∑∗ stands for all the items except ν=0, and K is conjugate operator

and Sν shown in (5) is marked as Pn,m(z, t) =
n∑

ν=−m
bν(z)tν , z ∈ D, |t| = 1.

First we introduce the following definitions:

Definition 1. If ∀z ∈ D, |t| = 1, |a(z)| > |Pn,m(z, t)|, then A2 ∈ M .

Definition 2. Suppose that ∀ z ∈ D, |t| = 1, |a(z)| < |Pn,m(z, t)|, and
Ind|t|=1Pn,m(z, t) = j, then we say that A2 ∈ Mj (j is integer, −m ≤ j ≤
n).

On the basis of the above assumptions and definitions, we can prove
following theorem:

Theorem 2[6]. In space Lp(D) (1 < p < ∞), the operator A2 is an Nöether
operator if and only if one of the following mutually exclusive conditions
holds:

|a(z)| > |Pn,m(z, t)| ,∀z ∈ D, |t| = 1, (15)




|a(z)| < |Pn,m(z, t)| , ∀z ∈ D, |t| = 1,

a(z) 6= 0, for Ind|t|=1

n∑
ν=−m

bν(z)tν 6= 0, ∀z ∈ Γ.
(16)

Moreover if A2 ∈ M or A2 ∈ M0, then index κ=0 of operator A2. If
A2 ∈ Mj(j 6=0), then index κ of operator A2:

κ = −2jIndΓa(t). (17)

Theorem 3[7]. Let D be the multiply onnected bounded domain, and a(z),
b(z), c(z), d(z), e(z), h(z) ∈ C(D), and

A3 ≡ (A3f)(z) ≡ aI+ bK+[cI+ dK] Π + [eI+ hK] Π, ∀z ∈ D. (18)
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In space Lp(D) (1 < p < ∞), the operator A3 is an Nöether operator if and
only if one of the following mutually exclusive conditions holds:

|∆1| >χ + [χ2+ |µ1|2−|λ1|2+ |µ3|2−|λ3|2]
1/2, ∀z∈D, (19)

{ |∆2| > χ + [χ2 + |µ1|2− |λ1|2− |µ2|2 + |λ2|2]
1/2,∀z ∈ D,

λ1(t)λ2(t) + ∆2(t)µ1(t) 6= 0, ∀t ∈ Γ;
(20)

{ |∆3|>χ+[χ2(z)+ |µ3|2−|λ3|2−|µ2|2+|λ2|2]1/2, ∀z ∈ D,

λ2(t)λ3(t)−∆3(t)µ3(t) 6= 0, ∀t ∈ Γ,
(21)

where ∆j , µj , λj , χ (j = 1, 2, 3) are as stated in (7), (8) and (9). Under this
case, the index κ of operator A3 is:

κ =





0, if (19) holds,

2IndΓ[λ1(t)λ2(t) + ∆2(t)µ1(t)], if (20) holds,

−2IndΓ[λ2(t)λ3(t)−∆3(t)µ3(t)], if (21) holds.

(22)

Here we point out that the references [1] and [10] deal with the special
circumstance of A3 with a(z) ≡ 1, b(z) ≡ 0:

A4 ≡ (A4f)(z) ≡ I + [cI + dK] Π + [eI + hK] Π, ∀z ∈ D, (23)

and when the coefficient satisfies stronger conditions:

|a(z)|+ |d(z)|+ |e(z)|+ |h(z)| < 1, z ∈ D,

applying the compressing reflection principle, we can prove that A4 pos-
sesses a bounded inverse operator, when p is sufficiently close to 2.

Theorem 4[8]. Let D be bounded simply connected domain and a(z),
b(z), c(z), d(z), e(z), h(z), α(z), γ(z), δ(z), ν(z) ∈ C(D), and operator A5:

A5 ≡ (A5f)(z) ≡ aI + bK + [cI + dK] Π + [eI + hK] Π

+[αI + γK]B + [δI + νK]B, z ∈ D.
(24)

In space Lp
β−2/p(D) (1 < p < ∞, 0 < β < 2), the operator A5 is an Nöether

operator, if and only if one of the following mutually exclusive conditions
holds:

{ |∆1| > χ + [χ2 + |µ1|2 − |λ1|2 + |µ3|2− |λ3|2]
1/2, ∀z ∈ D,

ω1(t) 6= 0, ∀t ∈ Γ;
(25)
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{ |∆2| > χ + [χ2 + |µ1|2− |λ1|2− |µ2|2 + |λ2|2]
1/2, ∀z ∈ D,

ω2(t) 6= 0, ∀t ∈ Γ;
(26)

{
|∆3| > χ + [χ2 + |µ3|2 − |λ3|2 − |µ2|2 + |λ2|2]

1/2, ∀z ∈ D,

ω3(t) 6= 0, ∀t ∈ Γ,
(27)

in which ∆j , µj , λj , χ (j = 1, 2, 3) as shown in (7), (8) and (9), and ωj(t)
(j = 1, 2, 3) is determined by the following formulas:

α11 = āα− bγ̄, α21 = c̄α−dγ̄, α31 = ēα−hγ̄,

γ11 = āγ − bᾱ, γ21 = c̄γ − dᾱ, γ31 = ēγ −hᾱ,

δ11 = āδ − bν̄, δ21 = c̄δ − dν̄, δ31 = ēδ − hν̄,

ν11 = āν − bδ, ν21 = c̄ν − dδ̄, ν31 = ēν − hδ̄;

{ αj2 = νjαj1 + w̄jνj1, γj2 = ν̄jγj1 + wjδj1,

δj2 = νjδj1 + w̄jγj1, νj2 = ν̄jνj1 + wjαj1,
j = 1, 2, 3;

β1 =(λ̄2λ̄3−∆3µ̄3−µ2λ̄2q1)[∆2
3−λ̄2−(λ2µ̄3−∆3λ̄3)q1−µ2∆3q

2
1 ]−1,

ω3 = (β̄1 + δ̄32)(|β1|2−1 + α32β̄1 + q1q̄2 |β1|2)−(γ̄32 − q1)(ν32 − q̄2)β1,

ν3 = −λ̄2 + ∆3q1β1, w3 = −∆3 + λ̄2q1β1;




β3 = [−∆1µ̄3 + (λ̄3µ̄1 + λ1µ3)q1

× [|λ3|2−|µ3|2+∆1λ3q1 + (λ3λ̄1− µ3µ̄1)q2
1 ]−1,

ω1 = (1+ δ̄12q2)(1− |β3|2 + α12)− γ̄12(ν12 − q1β3),

ν1 = λ̄3 + q1β3µ3, w1 = µ̄3 + q1β3λ3, if |λ| 6= |µ| ;




β3 = µ̄1/∆1 + λ̄1q1),

ω1 = (1 + δ̄12q2)(1− |β3|2 + α12)− γ̄12(ν12 − q1β3),

ν1 = 1, w1 = q1β3, if |γ| = |µ| ;

where q1(z), q2(z) are the root of trigonometric polynomial P0 = ∆1 + ∆2

+∆3 − 2Re
[
µ2e

4iϕ − (λ1 + λ̄3)e2iϕ
]
, and λ̄3, µ̄3,∆3, λ̄2α32, γ32, δ32, ν32 is

substituted by λ̄3, µ̄3,∆3, λ̄2, α32, γ32, δ32, ν32 in ω2 = ω3. If one of the
above conditions is satisfied, then κ of operator A5:

κ = IndΓA5 = IndΓωj(t), j = 1, 2, 3. (28)



306 Su-Kui Lu, Zi-Zhi Li and Si-Le Wang

3. Applications of Nöether’s Theory in Second Order Elliptical
Equations

We will discuss Nöether’s theory of two-dimensional singular integral oper-
ator in [8] and its application to boundary value problems for the general
second order elliptical systems of equations. Let D be a simply connected
bounded domain in the complex plane, and the second order elliptical sys-
tems of equations in D be:

aWZZ + bWZZ + cWZZ + dWZZ + eWzz + hWZZ+

+a1Wz + b1W z + c1WZ + d1W z + e1W + h1W = g(z),
(29)

in which z = x + iy, W = U(x, y) + iV (x, y), ∂
∂z = 1

2

(
∂
∂x + i ∂

∂y

)
, ∂

∂z =
1
2 ( ∂

∂x − i ∂
∂y ), and all coefficients of (29) belong to C(D) and the nonhomo-

geneous item g(z) ∈ LP (D) (2 < p < ∞).
On the basis of the conditions in (29), when each former inequality of

(19), (20) and (21) are satisfied, then (29) can be transformed into:

∆1WZZ + λ1WZZ + µ1WZZ + λ3Wzz + µ3WZZ + T1(W ) = g1(z), (30)1

λ1WZZ − µ1WZZ + ∆2WZZ − µ2 Wzz + λ2WZZ + T2(W ) = g2(z), (30)2

λ3WZZ − µ3WZZ + µ2WZZ − λ2WZZ + ∆3Wzz + T3(W ) = g3(z), (30)3

respectively, where g1 = ag− bg, g2 = cg− dg, g3 = eg− hg (here the vari-
able z is omitted); Tj(W ) (j = 1, 2, 3) is the lower order items of W . Then
the results of two boundary value problems in book [8] will be discussed.

We introduce the Sobolev space C(D) ∩ W 2
p (D) (2 < p < ∞), which

can be seen as in [1,4,10].

Problem D0. Find a solution W (z) ∈ C(D) ∩W 2
p (D) of the elliptic sys-

tems (29) in simply connected domain D satisfying the boundary condition

W (t) |Γ = 0. (31)

The problem discussed above can be defined as homogeneous Dirich-
let problem (Problem D0). Without loss of generality, we assume D =
{Z : |z| < 1}. It is known from [1], [2] and [10], the solution of Poblem D0

can be represented as:

W (z) =
∫∫

D

G(z, ζ)f(ζ)dσζ , (32)

in which G(z, ζ) as discussed in (1), f(z) is the unknown function satisfying
Lp(D) (1 < p < ∞). Three equivalent singular integral equations are



Nöether’s Theory of Some Two-dimensional Singular Integral Operator 307

obtained from (29), (32) and (30)j (j = 1, 2, 3). On the basis of Theorem
4, we can get

Theorem 5. The necessary and sufficient condition of Problem D0 for
the systems (29) as the Nöether’s problem is that one of the (19), (20) and
(21) of Theorem 3 holds.

Problem N0. If the boundary condition (31) is replaced by ∂W
∂n |Γ = 0,

where n is the outwards normal direction of Γ, then the boundary value
problem is called the homogeneous Neumann problem (ProblemN0). For
this, the same result to theorem 5 can be obtained, provided that the Green
function in the (32) is repaled by the Neumann function

N(z, ζ) = − 2
π

ln
∣∣∣∣

z − ζ

1− zζ

∣∣∣∣−
1
π

(|z|2 + |ζ|2) +
3
4
.

In [12], we deal with non-homogeneous Dirichlet problem (Problem D)
and non-homogeneous Neumann problem (Problem N).

Problem D. Find a solution W (z) ∈ C(D)∩W 2
p (D) of the elliptic systems

(29) in simply connected domain D, such that W (z) on Γ satisfies

W (t) = r(t), t ∈ Γ; r(t) ∈ C1
µ(Γ), 1/2 < µ < 1. (33)

Obviously when r (t) ≡ 0, Problem D is just Problem D0. According
to [8], the solution of problem D can be similarly represented as

W (z) = U(z) + (Hf) (z) , (34)

in which f (z) ∈ L2
p(D) (2 < p < ∞),U (z) is harmonic complex func-

tion, and U (z) = 1
2π i

∫
Γ

Re
(

t+z
t−z

)
r(t)

t dt, (Hf) (z) =
∫∫

D
G(z, ζ)f(ζ)dσζ ,

G(z, ζ) = ln
∣∣∣ z−ζ

1−ζz

∣∣∣. The conclusions of [12] is educed:

Theorem 6. The necessary and sufficient condition of Problem D for the
elliptic systems (29) as Nöether’s problem is one of (19), (20) and (21) as
in Theorem 3 to be satisfied, and we have the index formula (22).

Problem N. Find a solution W (z) ∈ C(D) ∩W 2
p (D) of elliptic systems

(29) in simply connected domain D, which satisfies the boundary condition

∂W

∂n

∣∣∣∣Γ = h(t), h(t) ∈ C1
µ(Γ), 1/2 < µ < 1. (35)

Provided that W (0) = 0, and h(t) = h1(t)+ih2(t). Especially if h(t) ≡0,
then Problem N is Problem N0. We can assume that Domain D is the unit
disk. And when hj(t) (j = 1, 2) satisfies:

1
π

∫

Γ

hj(τ)
τ

dτ−Re
[

1
π i

∫

Γ

hj(τ)
τ − t

dτ

]
=0, t ∈ Γ, j =1, 2.



308 Su-Kui Lu, Zi-Zhi Li and Si-Le Wang

Then the solution of Problem N can be only represented as




W (Z) = (H1f)(z) + V (Z),

(H1f)(z) =
∫∫

D

N(z, ζ)f(ζ)dσζ +
1
π

∫∫

D

|ζ|2 f(ζ)dσζ ,

V (Z) = − 2
π

∫

Γ

h(t) ln |t− z| dθ, θ = ang(t− z).

(36)

If Problem N of elliptic systems (29) can be transformed into three
similar singular integral equations with completely continuous operators,
thus:

Theorem 7. In Theorem 6, the conclusion is still valid, when Problem
D is replaced by Problem N . And the necessary and sufficient condition of
Problem N for elliptic systems (29) as Nöether’s problem is that one of the
(19), (20) and (21) of Theorem 3 is satisfied, and the index formula is as
stated in (22).
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1. Introduction, Definitions and Preliminaries

Let H denote the class of functions of the form

f(z) = z +
∞∑

j=2

ajz
j , (1.1)

which are analytic in the open unit disk U = {z : |z| < 1}. Also let H+

denote the class of functions of the form

f(z) = z +
∞∑

j=2

ajz
j (aj ≥ 0), (1.2)

which are analytic in U. We denote by S∗(A,B) and K(A,B) (−1 ≤ B <
A ≤ 1) the subclasses of starlike functions and the subclasses of convex
functions, respectively, where (see, for details, [1] and [2])

S∗(A,B)=
{

f(z) ∈ H :
zf ′(z)
f(z)

≺ 1 + Az

1 + Bz
, z ∈ U, 1 ≤ B < A≤1

}
,

and

K(A,B)=
{

f(z) ∈ H : 1+
zf ′′(z)
f ′(z)

≺ 1+Az

1+Bz
, z ∈ U,−1≤B<A≤1

}
.

1This research is supported by the Natural Science Foundation of Inner Mon-
golia (No.2009MS0113) and Higher School Research Foundation of Inner Mongolia
(No.NJzy08150, No.NJzc08160).
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Clearly, we have

f(z) ∈ K(A,B) ⇐⇒ zf ′(z) ∈ S∗(A,B).

A function f(z) ∈ H is said to be in the class of uniformly convex
functions, denoted by UK (see [3-5]), if

Re
(

1 +
zf ′′(z)
f ′(z)

)
>

∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ , (1.3)

and is said to be in a corresponding class denoted by US, if

Re
(

zf ′(z)
f(z)

)
>

∣∣∣∣
zf ′(z)
f(z)

− 1
∣∣∣∣ . (1.4)

A function f(z) ∈ H is said to be in the class of α-uniformly convex
functions of order β, denoted by UK(α, β) (see [6]), if

Re
(

1 +
zf ′′(z)
f ′(z)

)
> α

∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ + β, α ≥ 0, 0 ≤ β < 1, (1.5)

and is said to be in a corresponding class denoted by US(α, β), if

Re
(

zf ′(z)
f(z)

)
> α

∣∣∣∣
zf ′(z)
f(z)

− 1
∣∣∣∣ + β, α ≥ 0, 0 ≤ β < 1. (1.6)

It is obvious that f(z)∈UK(α, β) if and only if zf ′(z)∈US(α, β) (see [6]).
The properties of various subclasses of functions UK(α, β) and US(α, β)
were studied in [7]. For f(z) ∈ H, Salagean [8] introduced the following
operator, which is called the Salagean operator:

D0f(z) = f(z), D1f(z) = zf ′(z), · · · , Dnf(z) = D(Dn−1f(z)),

n ∈ N = {1, 2, · · ·}.
We note that

Dnf(z) = z +
∞∑

j=2

jnajz
j , n ∈ N0 = N ∪ {0}. (1.7)

Let Um,n(α, A, B) denote the subclass of H consisting of functions f(z),
which satisfy the following inequality:

Dmf(z)
Dnf(z)

− α

∣∣∣∣
Dmf(z)
Dnf(z)

− 1
∣∣∣∣ ≺

1 + Az

1 + Bz
,

α≥0, −1≤B<A≤1, m ∈ N, n ∈ N0.

(1.8)
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Also let Vs
m,n(α, A,B) (s ∈ N0) be the subclass of H consisting of functions

f(z) which satisfy the following condition:

f(z) ∈ Vs
m,n(α, A, B) ⇐⇒ Dsf(z) ∈ Um,n(α, A, B). (1.9)

For s = 0, it is easily verified that

V0
m,n(α, A, B) = Um,n(α, A, B).

When m = 1, n = 0 and m = 2, n = 1 of inequality (1.8), respectively, we
get two classes of functions

US(α, A, B)

=
{

f(z) ∈ H :
zf ′(z)
f(z)

−α

∣∣∣∣
zf ′(z)
f(z)

−1
∣∣∣∣ ≺

1+Az

1+Bz
, α≥0,−1≤B<A≤1

}
,

and

UK(α, A,B)

=
{

f(z) ∈ H : 1+
zf ′′(z)
f ′(z)

−α

∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ ≺
1+Az

1+Bz
, α≥0,−1≤B<A≤1

}
.

It is clear from two of the above definitions that

f(z) ∈ UK(α, A, B) ⇐⇒ zf ′(z) ∈ US(α, A, B),

US(1, 1,−1) = US, UK(1, 1,−1) = UK.

By specializing the parameters α, A, B,m and n involved in the class
Um,n(α, A,B), we also obtain the following subclasses, which were stud-
ied in many earlier works:

(1) U1,0(α, 1−2β,−1)=US(α, β) and U2,1(α, 1−2β,−1)=UK(α, β) (see
[6]).

(2) Un+1,n(α, 1− 2β,−1) = USn(α, β) (see [9],[10]).
(3) Um,n(α, 1−2β,−1)=Um,n(α, β) andVs

m,n(α, 1−2β,−1)=Vs
m,n(α, β),

0 ≤ α, 0 ≤ β < 1 (see [11],[12]).
Let

ŨS(α, A, B)=H+∩ US(α, A, B), ŨK(α, A, B)=H+∩ UK(α, A, B),

Ũm,n(α, A, B)=H+∩Um,n(α, A, B), Ṽs
m,n(α, A, B)=H+∩Vs,+

m,n(α, A, B).

Then we obtain contain relations and the close properties of integral
operators. This paper mainly concerns the classes Um,n(α, A, B) and
Vs

m,n(α, A, B). We provide coefficient inequalities, integral means inequal-
ities and subordination relationships of these classes.
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2. Coefficient Inequalities for Classes Um,n(α, A, B) and
Vs

m,n(α, A, B)

Theorem 2.1. If f(z) ∈ H satisfies
∞∑

j=2

φ(m,n, j, α, A,B)|aj | ≤ A−B, (2.1)

where
φ(m,n, j, α, A,B) = (1 + 2α)|jm−jn|+ |Bjm−Ajn| (2.2)

for some α ≥ 0, −1 ≤ B < A ≤ 1, m ∈ N, n ∈ N0 = N ∪ {0}, then
f(z) ∈ Um,n(α, A, B).

Proof. Suppose that (2.1) is true for α ≥ 0,−1 ≤ B < A ≤ 1,m ∈ N, n ∈
N0. For f(z) ∈ H, let us define the function p(z) by

p(z) =
Dmf(z)
Dnf(z)

− α

∣∣∣∣
Dmf(z)
Dnf(z)

− 1
∣∣∣∣ .

It suffices to show that ∣∣∣∣
p(z)− 1

A−Bp(z)

∣∣∣∣ < 1, z ∈ U.

We note that
∣∣∣∣

p(z)− 1
A−Bp(z)

∣∣∣∣ =
∣∣∣∣

Dmf(z)− αeiθ|Dmf(z)−Dnf(z)| −Dnf(z)
ADnf(z)−B(Dmf(z)− αeiθ|Dmf(z)−Dnf(z)|)

∣∣∣∣

=
∣∣∣∣

(Dmf(z)−Dnf(z))− αeiθ|Dmf(z)−Dnf(z)|
(A−B)Dnf(z)−B((Dmf(z)−Dnf(z))−αeiθ|Dmf(z)−Dnf(z)|)

∣∣∣∣

=
∣∣∣∣

∑∞
j=2(j

m − jn)ajz
j−1 − αeiθ|∑∞

j=2(j
m − jn)ajz

j−1|
(A−B)−∑∞

j=2(Bjm−Ajn)ajzj−1 − αeiθ|∑∞
j=2(jm − jn)ajzj−1|)

∣∣∣∣

≤
∑∞

j=2 |jm − jn||aj ||z|j−1 + α|e|iθ ∑∞
j=2 |jm − jn||aj ||z|j−1

(A−B)−∑∞
j=2 |Bjm−Ajn||aj ||z|j−1−α|e|iθ ∑∞

j=2 |jm−jn||aj ||z|j−1

≤
∑∞

j=2 |jm − jn||aj |+ α
∑∞

j=2 |jm − jn||aj |
(A−B)−∑∞

j=2 |Bjm −Ajn||aj | − α
∑∞

j=2 |jm − jn||aj | .

The last expression is bounded above by 1, if
∞∑

j=2

|jm − jn||aj |+ α
∞∑

j=2

|jm − jn||aj |

≤ (A−B)−
∞∑

j=2

|Bjm −Ajn||aj | − α

∞∑

j=2

|jm − jn||aj |,
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which is equivalent to the condition (2.1). This completes the proof of
Theorem 2.1. By using Theorem 2.1, we have

Theorem 2.2. If f(z) ∈ H satisfies

∞∑

j=2

jsφ(m,n, j, α, A,B)|aj | ≤ A−B, (2.3)

where φ(m,n, j, α, A,B) is defined by (2.2) for some α ≥ 0,−1 ≤ B < A ≤
1,m ∈ N, n ∈ N0, then f(z) ∈ Vs

m,n(α, A, B).

Proof. From (1.7), replacing aj by jsaj in Theorem 2.1, we have Theorem
2.2.

3. Integral Mean Inequalities

We need the following definitions and results.

Definition 3.1. Let us consider two functions f(z) and g(z), which are
analytic in U . The function f(z) is said to be subordinate to g(z) in U , if
there exists a function ω(z) analytic in U with

ω(0) = 0 and |ω(z)| < 1, z ∈ U,

such that
f(z) = g(ω(z)), z ∈ U.

We denote this subordination by

f(z) ≺ g(z).

Definition 3.2. (Owa [13] and Srivastzva [14]) The fractional derivative
of order λ is defined, for a function f(z), by

D−λ
z f(z) =

1
Γ(1− λ)

d

dz

∫ z

0

f(t)
(z − t)λ

dt, 0 ≤ λ < 1, (3.1)

where the function f(z) is an analytic function in a simply connected region
of the z-plane containing the origin, and the multiplicity of (z − t)λ is
removed by requiring log(z − t) to be real when (z − t) > 0.

Definition 3.3. Under the hypotheses of Definition 3.2, the fractional
derivative of order (p + λ) is defined, for a function f(z), by

Dp+λf(z) =
dp

dzp
Dλ

z f(z),
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where 0 ≤ λ < 1 and p ∈ N0 = N ∪ {0}. It readily follows from (3.1) in
Definition 3.2 that

Dλ
z zk =

Γ(k + 1)
Γ(k − λ + 1)

zk−λ, 0 ≤ λ < 1. (3.2)

Theorem 3.1. (Littlewood [15]) If f(z) and g(z) are analytic in U with
f(z) ≺ g(z), then for µ > 0 and z = reiθ (0 < r < 1),

∫ 2π

0

|f(z)|µdθ ≤
∫ 2π

0

|g(z)|µdθ.

Theorem 3.2. Let f(z) ∈ H given by (1.2) be in the class Ũm,n(α, A,B)
and suppose that

∞∑

j=2

(j − p)p+1aj ≤ (A−B)Γ(k + 1)Γ(3− λ− p)
φk(m,n, α,A, B)Γ(k + 1− λ− p)Γ(2− p)

for some 0 ≤ p ≤ 2, 0 ≤ λ < 1, where (j − p)p+1 denotes the Pochhammer
symbol defined by (j − p)p+1 = (j − p)(j − (p − 1)) · · · j. Also given the
function fk(z) by

fk(z) = z +
(A−B)

φk(m,n, α,A, B)
zk, k ≥ 2. (3.3)

If there exists an analytic function ω(z) given by

ω(z)k−1 =
φk(m,n, α,A, B)Γ(k + 1− λ− p)

(A−B)Γ(k + 1)

×
∞∑

j=2

(j − p)p+1
Γ(j − p)

Γ(j + 1− λ− p)
ajz

j−1,

then for z = reiθ (0 < r < 1) and µ > 0,
∫ 2π

0

|Dp+λ
z f(z)|µdθ ≤

∫ 2π

0

|Dp+λ
z fk(z)|µdθ.

Proof. By virtue of the fractional derivative formula (3.1) and Definition
3.3, we find from (1.1) that

Dp+λ
z f(z) =

z1−λ−p

Γ(2− λ− p)
{1 +

∞∑

j=2

Γ(2− λ− p)Γ(j + 1)
Γ(j + 1− λ− p)

ajz
j−1}

=
z1−λ−p

Γ(2− λ− p)
{1 +

∞∑

j=2

Γ(2− λ− p)(j − p)p+1ϕ(j)ajz
j−1},
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where

ϕ(j) =
Γ(j − p)

Γ(j + 1− λ− p)
.

Since ϕ(j) is a decreasing function of j, we have

0 < ϕ(j) ≤ ϕ(2) =
Γ(2− p)

Γ(3− λ− p)
(0 ≤ λ < 1; 0 ≤ p ≤ 2 ≤ j).

Similarly, from (3.2), (3.3) and Definition 3.3, we obtain

Dp+λ
z fk(z) =

z1−λ−p

Γ(2− λ− p)
{1 +

(A−B)Γ(2− λ− p)Γ(k + 1)
φk(m,n, α, A, B)Γ(k + 1− λ− p)

zk−1}.

For z = reiθ (0 < r < 1), we must show that
∫ 2π

0

|1 +
∞∑

j=2

Γ(2− λ− p)(j − p)p+1ϕ(j)ajz
j−1|µdθ

≤
∫ 2π

0

|1 +
(A−B)Γ(2− λ− p)Γ(k + 1)

φk(m,n, α,A, B)Γ(k + 1− λ− p)
zk−1|µdθ (µ > 0).

Thus by applying Littlewood’s subordination theorem, it is sufficient to
show that

1 +
∞∑

j=2

Γ(2− λ− p)(j − p)p+1ϕ(j)ajz
j−1

≺ 1 +
(A−B)Γ(2− λ− p)Γ(k + 1)

φk(m,n, α,A, B)Γ(k + 1− λ− p)
zk−1.

(3.4)

By setting

1 +
∞∑

j=2

Γ(2− λ− p)(j − p)p+1ϕ(j)ajz
j−1

= 1 +
(A−B)Γ(2− λ− p)Γ(k + 1)

φk(m,n, α,A, B)Γ(k + 1− λ− p)
ω(z)k−1

,

we find that

ω(z)k−1 =
φk(m,n, α,A, B)Γ(k + 1− λ− p)

(A−B)Γ(k + 1)

∞∑

j=2

(j − p)p+1ϕ(j)ajz
j−1,

which readily yields ϕ(0) = 0. Therefore, we have

|ω(z)|k−1 = |φk(m,n, α, A, B)Γ(k+1−λ− p)
(A−B)Γ(k + 1)

∞∑

j=2

(j − p)p+1ϕ(j)ajz
j−1|
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≤ φk(m,n, α,A, B)Γ(k + 1− λ− p)
(A−B)Γ(k + 1)

∞∑

j=2

(j − p)p+1ϕ(j)aj |z|j−1

≤ φk(m,n, α,A, B)Γ(k + 1− λ− p)
(A−B)Γ(k + 1)

ϕ(2)|z|
∞∑

j=2

(j − p)p+1aj

=
φk(m,n, α, A, B)Γ(k+1−λ−p)

(A−B)Γ(k + 1)
Γ(2− p)

Γ(2−λ−p)
|z|

∞∑

j=2

(j−p)p+1aj , |z|<1,

by means of the hypothesis of Theorem 3.2.

Theorem 3.3. Let f(z) ∈ H given by (1.2) be in the class Ũs
m,n(α, A,B)

and suppose that

∞∑

j=2

(j − p)p+1aj ≤ (A−B)Γ(k + 1)Γ(3− λ− p)
ksφk(m,n, α,A, B)Γ(k + 1− λ− p)Γ(2− p)

for some 0 ≤ p ≤ 2, 0 ≤ λ < 1, where (j − p)p+1 denotes the Pochhammer
symbol defined by (j − p)p+1 = (j − p)(j − (p− 1)) · · · j. Also introduce the
function fk(z) by

fk(z) = z +
(A−B)

ksφk(m,n, α,A, B)
zk, k ≥ 2.

If there exists an analytic function ω(z) given by

ω(z)k−1 =
ksφk(m,n, α, A, B)Γ(k + 1− λ− p)

(A−B)Γ(k + 1)

×
∞∑

j=2

(j − p)p+1
Γ(j − p)

Γ(j + 1− λ− p)
ajz

j−1,

then for z = reiθ (0 < r < 1) and µ > 0,

∫ 2π

0

|Dp+λ
z f(z)|µdθ ≤

∫ 2π

0

|Dp+λ
z fk(z)|µdθ.

4. Subordination Result

Definition 4.1. (Hadamard Product or Convolution) Given two functions
f and g in the class H, where f(z) is given by (1.1) and g(z) is given by

g(z) = z +
∞∑

j=2

bjz
j , (4.1)
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the Hadamard product (or convolution) f ∗ g is defined (as usual) by

(f ∗ g)(z) = z +
∞∑

j=2

ajbjz
j = (g ∗ f)(z), z ∈ U.

Definition 4.2. (Subordinating Factor Sequence) A sequence {bj}∞j=1 of
complex numbers is said to be a Subordinating Factor Sequence if, when-
ever f(z) of the form (1.1) is analytic, univalent and convex in U , we have
the subordination given by

∞∑

j=1

ajbjz
j ≺ f(z), z ∈ U, a1 = 1. (4.2)

Theorem 4.1. (Wilf [16]) The sequence {bj}∞j=1 is a subordinating factor
sequence if and only if

Re(1 + 2
∞∑

j=1

bjz
j) > 0, z ∈ U. (4.3)

Theorem 4.2. Let the function f(z) defined by (1.1) be in the class
Ũm,n(α, A, B), where −1 ≤ B < A ≤ 1. Suppose also that K = K(0)
denotes the familiar class of functions f(z) ∈ H, which are univalent and
convex in U . Then

φ2(m,n, α,A, B)
2[(A−B)+φ2(m,n, α,A, B)]

(g ∗ f)(z) ≺ g(z), z ∈ U, g(z) ∈ K, (4.4)

and

Re(f(z)) > − (A−B) + φ2(m,n, α,A, B)
φ2(m,n, α,A, B)

, z ∈ U. (4.5)

The constant φ2(m,n,α,A,B)
2[(A−B)+φ2(m,n,α,A,B)] is the best estimate.

Proof. Let f(z) ∈ Ũm,n(α, A, B) and suppose that

g(z) = z +
∞∑

j=2

bjz
j ∈ K.

Then, for f(z) ∈ H given by (1.1), we have

φ2(m,n, α,A, B)
2[(A−B) + φ2(m,n, α,A, B)]

(g ∗ f)(z)

=
φ2(m,n, α,A, B)

2[(A−B) + φ2(m,n, α, A, B)]
(z +

∞∑

j=2

ajbjz
j).

(4.6)
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Thus, by Definition 4.2, the subordination result (4.4) will hold true if the
sequence {

φ2(m,n, α,A, B)
2[(A−B) + φ2(m,n, α,A, B)]

aj

}∞

j=1

is a subordinating factor sequence, with (of course) a1 = 1. In view of
Theorem 4.1, this will be true if and only if

Re{1 +
∞∑

j=1

φ2(m,n, α,A, B)
(A−B) + φ2(m,n, α,A, B)

ajz
j} > 0, z ∈ U. (4.7)

Since

Re{1 +
∞∑

j=1

φ2(m,n, α,A, B)
(A−B) + φ2(m,n, α, A, B)

ajz
j}

= Re{1 +
φ2(m,n, α, A, B)

(A−B) + φ2(m,n, α, A, B)
a1z

+
1

(A−B) + φ2(m,n, α,A, B)

∞∑

j=2

φ2(m,n, α, A, B)ajz
j}

≥ 1−
{∣∣∣∣

φ2(m,n, α, A, B)
(A−B) + φ2(m,n, α,A, B)

∣∣∣∣r

+
1

|(A−B) + φ2(m,n, α,A, B)|
∞∑

j=2

φ2(m,n, α,A, B)ajz
j

}

≥ 1−
{

φ2(m,n, α,A, B)
(A−B)+φ2(m,n, α, A, B)

r+
A−B

(A−B)+φ2(m,n, α, A, B)
r

}

= 1− r > 0, |z| = r < 1,

thus (4.7) holds true in U . This proves the inequality (4.4). The in-
equality (4.5) follows by taking the convex function g(z) = z

1−z = z +∑∞
j=2 zj , g(z) ∈ K in (4.4). To prove the sharpness of the constant

φ2(m,n, α, A, B)
2[(A−B) + φ2(m,n, α, A, B)]

,

we consider f0(z) ∈ Ũm,n(α, A, B) given by

f0(z) = z − A−B

φ2(m,n, α,A, B)
z2 , −1 ≤ B < A ≤ 1.

Thus from (4.4), we have

φ2(m,n, α,A, B)
2[(A−B) + φ2(m,n, α,A, B)]

f0(z) ≺ z

1− z
. (4.8)
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It can easily be verified that

min{Re(
φ2(m,n, α,A, B)

2[(A−B) + φ2(m,n, α, A, B)]
f0(z))}=−1

2
, z ∈ U.

This shows that the constant φ2(m,n,α,A,B)
2[(A−B)+φ2(m,n,α,A,B)] is best possible.

Theorem 4.3. Let the function f(z) defined by (1.1) be in the class
Ṽs

m,n(α, A,B), where −1 ≤ B < A ≤ 1. Suppose also that K = K(0)
denotes the familiar class of functions f(z) ∈ H, which are univalent and
convex in U . Then

2sφ2(m,n, α,A, B)
2[(A−B) + 2sφ2(m,n, α,A, B)]

(g ∗ f)(z)≺g(z), z ∈ U, g(z) ∈ K,

and

Re[f(z)] > − (A−B) + 2sφ2(m,n, α,A, B)
2sφ2(m,n, α,A, B)

, z ∈ U.

The constant 2sφ2(m,n,α,A,B)
2[(A−B)+2sφ2(m,n,α,A,B)] is the best estimate.

We remark in conclusion that, by suitably specializing the parameters
involved in the results presented in this paper, we can deduce numerous
further corollaries and consequences of each of these results.
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Let the elastic domain be a disk, and its boundary the unit circle. By dint

of the stability of Cauchy-type integral with respect to the perturbation of

integral curve, the stability of the first fundamental problem and the second

fundamental problem in plane elasticity will be discussed under the smooth

perturbation for the boundary curve.
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1. The Fundamental Problems in Plane Elasticity

Under the assumption of lack of volume force (we always maintain this
assumption afterwards), we have the equilibrium equations





∂σx

∂x
+

∂τxy

∂y
= 0,

∂τxy

∂x
+

∂σy

∂y
= 0,

and the compatibility equation
[

∂2

∂x2
+

∂2

∂y2

]
(σx + σy) = 0,

where σx is the normal stress parallel to the x-axis, σy is that parallel to
the y-axis, τxy is the shear stress.

Let the elastic region S be a disk with boundary L, a unit circle, oriented
counter clockwise. We always assume in the sequel, appearing functions in
S and on L ∈ Hµ (0 < µ < 1), and so do their derivatives on L, whether
they are known or not. We introduce holomorphic functions ϕ(z) and ψ(z),
also called complex stress functions. Stress and displacement u + iv at the

1This research is supported by Natural Science Foundation of Fujian Province
(2008J0187) and the Science and Technology Foundation of Education Department of
Fujian Province (JA08255), China.
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point z in S could be expressed by ϕ(z) and ψ(z)[1,2] as follows:

{
σx + σy = 2

[
ϕ′(z) + ϕ′(z)

]
= 4Re [ϕ′(z)] ,

σy − σx + 2iτxy = 2 [zϕ′′(z) + ψ′(z)] , (1.1)

and
2µ(u + iv) = κϕ(z)− zϕ′(z)− ψ(z). (1.2)

respectively, where κ, µ are the elastic constants and 5
3 < κ < 3 (We only

consider the case of stress state in this paper).
According to [2], we know the fundamental problems can be reduced to

the following boundary value problem for analytic functions:
(I) The first fundamental problem : find two holomorphic functions

ϕ(z), ψ(z) such that the boundary condition

ϕ(t) + tϕ′(t) + ψ(t) = f(t), (1.3)

and
ϕ(0) = 0, Imϕ′(0) = 0, (1.4)

where f(t) = i
∫ t

t0
(Xn(t) + iYn(t))ds, t ∈ L, and Re

∫
L

f(t)dt = 0, integral
path is from t0 to t clockwisely along L.

(II) The second fundamental problem: given the displacement function
g(t) = u(t) + iv(t), t ∈ L, find two holomorphic functions ϕ(z) and ψ(z)
in S, satisfying the boundary value condition

κϕ(t)− tϕ′(t)− ψ(t) = 2µg(t), (1.5)

and
ϕ(0) = 0 (or ψ(0) = 0). (1.6)

2. The Stability of the Perturbed First Fundamental Problem

Denote by C2(L)(C1(L)) the space of all functions with continuous sec-
ond(first) derivatives and with norm

‖δ‖1 = ‖δ‖L + ‖δ′‖L, ‖δ‖2 = ‖δ‖1 + ‖δ′′‖L,

where ‖ · ‖ = max
t∈L

|δ(t)| and δ ∈ C2(L). Denote

B(ρ) =
{

δ, δ ∈ C2(L), ‖δ‖2 < ρ <
2
5π

}
.

When smooth perturbation occurs δ ∈ B(ρ) for L, we set Lδ = {ξ, ξ =
t + δ(t), t ∈ L}, and Lδ is also a smooth curve[3].
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After perturbation δ to L, the first fundamental problem about Sδ can
be reduced to analytic function boundary problem: Find two holomorphic
functions ϕ∗(z) and ψ∗(z) in Sδ, satisfying the boundary value condition

ϕ∗(ξ) + ξϕ′∗(ξ) + ψ∗(ξ) = f∗(ξ), ξ ∈ Lδ, (2.1)

where f∗(ξ) such that
∫

Lδ
f∗(ξ)dξ = 0. We can introduce a new function

ω∗(ζ), such that

ϕ∗(z) =
1

2πi

∫

Lδ

ω∗(ζ)
ζ − z

dζ, z ∈ Sδ,

ψ∗(z) =
1

2πi

∫

Lδ

ω∗(ζ)
ζ − z

dζ − 1
2πi

∫

Lδ

ζω′∗(ζ)
ζ − z

dζ, z ∈ Sδ.

By Plemelj formula, we can obtain ϕ∗(ξ), ϕ′∗(ξ), ψ∗(ξ) and substitute them
into (2.1) and gain

ω∗(ξ)+
1

2πi

∫

Lδ

ω∗(ζ)d ln
ζ − ξ

ζ − ξ
− 1

2πi

∫

Lδ

ω∗(ζ)d
ζ − ξ

ζ − ξ
=f∗(ξ), ξ∈Lδ. (2.2)

If denote ω∗(ξ) = ωδ(t), g∗(ξ) = gδ(t), then (2.2) can be written in the form

ωδ(t) = Aδ + Bδt + f∗δ (t), (2.3)

where

Aδ = − 1
2πi

∫

L

ωδ(τ)
τ

dτ, Bδ = − 1
2πi

∫

L

ωδ(τ)dτ. (2.4)

Substituting (2.3) into (2.4), we get

Aδ = − 1
4πi

∫

L

f∗δ (τ)
τ

dτ, Bδ + Bδ = − 1
2πi

∫

L

f∗δ (τ)dτ, (2.5)

ϕ′∗(z) =
1

2πi

∫

L

f∗
′

δ (t)
t + δ(t)− z

(1 + δ′(t))dt + Bδ. (2.6)

By (1.1), (2.5) and (2.6), we know

(σx + σy)δ − (σx + σy)

= 2[ϕ′δ(z) + ϕ′δ(z)]− 2[ϕ′(z) + ϕ′(z)]

=
(

1
2πi

∫

L

f∗
′

δ (τ)
τ + δ(τ)− z

(
1 + δ′(τ)

)
dτ− 1

2πi

∫

L

f ′(τ)
τ − z

dτ

)

+2
(

1
2πi

∫

L

f∗′δ (τ)
τ +δ(τ)−z

(
1+δ′(τ)

)
dτ− 1

2πi

∫

L

f ′(τ)
τ−z

dτ

)

− 2
(

1
2πi

∫

L

f∗δ (τ)dτ − 1
2πi

∫

L

f(τ)dτ

)
.
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By dint of [3], we have[4]

Theorem 2.1. If δ ∈ B(ρ), Aν
1 < ν(2−5πρ)

(π/2+1)1−ν23+νρ1−ν , then for a ν ∈ (0, 1)

chosen, we have ‖f∗δ (t)− f(t)‖L ≤ C(ρ, ν)‖δ‖min{µ, 1−ν}
1 .

Theorem 2.2. If δ ∈ B(ρ), Aν
1 < ν(2−5πρ)

(π/2+1)1−ν23+νρ1−ν , then for a ν ∈ (0, 1)

chosen, we have
∣∣f∗′δ (t)− f ′(t)

∣∣ ≤ C(ρ, ν)‖δ‖min{µ,1−ν}
2 .

Theorem 2.3. If δ ∈ B(ρ), Aν
1 < ν(2−5πρ)

(π/2+1)1−ν23+νρ1−ν , for a ν ∈ (0, 1)
chosen and ε ∈ (0, 1), we have

∣∣(σx)δ − σx

∣∣
Ω
≤ C(ρ, ε, ν)‖δ‖(1−ε) min{µ,1−ν}

2 ,

∣∣(σy)δ − σy

∣∣
Ω
≤ C(ρ, ε, ν)‖δ‖(1−ε) min{µ,1−ν}

2 .

3. The Stability of the Perturbed Second Fundamental Problem

Now we let
B(ρ) = {δ ∈ C1(L) | ‖δ‖1 < ρ}, ρ <

1
30π

.

After perturbation δ(t) to L, the second fundamental problem about Sδ can
be reduced to analytic function boundary problem : Find two holomorphic
functions ϕ∗(z) and ψ∗(z) in Sδ, satisfying the boundary value condition

κϕ∗(ξ)− ξϕ′∗(ξ)− ψ∗(ξ) = 2µg∗(ξ), ξ ∈ Lδ. (3.1)

where g∗(ξ) is the perturbed displacement of g(t), ξ = t + δ(t). Similarly,
we can introduce a new function ω∗(ζ), such that

ϕ∗(z) =
1

2πi

∫

Lδ

ω∗(ζ)
ζ − z

dζ, z ∈ Sδ, (3.2)

ψ∗(z)=− κ

2πi

∫

Lδ

ω∗(ζ)
ζ−z

dζ+
1

2πi

∫

Lδ

ω∗(ζ)
ζ−z

dζ− 1
2πi

∫

Lδ

ζω∗(ζ)
(ζ−z)2

dζ, z ∈ Sδ,

(3.3)
namely,

ψ∗(z) = − κ

2πi

∫

Lδ

ω∗(ζ)
ζ − z

dζ − 1
2πi

∫

Lδ

ζω′∗(ζ)
ζ − z

dζ, z ∈ Sδ.

Substituting (3.2) and (3.3) into (3.1), (3.1) can be changed to the integral
equation on Lδ

κω∗(ξ)+
κ

2πi

∫

Lδ

ω∗(ζ)d ln
ζ − ξ

ζ − ξ
+

1
2πi

∫

Lδ

ω∗(ζ)d
ζ − ξ

ζ − ξ
=2µg∗(ξ), ξ ∈ Lδ.

(3.4)
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If denote ω∗(ξ) = ωδ(t), g∗(ξ) = gδ(t), then (3.4) can be rewritten as

ωδ(t) = aδ + bδt +
g̃δ(t)

κ
, (3.5)

where

aδ = − 1
2πi

∫

L

ωδ(τ)
τ

dτ, bδ =
1

2κπi

∫

L

ωδ(τ)dτ. (3.6)

The same as the above method, we can get

aδ = − 1
4κπi

∫

L

g̃δ(τ)
τ

dτ, (3.7)

bδ =
1

κ2 − 1
[

1
2πi

∫

L

g̃δ(τ)dτ − 1
2κπi

∫

L

g̃δ(τ)dτ ]. (3.8)

By (3.5), we have[5]

Theorem 3.1. If δ ∈ B(ρ), ρ < 1
30π , |δ(τ) − δ(t) − δ′(τ)(τ − t)| ≤

A|τ − t|1+ε, ε0 < ε < 1 (ε0 > 0), and

Aν <
59κ2 − 62κ + 1

30(3κ− 1)(κ + 1)
ε0ν

2ε0ν

( 60π

π + 2

)1−ν

, ν ∈ (0, 1) fixed,

then
‖ωδ(t)− ω(t)‖L ≤ C(κ, ρ, µ, ν, ε)‖δ‖min{1−ν,ε}

1 , (3.9)

where C(κ, µ, ν, ε) is a constant depending on κ, µ, ν, ε.
According to (3.2) and (3.3), we obtain[5]

Theorem 3.2. Assumptions as those in Theorem 3.1. Then the complex
stress functions ϕ∗(z) and ϕ(z) satisfy

‖ϕ∗(z)− ϕ(z)‖Ω ≤ C(κ, µ, ν, ε, ε)‖δ‖(1−ε) min{ε,1−ν}
1 , 0 < ε < 1.

Theorem 3.3. If δ ∈ B(ρ), ρ < 1
30π , |δ(τ) − δ(t) − δ′(τ)(τ − t)| ≤

A|τ − t|1+ε, ε0 < ε < 1 (ε0 > 0),

Aν <
59κ2 − 62κ + 1

30(3κ− 1)(κ + 1)
ε0ν

2ε0ν

( 60π

π + 2

)1−ν

, ν ∈ (0, 1) fixed,

and S1 ⊂ Ω is a closed subset, d > ρ is the shortest distance between point
z in S1 and point t on L. For z ∈ S1, ψ∗(z) and ψ(z) satisfy

|ψ∗(z)−ψ(z)|≤C(κ, µ, ν, ε, ρ, d, ε)‖δ‖(1−ε) min{ε,1−ν}
1 , ε∈(0, 1),

|ϕ′∗(z)− ϕ′(z)| ≤ C(κ, µ, ν, ε, ρ, d)‖δ‖min{ε,1−ν}
1 .
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Theorem 3.4. Assumptions as those in Theorem 3.3. Then the displace-
ment u + iv at a z ∈ Ω and the perturbed (u + iv)δ at the same point
satisfy

|(u + iv)δ − (u + iv)| ≤ C(κ, µ, ν, ε, ρ, d, ε)‖δ‖(1−ε) min{ε,1−ν}
1 .
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In this paper, we consider the Dirichlet boundary value problem of Poisson-

type equations on a disk. We assume that the exact solution performs singular

properties that its derivatives go to infinity at the boundary of the disk. A

stretching polynomial-like function with a parameter is used to construct local

grid refinements and the Swartztrauber-Sweet scheme is considered over the

non-uniform partition. The effects of the parameter are analyzed completely

by numerical experiments, which show that there exists an optimal value for

the parameter to have a best approximate solution. Moreover, we show that

the discrete system can be considered as a stable one by exploring the concept

of the effective condition number.
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1. Introduction

The numerical schemes for solving ordinary and partial differential equa-
tions with singular exact solutions have been considered by many re-
searchers in various computational fields as well as numerical analysis. In
this paper, we are concerned with the Dirichlet boundary value problem of
elliptic equations on a disk Ω. Matsunaga and Yamamoto [4] considered
the same problem and proved that if the exact solution u is very smooth
so that u ∈ C4(Ω), then the approximate solution by Swartztrauber-Sweet
scheme with uniform partition of Ω has an accuracy of O(h2 + k2), where
h and k are uniform mesh sizes in polar coordinate (r, θ). In this paper, we
assume that the exact solution of the problem has singular properties that
its derivatives go to infinity at the boundary of Ω. In this case, the numer-
ical scheme over uniform partition could not yield satisfactory accuracy.
Therefore, we use a stretching polynomial-like function with a parameter p
to carry out local grid refinements and construct the Swartztrauber-Sweet

1This research is supported by Scientific Research Grant-in-Aid from JSPS (No.
22444 and No. 21540106).



328 Xiao-Yu Zhang and Qing Fang

scheme over the non-uniform partition. Since the scheme is inconsistent in
the sense that truncation errors at the grid points near the boundary go to
infinity, the usual error analysis can not be applied to our case. But by ex-
ploring the matrix analysis results to our discrete system, we can show that
the approximate solution by our scheme is convergent and the convergency
can be accelerated by adjusting the parameter p.

In the present paper, we first describe our problem and the non-uniform
Swartztrauber-Sweet method in Section 2. Then in Section 3 we obtain the
estimates of truncation errors at different grid points and the convergence
result, which indicates that the parameter p can be chosen, so that our
scheme yields its best convergent order. Numerical results are shown in
Section 4, where the effects of the parameter are made clearly by specific
example. Finally, in Section 5, we explore the concept of the effective
condition number to show that our discrete system can be considered as a
stable one, compared with the usual condition number.

2. Derivation of the Problem and the Non-uniform FDM

Let Ω1 = {(x, y) | x2 + y2 < R2} ⊂ R2 with R > 0, and f1, g1, q1 be given
functions, q1(x, y) ≥ 0 in Ω1. We consider the Dirichlet boundary value
problem of elliptic equations

−∆u + q1(x, y)u = f1(x, y) in Ω1, (2.1)

u = g1(x, y) on Γ1 = ∂Ω1. (2.2)

The problem is usually solved by using polar coordinates, so that in
fact in this paper we consider the following rewritten problem

−
[
1
r

∂

∂r

(
r
∂u

∂r

)
+

1
r2

∂2u

∂θ2

]
+q(r, θ)u = f(r, θ) in Ω, (2.3)

u(R, θ) = g(θ) on Γ, (2.4)

where Ω = {(r, θ) | 0 < r < R, 0 ≤ θ < 2π} and Γ = ∂Ω = {(R, θ) | 0 ≤
θ < 2π}.

Let ϕ(t) = R − (R − t)p+1/Rp (0 ≤ t ≤ R) for p > 0, which satisfies
ϕ(0) = 0, ϕ(R) = R. We take the following partition of Ω and apply
Swartztrauber-Sweet method to (2.3)–(2.4).

h =
R

m + 1
, ti = ih, ri = ϕ(ti), i = 0, 1, 2, · · · ,m + 1, (2.5)

ri+1/2 = (ri + ri+1)/2, i = 0, 1, 2, · · · ,m, (2.6)

hi = ri − ri−1, i = 1, 2, · · · ,m + 1, (2.7)

k = 2π
n , θj = jk, j = 0, 1, 2, · · · , n, (2.8)
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−
[ 1
ri

{ri+1/2(Ui+1,j−Ui,j)
hi+1

− ri−1/2(Ui,j−Ui−1,j)
hi

}

/(hi + hi+1

2

)
+

1
r2
i k2

(Ui,j+1 − 2Ui,j + Ui,j−1)
]

+ qi,jUi,j =fi,j , i=1, 2, · · ·,m, j =0, 1, 2, · · · , n−1, (2.9)

4
h2

1

[
U0,0 − 1

n

n−1∑

j=0

U1,j

]
+ q0,0U0,0 = f0,0, (2.10)

Ui,n =Ui,0, Ui,−1 =Ui,n−1, i=0, 1, 2, · · · ,m+1, (2.11)
U0,j = U0,0, Um+1,j = gj , j = 0, 1, 2, · · · , n. (2.12)

Following assumptions are supposed for the exact solution u of (2.3)–(2.4).

(H1) u ∈ C(Ω) ∩ C4(Ω\Γ), ∂4u/∂θ4 is bounded over Ω and there exist
positive constants σ ∈ (0, 2) and K such that

sup
r∈(0,1)

(R−r)j |(∂ju/∂rj)(r, θ)|
(R− r)σ

≤ K, j = 1, 2, 3, 4.

(H2) For small δ > 0, there exists a positive constant C0 such that

ω(d) ≡ sup
dist(P,Q)≤d

|u(P )− u(Q)| ≤ C0d
σ

for any P, Q ∈ Ω, dist(P, Γ) ≤ δ, dist(Q,Γ) ≤ δ.

3. Convergence Result

Let P = (ri, θj) ∈ Ωh, and κ < R/4 be a small positive constant. We
arrange the grid points in the following order

Ωh =
(
∪I

i=1 Ω(i)
h

)
∪ Ω(0)

h ,

where I = bκ/hc, which denotes the largest integer not greater than κ/h,

Ω(1)
h = {P ∈ Ωh | at least one of the neighbors of P ∈ Γh},

Ω(i)
h = {P ∈ Ωh\ ∪i−1

j=1 Ω(j)
h | at least one of the neighbors of

P ∈ Ω(i−1)
h }, 2 ≤ i ≤ I,

and Ω(0)
h = Ωh\ ∪I

j=1 Ω(j)
h .

The number of points in Ω(i)
h and Ω(0)

h are denoted by mi and m0,
respectively, in which m0 + m1 + · · ·+ mI = mn + 1.
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The truncation error of the discretization of −∆ at the grid point P =
(ri, θj) ∈ Ωh\{r = 0} is defined by

τ(P ) := −∆hu(P ) + ∆u(P ),

where u is the exact solution of (2.3)–(2.4) and −∆h is the discretization
of −∆ defined as the first term in (2.9).

In this paper, c, c1 etc. denote positive constants independent of h.
When P ∈ Ω(1)

h , using the assumptions (H1) and (H2), we obtain

|τ(P )| ≤ c′2pσ(p + 1)σh(p+1)(σ−2) + ck2. (3.1)

When P = Pm+1−i,j = (rm+1−i, θj) ∈ Ω(i)
h , i = 2, 3, · · · , I,

|τ(P )| ≤ c1p(p + 1)h(p+1)(σ−2)(i+1)p−1i(p+1)(σ−3) + c2(p+1)2

×h(p+1)(σ−2)(i + 1)2p(i− 1)(p+1)(σ−4) + ck2. (3.2)

When P = (ri, θj) ∈ Ω(0)
h \{r = 0},

|τ(P )| ≤ c
1
ri

(L(p)h2 + k2), (3.3)

where c is a positive constant dependent on κ, max
0≤r≤R−κ

|∂3u/∂r3| and

max
0≤r≤R−κ

|∂4u/∂r4| but independent of h, L(p) is a positive constant de-

pendent on p but independent of h.
Finally, at origin P0 = (x, y) = (0, 0),

|τ(P0)| ≤ O(h2
1) + O

(
k4

h2
1

)
≤ c

(
(p + 1)2h2 +

k4

h2
1

)
. (3.4)

Since the truncation errors |τ(P )| for P ∈ Ω(i)
h , i = 1, 2, 3, · · · , I, go to

infinity when σ < 2 under the assumptions (H1) and (H2), it is known that
the usual convergence analysis can not be applied to our case. But we note
that if we denote the coefficients matrix of (2.9)–(2.19) rearranged in the
order described by A, A is an irreducible and strictly diagonally dominant
matrix. Therefore we can explore the properties of matrix analysis to show
that A is an M -matrix and, especially, is invertible. Furthermore, we know
that A−1 ≥ O, which means that all the elements of A are nonnegative.
We omit the detailed proof but refer to Varga [7] and Young [9].

Then by a detailed matrix analysis approach and using the truncation
errors |τ(P )|, we can get the following convergence result.



Effects of Stretching Functions on Non-uniform FDM 331

Theorem 1. Suppose that the exact solution u of (2.1)–(2.2) satisfies the
assumptions (H1) and (H2). Let u be the vector of exact values at grid
points and U the vector of solution of (2.9)–(2.12). If µ = (p + 1)σ < 2
and k2 ≤ M0h for some positive constant M0, then there exists a positive
constant c such that

max |u−U | ≤ c
(
K(p)hµ + L(p)h2 + k2

)
(3.5)

holds, where K(p) and L(p) are positive constants dependent on p but in-
dependent of h. Also, if µ = (p + 1)σ = 2 and k2 ≤ M0h, then we have

max |u−U | ≤ c
(
K(p)h2| log h|+ L(p)h2 + k2

)
. (3.6)

Remark 1. If p is chosen larger, we get larger µ so that hµ becomes smaller.
But K(p) becomes larger. On the other hand, if p is chosen smaller, we
have larger hµ but smaller K(p). The situation is the same for the second
term in (3.5). Therefore the analysis result suggests the existence of an
optimal value for which the FDM solution approximates the exact solution
best. This is illustrated by numerical results in next section.

4. Numerical Example

We show some numerical results to illustrate our error estimates.

Example. Consider the problem



−

[
1
r

∂

∂r

(
r
∂u

∂r

)
+

1
r2

∂2u

∂θ2

]
+ q(r, θ)u = f(r, θ) in Ω,

u(1, θ) = 0 on ∂Ω,

where Ω = {(r, θ) | 0 < r < 1, 0 ≤ θ < 2π} is the unit disk, q(r, θ) = r and

f(r, θ) = (r3(1− r)σ + 5σr(1− r)σ−1 − σ(σ − 1)r2(1− r)σ−2) sin 2θ.

The exact solution is u = r2(1− r)σ sin 2θ.

We take h = 1/N , k = 2π/b2π/hc in Section 2, when σ = 0.5, the
convergence results as h → 0 are shown in Table 4.1 for every different
value of p.

We choose p as a parameter and plot the maximum error results in detail
in Figure 4.1 for σ = 0.5 and in Figure 4.2 for σ = 1.5. They show that
although we can choose p as large as possible to get the higher accuracy hµ,
where µ = σ(p+1), we get larger coefficients K(p) and L(p). Therefore we
have an intermediate value for p around 1.5 for σ = 0.5 and around 0.5 for
σ = 1.5 to obtain the best accuracy. We have similar results of maximum
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errors with respect to p for other values of σ, which denotes the strength
of singularities of the exact solution.

The 3d-plot of the approximate solution with h = 1/100 for p = 1 and
the error distribution are shown in Figure 4.3 and Figure 4.4, respectively.
We note that if the exact solution is sufficiently smooth, the approximate
solution shows superconvergence property in the meaning that the accuracy
near the boundary is higher than inside the domain (refer to [5]). Figure 4.4
shows that this superconvergence property does not appear in general for
the problems with singular solutions.

We note that when σ is chosen larger, the optimal value of p which
has a minimal maximum error gets smaller and tends to zero. This implies
that stretching functions used in non-uniform spatial partitions do not take
effect for problems having much weak singularities.

Table 4.1: Maximum errors with σ = 0.5.

h p = 0 p = 1 p = 2 p = 3
1/20 7.155e-2 1.032e-2 4.578e-3 8.032e-3
1/50 4.751e-2 4.541e-3 1.214e-3 1.613e-3
1/100 3.453e-2 2.359e-3 4.433e-4 4.667e-4
1/200 2.486e-2 1.206e-3 1.610e-4 1.328e-4

Figure 4.1: Plot of maximum errors with respect to p when σ = 0.5
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Figure 4.2: Plot of maximum errors with respect to p when σ = 1.5
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Figure 4.3: 3d-plot of the approximate solution with h = 1/100, p = 1 when
σ = 0.5
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Figure 4.4: Plot of error distribution of the approximate solution with
h = 1/100, p = 1 when σ = 0.5

5. Stability Analysis

Since we only get approximate values when we carry out numerical com-
putations by floating-point numbers, we should pay our attention to the
changes of solutions when data are perturbed in the problem.

We consider the linear system obtained from our method in Section 2:

Ax = b, (5.1)

where A ∈ Rn×n has elements of discretization of the left hand of (2.3)
and b ∈ Rn has values of f and g. Let ‖ · ‖2 be the Euclid norm for a
vector and the subordinate matrix norm for a matrix. When there exists
a perturbation of b in (5.1),

A(x + ∆x) = b + ∆b, (5.2)

the usual condition number Cond(A) = ‖A‖2 ‖A−1‖2 of the matrix A is
often used to be as the upper bound of the relative errors of the perturbation
solution (refer to Wilkinson [8]).

In Section 3, we have shown that the non-uniform local refined
Swartztrauber-Sweet scheme constructed in Section 2 is inconsistent. That
is, the truncation errors at those nodes near the boundary are disconvergent
or unbounded as h → 0. But in Section 3, we obtain the convergence result
that the approximate solution of this inconsistent FDM is still convergent
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to the exact solution and even has accuracy of almost second order, if the
parameter in the stretching function is chosen appropriately. It implies that
our method can be used for singular problems. However, the inconsistence
may result in stability problem since the matrix A in the algebraic system
Ax = b obtained from our FDM is ill-conditioned in the meaning of the
usual condition number. That is, Cond(A) is very large in our case.

As stated above, the usual condition number Cond(A) is defined to mea-
sure the bound of relative errors without considering the nonhomogeneous
term b. However, in practical applications, we deal with only a certain
vector b and the true relative errors may be smaller, or even much smaller
than the worst usual condition number. Such a case was first studied by
Chan and Foulser [1] in 1988, and called the effective condition number. In
2006, Li, et al. [3] proved that the effective condition number is the appro-
priate criterion for stability analysis, when the huge condition number is
misleading. Recently, Li, et al. [2] derived the new computational formulas
for effective condition numbers and applied to Poisson’s equation by FDM.
In our case, we have singular solutions so that the usual condition number
of the discretized linear systems by our scheme may be very large, which
seems the scheme is bad. But in fact, error estimates show that the scheme
has good and stable convergence. Therefore it is necessary to revisit the
concept of condition numbers.

Let the singular value of A be λ1 ≥ λ2 ≥ · · · ≥ λn > 0 and the singular
value decomposition of A be UAV = Λ, where U , V are orthogonal matrices
and Λ = diag(λ1, λ2, · · · , λn). Denote U = (u1, · · · , un), then it is known
that we have the expansions

b =
n∑

i=1

βiui, 4b =
n∑

i=1

αiui, (5.3)

where the expansion coefficients αi and βi are given by

βi = uT
i b, αi = uT

i 4b. (5.4)

From (5.3) and (5.4), we have

‖b‖22 =
n∑

i=1

β2
i , ‖4b‖22 =

n∑

i=1

α2
i . (5.5)

Since the inverse matrix A−1 exists, we have from (5.3)

x = A−1b =
n∑

i=1

βiA
−1ui =

n∑

i=1

βi

λi
ui, ‖x‖22 =

n∑

i=1

β2
i

λ2
i

.
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Also from (5.1) and (5.2), 4x = A−14b = V Λ−1UT4b. Since U and V
are orthogonal, we obtain

‖4x‖22 =
n∑

i=1

α2
i

λ2
i

≤ 1
λ2

n

n∑

i=1

α2
i =

1
λ2

n

‖4b‖22. (5.6)

Hence we have

‖4x‖2
‖x‖2 ≤ 1

λn

‖4b‖2
‖x‖2 = Cond eff(A)

‖4b‖2
‖b‖2 , (5.7)

where Cond eff(A) is called the effective condition number, and defined by

Cond eff(A) =
‖b‖2

λn

√∑n
i=1 β2

i /λ2
i

. (5.8)

Note that if the vector b (i.e. x) is just parallel to u1, i.e.,

β2 = · · · = βn = 0, (5.9)

then Cond eff(A) = λ1/λn which agrees with the usual condition number
Cond(A). However, in practice, (5.9) may not happen for a given b. Hence,
the effective condition number may provide a better estimation on the
upper bound of relative errors of x. This implies that the analysis of the
effective condition number is important for FDM on non-uniform grids for
singularity problems.

Table 5.1: Maximal errors, usual condition numbers and effective condition
numbers for p = 1.5 and σ = 1.5.

h λmax(A) λmin(A) max
i,j

|εi,j | ‖ε‖2 Cond(A) Cond eff(A)

1/70 7.36e+8 1.43e-2 4.46e-5 2.70e-3 5.13e+10 2.92e+4

1/90 2.58e+9 1.09e-2 2.70e-5 2.10e-3 2.37e+11 4.63e+4

1/110 7.05e+9 8.78e-3 1.81e-5 1.72e-3 8.02e+11 6.69e+4

1/130 1.63e+10 7.36e-3 1.29e-5 1.45e-3 2.21e+12 9.06e+4

1/150 3.32e+10 6.32e-3 9.71e-6 1.26e-3 5.26e+12 1.17e+5

1/170 6.21e+10 5.54e-3 7.56e-6 1.11e-3 1.12e+13 1.47e+5

1/190 1.08e+11 4.93e-3 6.05e-6 9.94e-4 2.20e+13 1.80e+5

1/210 1.79e+11 4.44e-3 4.95e-6 8.99e-4 4.03e+13 2.15e+5

In Table 5.1 and Table 5.2, we give numerical results of maximal errors,
usual condition numbers and effective condition numbers, where ε = (εi,j)
is the vector of errors εi,j , λmax(A) and λmin(A) denote the maximal and
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Table 5.2: Maximal errors, usual condition numbers and effective condition
numbers for p = 0.8 and σ = 1.2.

h λmax(A) λmin(A) max
i,j

|εi,j | ‖ε‖2 Cond(A) Cond eff(A)

1/70 2.99e+7 1.20e-2 3.42e-5 2.49e-3 2.48e+9 1.58e+4

1/90 8.16e+7 9.18e-3 2.07e-5 1.94e-3 8.88e+9 2.63e+4

1/110 1.82e+8 7.42e-3 1.39e-5 1.59e-3 2.45e+10 3.95e+4

1/130 3.54e+8 6.22e-3 9.95e-6 1.35e-3 5.69e+10 5.52e+4

1/150 6.28e+8 5.36e-3 7.48e-6 1.17e-3 1.17e+11 7.35e+4

1/170 1.04e+9 4.70e-3 5.83e-6 1.04e-3 2.20e+11 9.43e+4

1/190 1.61e+9 4.19e-3 4.67e-6 9.27e-4 3.85e+11 1.18e+5

1/210 2.41e+9 3.77e-3 3.82e-6 8.40e-4 6.38e+11 1.43e+5

minimal singular value of A, respectively. We know from these results that
although Cond(A) is very large to show A is ill-conditioned, Cond eff(A) is
not so large, which implies the linear system obtained from our FDM can
be considered as a stable system, since the relative errors by perturbations
are much smaller than the usual condition number Cond(A).
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SOLVING ILL-POSED INTEGRAL EQUATIONS

VIA LAVRENTIEV REGULARIZATION1

XING-JUN LUO, FAN-CHUN LI and SU-HUA YANG
School of Mathematics and Computer Science,

Gannan Normal University, Ganzhou 341000, China
E-mail: lxj0298@126.com

We develop a fast multiscale Galerkin method to solve the linear ill-posed
integral equations with approximately known right-hand sides and operators
via Lavrentiev regularization. This method leads to fast solutions of discrete
Lavrentiev regularization. The convergence rates of Lavrentiev regularization
are achieved by using a modified discrepancy principle.
Keywords: Lavrentiev regularization, multiscale Galerkin method, a posteriori
parameter choice, convergence rates.
AMS No: 65J20, 65J10.

1. The Fast Multiscale Galerkin Method for Lavrentiev
Regularization

In this section, we describe the fast multiscale Galerkin method for solving
ill-posed integral equations of the first kind via Lavrentiev regularization,
and present the computational complexity for the truncation scheme.

Suppose that E is a bounded closed domain in Rd for d ≥ 1 and X :=
L2(E) is the Hilbert space with norm ‖ · ‖. Let A be a linear bounded
self-adjoint nonnegative operator from a Hilbert space X to itself, that
is, A = A∗ and (Ag, g) ≥ 0,∀g ∈ X. We consider the Fredholm integral
equation of the first kind

Ag = u, (1.1)

where u is given element in L2(E) and g is the unknown element in L2(E),
and the Fredholm integral operator A is defined by

Ag(t) :=
∫

E

k(s, t)g(s)ds = u(t), s ∈ E,

where k ∈ C(E × E) is non-degenerate kernel. The operator A can be
considered as a compact operator from L2(E) to L2(E). We assume that
(1.1) has a solution, possibly non-unique, and denote by gT the unique
minimal-norm solution to (1.1). We assume that the range of A, R(A), is
not closed, so problem (1.1) is ill-posed [1,2]. Suppose that instead of exact

1This research is supported by NSFC (No. 11061001), NSF (No. 2008GZS0025) and
SF (No. GJJ10586).
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input data A and uT of equation (2.1), we have only some approximations
Ah ∈ L(X) and uδ ∈ X, such that

‖A −Ah‖ ≤ c1h, ‖uδ − uT ‖ ≤ δ, (1.2)

and
Ah = A∗h, (Ahg, g) ≥ 0, ∀g ∈ X,

where c1 > 0, h > 0 and δ > 0. For given {δ, uδ,Ah}, we want to construct
efficient finite-dimensional approximations to the element gT , under the
assumption that gT lies in the range of Aν , i.e.

gT ∈ Mν,ρ = {x = Aνω, ‖ω‖ ≤ ρ, ρ > 0, 0 < ν ≤ 1}. (1.3)

To get an approximation to the minimum norm solution gT of (1.1),
a widely used regularization method is Lavrentiev regularization. In this
paper, we take the Lavrentiev’s regularization to get a family of well-posed
equations

(αI +Ah)gα,δ = uδ. (1.4)

We shall study the problem of efficient finite-dimensional approximation
to the solution gT . We next describe the multiscale Galerkin method to
solve the equation (1.4), we use the same setting as the multiscale Galerkin
method for solving the first kind integral equations as in [3]. We denote
N : = {1, 2, · · ·}, N0 : = {0, 1, 2, · · ·} and Zn = {0, 1, 2, · · · , n − 1}. Suppose
that there is a multiscale partition of the set E, which consists of a family
of partitions {Ei : i ∈ N0} of E such that for each i ∈ N0 the partition Ei

consists of a family of subsets{Ei,j : j ∈ Ze(i)} of E with the properties
⋃

j∈Ze(i)

Ei,j = E, meas (Ei,j

⋂
Ei,j′) = 0, j, j′ ∈ Ze(i), j 6= j′,

and
max{d(Ei,j) : j ∈ Ze(i)} ∼ µ−i/d,

where e(i) denotes the cardinality of Ei, d(A) denotes the diameter of the
set A and a1 ∼ b1 will always mean that a1 and b1 can be bounded by
constant multiplies of each other. For n ∈ N0 and k ∈ N , let Xn be
the piecewise polynomial space associated with the partition En with total
degree less than k. Then we have

⋃

n∈N0

Xn = X, Xn ⊂ Xn+1, n ∈ N0. (1.5)

For each i ∈ N , let Wi be the orthogonal complement of Xi−1 in Xi. This
yields the multiscale space decomposition

Xn = W0 ⊕⊥ W1 ⊕⊥ · · · ⊕⊥ Wn,
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where W0 = X0. Denote s(n) : = dimXn and w(i) : = dimWi, then we
have s(n) ∼ µn and w(i) ∼ µi.

We assume that Wi has a basis {wij , j ∈ Zw(i)} satisfying

(wij , wi′j′) = δii′δjj′ , (i, j), (i′, j′) ∈ Un.

This means that Xn = span{wij : (i, j) ∈ Un}, where Un : = {(i, j) : j ∈
Zw(i), i ∈ Zn+1}.

We now formulate the Galerkin method for solving equation (1.4). To
this end, for each n ∈ N0, denote by Pn the orthogonal projection from X
onto Xn. The tradition Galerkin method for solving equation (1.4) is to
find gα,δ

h,n ∈ Xn such that

(αI +Ah,n)gα,δ
h = Pnuδ, (1.6)

where Ah,n : = PnAhPn. The matrix representation of the operator Ah,n +
αI under the basis functions is a dense matrix [3]. To compress this matrix,
we write it in the following form

Ãh,n =
∑

i∈Zn+1

(Pi − Pi−1)AhPn−i, (1.7)

where P−1 = 0. In the Galerkin method (1.6), we replace Ah,n by Ãh,n

and obtain a new approximation scheme for solving equation (1.6). That
is, we find g̃α,δ

h,n ∈ Xn such that

(αI + Ãh,n)g̃α,δ
h,n = Pnuδ, (1.8)

We will show that this modified Galerkin method leads to a fast algorithm.
To write equation (1.8) in its equivalent matrix form, we make use of the
multiscale basis function. We write the solution g̃α,δ

h,n ∈ Xn as g̃α
h,n =∑

(i,j)∈Un

gh
ijwij ∈ Xn and introduce solution vector gh : = [gh

ij : (i, j) ∈ Un]T .

We introduce matrix

En : =[(wi′j′ , wij) : (i′j′), (i, j)∈Un],

Ãh,n : = [Ãi′j′,ij : (i′j′), (i, j) ∈ Un], (1.9)

where

Ãi′j′,ij =
{ (wi′j′ ,Ahwij), i′ + i ≤ n,

0, otherwise,
(1.10)
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and vector fn : = [(wi′j′ , u
δ)]. Upon using this notations, equation (1.8) is

written in the matrix form

(αEn + Ãh,n)gh = fn, (1.11)

In the following, we analyse the computational complexity of the the trun-
cation, which form a basis for fast multiscale algorithms.

Theorem 1.1. If the truncated matrix Ãh,n is obtained by the truncation
strategy (1.9) and (1.10), then

N ∼ (n + 1)µn, (1.12)

where N denotes the inner products for solving equation (1.11).

Proof. To find the number (1.12), it is required to estimate the amount
N of the discrete information (wi′j′ ,Ahwij) and (wi′j′ , u

δ) used for solving
equation (1.11). It follows from (1.10) that

N =
n∑

k=0

dimWkdimWn−k +
n∑

k=0

dimWk ∼ (n + 1)µn,

which completes the proof of the Theorem 1.1.

2. Error Estimate

We now turn to estimating the convergence rate of the modified Galerkin
method (1.8). For r ∈ (0,∞), denote by Hr(a, b) a linear subspace of X
which is equipped with a norm ‖ϕ‖Hr = ‖ϕ‖X + ‖Drϕ‖X , where Dr is
some linear (non-bounded) operator acting from Hr to X. We impose the
following hypothesis

(H1) There exists a positive constant cr such that

‖(I − Pj)‖Hr→X ≤ crµ
−rj/d.

(H2) There exists a positive constant γ ≥ 1 such that A,Ah ∈ Hr
γ ,

where

Hr
γ : = {A : ‖A‖X→Hr + ‖A∗‖Hr→X + ‖(DrA)∗‖Hr→X ≤ γ}.

It is well-known that ([3])

‖(αI +Ah)−1‖ ≤ 1
α

, ‖(αI +A)−1‖ ≤ 1
α

. (2.1)

Theorem 2.1. If hypothesis (1.2) and H1,H2 hold, then the following
estimates hold

‖Ah,n − Ãh,n‖ ≤ c2nµ−rn/d, (2.2)
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‖Ah − Ãh,n‖ ≤ c3(n + 1)µ−rn/d, (2.3)

where c2 : = 2γµrc2
r, and c3 : = max{2rcr, 2γµrc2

r}.
Proof. To proof (2.2), from (1.7) we have

Ah,n − Ãh,n = PnAhPn−
∑

i∈Zn+1

(Pi − Pi−1)AhPn−i

=
n∑

i=1

(Pi − Pi−1)Ah(pn − Pn−i).
(2.4)

From assumption H1,H2, it follows that

‖Ah,n − Ãh,n‖ ≤
n∑

i=1

‖I − Pi−1‖Hr→X‖Ah(I − Pn−i)‖X→Hr

≤
n∑

i=1

‖I − Pi−1‖Hr→X(‖Ah(I − Pn−i)‖X→X

+‖(I − Pn−i)(DrAh)∗‖X→X)

≤ c2nµ−rn/d.

(2.5)

We write

Ah − Ãh,n = (I − Pn)Ah + PnAh(I − Pn) + (Ah,n − Ãn). (2.6)

Recalling that ‖Pn‖ is uniformly bounded by a constant, from hypothesis
(H1),H2, (2.5) and (2.6), we get

‖Ah − Ãh,n‖ ≤ c3(n + 1)µ−rn/d.

In order to analyze the convergence of the truncated multiscale Galerkin
scheme (1.8), we need the following estimates.

Lemma 2.2. Suppose that hypothesis (H1), (H2) hold, and c0 is a positive
constant satisfying 0 < c0 < 1. If

(n + 1)µ−rn/d ≤ c0α

c3
, (2.7)

where c3 is the constant in Lemma 2.1, then αI + Ãh,n is invertible such
that

‖(αI + Ãh,n)−1‖ ≤ 1
(1− c0)α

. (2.8)

Proof. The proof is similar to Lemma 2.5 in [3].
We next proceed to estimate for ‖g̃α,δ

h,n − gT ‖. To this end, we denote

gα
h = (αI +Ah)−1uT , g̃α

h,n = (αI + Ãh,n)−1PnuT . (2.9)
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Theorem 2.3. Let gT satisfy condition (1.3). If the hypothesis (1.2), (H1)
and (H2) hold, the integer n is chosen to satisfy inequality (2.7), then the
following estimate holds

‖g̃α,δ
h,n − gT ‖ ≤ ανρ +

c4δ + c5h

α
+

c6(n + 2)µ−rn/d

α
, (2.10)

where
c4 =

1
1− c0

> 1, c5 = (2c1 + c1c4)cγ,ρ,

c6 = max{crc4cγ,ρ, c3c4cγ,ρ}, cγ,ρ : = γρ.

Proof. We write

g̃α,δ
h,n − gT = g̃α,δ

h,n − g̃α
h,n + g̃α

h,n − gα
h + gα

h − gT .

Combing inequalities (1.2) and (2.8), we conclude that

‖g̃α,δ
h,n − g̃α

h,n‖≤‖(αI + Ãh,n)−1Pn‖‖uδ
T − uT ‖≤ δ

(1− c0)α
. (2.11)

It follows from (2.9) that

g̃α
h,n − gα

h = (αI + Ãh,n)−1PnuT − (αI +Ah)−1uT

= (αI + Ãh,n)−1(Pn − I)uT

+
[
(αI + Ãh,n)−1 − (αI +Ah)−1

]
uT .

(2.12)

We write

J1 : = [(αI + Ãh,n)−1 − (αI +Ah)−1]uT

= (αI + Ãh,n)−1(A− Ãh,n)(αI +A)−1AgT

+(αI +Ah)−1(Ah −A)(αI +A)−1AgT .

(2.13)

Using hypothesis (H2), (1.2), (1.3), (2.1), (2.3) and (2.8), we conclude that

‖J1‖≤ ‖A−Ãh,n‖
(1− c0)α

γνρ+
‖Ah−A‖

α
γνρ≤ c1h

α
γρ+

c1h+c3(n+1)µ−rn/d

(1− c0)α
γρ.

(2.14)
It follows from (2.12) and (2.14) that

‖g̃α
h,n−gα

h‖≤
crµ

−rn/d

(1− c0)α
γρ +

c1h

α
γρ +

c1h + c3(n + 1)µ−rn/d

(1− c0)α
γρ. (2.15)
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On the other hand,

gα
h − gT = (αI +Ah)−1(A−Ah)(αI +A)−1AgT

+[(αI +A)−1A− I]gT .
(2.16)

Using (1.3), (2.1) and (2.14), we have

‖gα
h − gT ‖ ≤ c1h

α
γρ + ραν . (2.17)

Combing estimates (2.11), (2.15) and (2.17), the desired estimate is derived.

3. Regularization Parameter Choice Strategies

In this section, we consider an a posterior parameter choice strategy for
choosing the regularization parameter, which ensures the optimal conver-
gence for the fast galerkin method. For more previous work on this kinds of
discrepancy principle, reader can refer to [4–7] and the references therein.
We follow a method investigated by Tautenhahn [8]. The discrepancy prin-
ciple under our consideration is

dδ
h,n(α) :=‖α(αI+Ãh,n)−1(Ãh,ng̃α,δ

h,n−Pnuδ
T )‖=c′δ + d′h, (3.1)

where c′ : = c2
4 + 2, d′ : = c1(c4 + c2

4)cγ,ρ + 1.
We will prove that there are two points in (0,+∞) at which the values

of dδ
h,n(α) are nonpositive and nonnegatively. To this end, we define

R(α) := α(αI +A)−1, Rh,n(α) := α(αI + Ãh,n)−1, (3.2)

∆(α) := R2(α)uT , ∆δ
h,n(α) := R2

h,n(α)Pnuδ
T , (3.3)

and
D(δ, h) := c7δ + c8h, (3.4)

where c7 : = c2
4 + 1, c8 : = c1(c4 + c2

4)cγ,ρ.

Lemma 3.1. Let gT satisfy condition (1.3). If the hypothesis (1.2), (H1)
and (H2) hold, the integer n is chosen to satisfy inequality (3.5),

(n + 2)µ−rn/d ≤ min
{

c0

c3
α,

1
d∗

δ

}
, (3.5)

where d∗ : = max{crc
2
4cγ,ρ, c3(c4 + c2

4)cγ,ρ}, then

‖∆δ
h,n(α)−∆(α)‖ ≤ D(δ, h), (3.6)
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and
‖∆(α)‖ ≤ ρα1+ν . (3.7)

Proof. It is easy to see

∆δ
h,n(α)−∆(α) = R2

h,n(α)Pn(uδ
T − uT ) +R2

h,n(α)(Pn − I)uT

+R2
h,n(α)uT −R2(α)uT .

It follows from (3.2) that

J : = R2
h,n(α)uT −R2(α)uT

= α2(αI + Ãh,n)−1(A− Ãh,n)(αI +A)−2uT

+α2(αI + Ãh,n)−2(A− Ãh,n)(αI +A)−1uT .

Thus, by (1.2), (1.3), (2.1), (2.2), (2.3) and (2.8), we get

‖J‖ ≤ (c4 + c2
4)(c1h + c3(n + 1)µ−rn/d)cγ,ρ.

Combining these inequalities we conclude that

‖∆δ
h,n(α)−∆(α)‖ ≤ c2

4δ + crc
2
4cγ,ρµ

−rn/d

+(c4 + c2
4)(c1h + c3(n + 1)µ−rn/d)cγ,ρ

≤ D(δ, h).

The inequalities (3.7) is easy to verify.
In the next lemma we show that there is an α ∈ (0,+∞) such that

dδ
h,n(α) ≥ c′δ + d′h,

where c′ : = c7 + 1, d′ : = c8 + 1. To this end, we require the following
additional condition.

(H3) ‖uδ
T ‖≥max{(1−c0)2((c7+1)δ+(c8+1))h, 4[2(c7+1)δ+(2c8+1)h]}.

Lemma 3.2. Assume that hypothesis (H1), (H2), (H3) hold. If α1 := γ,
then

dδ
h,n(α1) ≥ c′δ + d′h. (3.8)

Proof. From (3.3) and (3.6), it follows that

dδ
h,n(α) ≥ ‖∆(α)‖ − ‖‖∆δ

h,n(α)−∆(α)‖
≥ ‖R2(α)uδ

T ‖ − ‖R2(α)(uT − uδ
T )‖ −D(δ, h)

≥ ‖R2(α)uδ
T ‖ − δ −D(δ, h).
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Suppose {Eλ} is the spectral family generated by the operator A, then we
have

‖R2(α)uδ
T ‖2 =

∫ ‖A‖

0

(
α

α + λ
)4d(Eλuδ

T , uδ
T )

≥ (
α

α + γ
)4‖uδ

T ‖2.

Consequently

dδ
h,n(α1) ≥ 1

4
‖uδ

T ‖ − δ −D(δ, h). (3.9)

Combing estimates (3.9) and (H3) yields the desired estimate.
The following theorem shows the existence of the solution of equation

(3.1). To do this, we set α0 : = min{ 1
ρ (δ + h), 1}.

Lemma 3.3. Assume that the hypothesis (H1), (H2), (H3) hold. Then the
equation (3.1) has a solution α ∈ [α0, α1].

Proof. By the definition of dδ
h,n(α),

dδ
h,n(α)≤‖∆(α)‖+‖∆δ

h,n(α)−∆(α)‖≤ρα1+ν +c7δ+c8h, (3.10)

if α0 : = min{ 1
ρ (δ + h), 1}, then

dδ
h,n(α0) ≤ δ + h + c7δ + c8h = c′δ + d′h.

By the Lemma 3.2, we have

dδ
h,n(α1) ≥ c′δ + d′h.

Since dδ
h,n(α) is a continuous function on the interval [α0, α1], hence, by

intermediate mean value theorem, the equation (3.1) has a solution α ∈
[α0, α1].

4. Convergence Rate Analysis

In this section, we establish the optimal convergence rate for the approx-
imation solution stabilized by the Lavrentiev regularization and obtained
by the multiscale Galerkin method with the a posteriori parameter choice
strategy given in the previous section.

Theorem 4.1. Assume that hypothesis (H1), (H2), (H3) hold, and n is
chosen according (3.5). Let α∗ be the solution of equation (3.1). Then the
following estimate holds

‖g̃α∗,δ
h,n − gT ‖ ≤ c13δ

ν
1+ν + c14h

ν
1+ν , (4.1)
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where c13 : = c9 + c12, c14 : = c10 + c12.

Proof. It follows from (3.10) that

dδ
h,n(α) ≤ ρα1+ν + c7δ + c8h,

thus
ρα1+ν

∗ ≥ (c′ − c7)δ + (d′ − c8)h = δ + h,

which gives

α∗ ≥ (
1
ρ
)

1
1+ν (δ + h)

1
1+ν .

Consequently,

‖g̃α∗,δ
h,n −gα∗‖≤ c4δ + c5h

α∗
+

c6(n + 2)µ−rn

α∗
≤c9δ

ν
1+ν +c10h

ν
1+ν , (4.2)

where c9 : = (c4 + c6
d∗

)ρ
1

1+ν , c10 : = c5ρ
1

1+ν .
In the next part we estimate the regularization error ‖gα∗ − gT ‖. We

use moment inequality to get

‖gα∗ − gT ‖ = ‖(R(α∗)A)νR1−ν(α∗)ω‖
≤ 2‖R2(α∗)AgT ‖

ν
ν+1 ‖R1−ν(α∗)ω‖

1
1+ν

≤ 2‖∆(α∗)‖
ν

ν+1 ρ
1

1+ν .

(4.3)

By using (3.1) and (3.6), we obtain

‖∆δ
h,n(α∗)‖+ ‖∆δ

h,n(α∗)−∆(α∗)‖
≤ (2c7 + 1)δ + (2c8 + 1)h ≤ c11(δ + h),

(4.4)

where c11 : = max{2c7 + 1, 2c8 + 1}. Now from (4.3) and (4.4), it follows

‖gα∗ − gT ‖ ≤ c12(δ
ν

1+ν + h
ν

1+ν
m ), (4.5)

in which c12 : = 2c
ν

1+ν

11 2
ν

1+ν ρ
1

1+ν .
Now it follows from (4.2) and (4.5) that

‖g̃α∗,δ
h,n − gT ‖ ≤ c13δ

ν
1+ν + c14h

ν
1+ν ,

where c13 : = c9 + c12, c14 : = c10 + c12, which with the above estimates of
‖g̃α∗,δ

h,n − gT ‖ leads to the conclusion of this theorem.
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In this paper, approximate solutions of an inverse boundary value problem in

gas dynamics are discussed. We mainly deal with a two dimensional compress-

ible subsonic gas flow over an uneven bottom, which can be transformed into

a mixed boundary value problem for nonlinear elliptic complex equations by

means of the theory of generalized analytic functions and complex boundary

value problems. By using Newton imbedding method, approximate solutions

of the mixed boundary value problem are obtained. And under suitable con-

ditions, we could also give error estimates of the approximate solutions.

Keywords: Inverse boundary value problem, elliptic complex equations, ap-

proximate solutions.

AMS No: 35J65, 35J55.

1. Introduction

Inverse boundary value problems or free boundary problems are very impor-
tant in many scientific areas. Among these, inverse boundary value prob-
lems for elliptic complex equations in mechanics have recently received a
great deal attention from many researchers. In [1] and [2], V. N. Monakhov
studied some inverse boundary value problems for elliptic systems of equa-
tions by using function theoretic methods. In [3] and [4], R. P. Gilbert and
G. C. Wen et al. discussed the solvability of some free boundary problems
occurring in continuum mechanics. Z. L. Xu and G. Q. Zhang considered
an inverse boundary value problem for cavity flows in gas dynamics ([5]),
and proved the existence and uniqueness of the problem. It was seen that
the inverse boundary value problem in planar fluid dynamics and gas dy-
namics might be transformed into a mixed boundary value problems for
linear and nonlinear elliptic complex equations. In this paper, we investi-
gate the approximate methods for the inverse boundary value problem for
elliptic complex equations in gas dynamics.

Let us consider a subsonic gas flow over an uneven bottom. It is assumed
that the subsonic gas flow is steady irrotional and compressible, and the
problem is shown in Figure 1, where Dz is the flow region, the bottom of
the curve AB(Γ0),R̃1CR2(Γ1) and the coordinates of the points R1, R2 are

1This research is supported by the NSFC(No.10971224, No.11010301015)
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Figure 1: A steady irrotional and compressible subsonic gas flow

given, R̃1ER2 (Γ2) is an unknown arc, which is a free boundary, and the
speed distribution q = q(x) of the flow is given on the unknown boundary
Γ2, the flow is also supposed to be uniform far upstream.

Let ρ be the density of the fluid, u and v the projections of the velocity
vector on x- and y-axis, the conditions of irrotational flow and continuity
become 

∂v

∂x
− ∂u

∂y
= 0,

∂(ρu)

∂x
+
∂(ρv)

∂y
= 0.

(1.1)

We introduce a potential ϕ(x, y) and a stream function ψ(x, y) by set-
ting ϕx = u, ϕy = v and ψx = −ρv, ψy = ρu, then the following equations
are obtained

ρ
∂ϕ

∂x
=
∂ψ

∂y
, ρ

∂ϕ

∂y
= −∂ψ

∂x
. (1.2)

Since the flow is compressible, let ρ = ρ(q), q = (u2 + v2)
1
2 .

Obviously, Γ0,Γ1,Γ2 are streamlines, we denote Γ0 by y = y0(x), Γ1 by
y = y1(x), then the boundary condition can be written as follows

Γ0 : y = y0(x), ψ = ψ0,

Γ1 : y = y1(x), ψ = ψ1,

Γ2 : q = q(x), ψ = ψ1.

(1.3)

Without loss of generality, we may assume that ψ0 = 0. Our Problem
is to find a continuous solution of (1.2) in Dz satisfying the boundary
condition (1.3), and determine the unknown boundary Γ2. This problem
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Figure 2: The domain Dτ corresponding to the flow region Dz

will be called Problem A which is an inverse boundary value problem, and
is also called a free boundary problem.

2. Problem Transformation

We introduce a complex variable τ = x + iψ, noting that the boundary
condition (1.3), it is obvious to see that the domain Dτ in τ -plane corre-
sponding to the flow region Dz is a known doubly connected domain (see
Figure 2).

Letting θ = tan−1v/u, the ficticious speed introduced as

q∗ :=

∫ q

1

√
1−M2(q)

q
dq,

where M(q) is the Mach number. In terms of Joukowsky function w =
q∗ − iθ, we can obtain the nonlinear Beltrami type equation

wτ = µ̃(w)wτ . (2.1)

We note the right side of (2.1) as G(τ, w,wτ ), then, (2.1) can be written as
follows

wτ = G(τ, w,wτ ), τ ∈ Dτ , (2.2)

and the uniformly elliptic condition can be written as

|G(τ, w, V1)−G(τ, w, V2)| ≤ q0|V1 − V2|,

where, τ ∈ Dτ , V1, V2, w ∈ C, q0 (0 ≤ q < 1) is a constant.
If the flow is constantly subsonic (M(q) ≤ m0 < 1) and q∗, θ satisfies

the following condition in the flow domain

|q∗| ≤ N <∞, |θ| ≤ π

2
− δ, 0 < δ <

π

2
, (2.3)
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then, (2.1) is uniformly elliptic, i.e. |µ̃(w)| ≤ µ0 < 1, where N, δ, µ0,m0 are
constants (see [1]).

Assume that τ = τ(ζ) conformally map the annulus Dζ = {ζ : ` < |ζ| <
1} onto domain Dτ , and the image of unit circle Γ

′
0 : |ζ| = 1 is Γ0, the

image of the upper half-circle Γ∗1 and the lower half-circle Γ∗∗1 of Γ
′
1 : |ζ| = `

is Γ1 and Γ2, respectively. The image of the points ζ1, ζ2 on Γ
′
1 : |ζ| = ` is

R1, R2, respectively. Then, we can obtain the following complex equation:

wζ = F (ζ, w, wζ), (2.4)

where F = τ ′(ζ)G(τ(ζ), w, wζ/τ ′(ζ)), and (2.4) is also uniformly elliptic.
Next, we consider the boundary condition. On the unknown boundary

Γ2, we have q = q(x), thus,

q∗ = q∗(Reτ(ζ)) : = f(ζ), ζ ∈ Γ∗∗1 : |ζ| = `, Im(ζ) < 0. (2.5)

On the curve Γ1, since the equation of the boundary is y = y1(x), then
θ = arctan y′1(x), i.e.

θ = arctan y′1[Re(τ(ζ))] : = g1(ζ), ζ ∈ Γ∗1 : |ζ| = `, Im(ζ) > 0. (2.6)

On Γ
′
0, it is obvious that θ = arctan y′0(x), this condition can be written as

θ = arctan y′0[Re(τ(ζ))] : = g0(ζ), ζ ∈ Γ
′
0. (2.7)

Thus, we come to the mixed boundary value problem for (2.4), i.e. to
find a continuous solution w(ζ) of the complex equation (2.4) in Dζ with
the uniform ellipticity condition

|F (ζ, w, U1)− F (ζ, w, U2)| ≤ q0|U1 − U2|, (2.8)

for any ζ ∈ Dζ and w, U1, U2 ∈ C, and the boundary condition

Re[λ(ζ)w(ζ)] = r(ζ), (2.9)

where

λ(ζ) =

{
1, ζ ∈ Γ∗∗1 ,

i, ζ ∈ Γ
′
0 ∪ Γ∗1,

(2.10)

r(ζ) =





f(ζ), ζ ∈ Γ∗∗1 = ζ̃2ζ1,

g1(ζ), ζ ∈ Γ∗1 = ζ̃1ζ2,

g0(ζ), ζ ∈ Γ
′
0.

(2.11)
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This problem will be simply called Problem M . Therefore, Problem A
is transformed into Problem M for the nonlinear elliptic complex equation
(2.4).

In the following section, we will prove Problem M has bounded continu-
ous solution w(ζ) in Dζ . Furthermore, if F (ζ, w,wζ) satisfies the following
condition

|F (ζ, w1, V )− F (ζ, w2, V )| ≤ R(ζ, w1, w2, V )|w1 − w2|, (2.12)

where ζ ∈ Dζ , w1, w2, V ∈ C, R(ζ, w1, w2, V ) ∈ Lp(Dζ), p > 2, thus, the
solution is unique (see [5,6]). Assume that w(ζ) is the solution of Problem
M of complex equation (2.4), using ζ(τ) represents the inverse function of
τ(ζ), thus, w(τ) = w(ζ(τ)) is the solution of complex equation (2.1). Next,
by using the Newton imbedding method we shill prove the existence of the
solution for Problem M and discuss the error estimates of the approximate
solutions.

3. The Approximate Solution of the Elliptic Problem

In order to seek the approximate solution of Problem M, we consider the
complex equation with a parameter t ∈ [0, 1] :

wζ − tF (ζ, w,wζ) = B(ζ), B(ζ) = (1− t)F (ζ, 0, 0), (3.1)

and first suppose that F (ζ, w,wζ) = 0 in the εm = 1/m (m is a positive
integer) neighborhood Um of points ζj (j = 1, 2), it sufficies to multiply
F (ζ, w,wζ) by the function

ηm(ζ) =

{
0, ζ ∈ Um = ∪2j=1{|ζ − ζj | < 1/m},

1, ζ ∈ Dm = Dζ\Um.
(3.2)

we know that when t = 0, Problem M for the complex equation (3.1) has
a unique bounded solution w(ζ), which possesses the form

w(ζ) = Φ(ζ) + Ψ(ζ),Ψ(ζ) = TB = − 1

π

∫
Dζ

B(τ)

τ − ζ
dστ , (3.2)

where Φ(ζ) is a bounded analytic function in Dζ satisfying the boundary
condition

Re[λ(ζ)Φ(ζ)]=r(ζ)−Re[λ(ζ)Ψ(ζ)], ζ ∈ Γ∗=Γ′1∪Γ′0\{ζ1, ζ2}. (3.3)

Introduce a function g(ζ) =
∏2

j=1 (ζ − ζj)η, it can be derived w∗(ζ) =

g(ζ)w(ζ) ∈ Cβ(Dζ) ∩W 1
p0(Dζ), herein p0 (2<p0<p), β=1− 2

p0
, 0<η<1.
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Suppose that when t = t0 (0 < t0 < 1), Problem M for (2.4) has a
bounded solution, we shall prove that there exists a neighborhood of t0 :
E = {|t − t0| ≤ δ, 0 ≤ t ≤ 1, δ > 0}, such that for every t ∈ E and any
function B(ζ) ∈ Lp0(Dζ), Problem M for (3.1) is solvable. Practically, the
complex equation (3.1) can be written in the form

wζ − t0F (ζ, w,wζ) = (t− t0)F (ζ, w, wζ) + B(ζ). (3.4)

We are free to choose a function w0(ζ) so that g(ζ)w0(ζ) ∈ Cβ(Dζ)∩
W 1

p0
(Dζ), in particular w0(ζ) = 0 on Dζ . Let w0(ζ) in the right hand side

of (3.4). From the condition mentioned in the Introduction, it is obvious
that

B0(ζ) = (t− t0)F (ζ, w0, w0ζ) + B(ζ) ∈ Lp0(Dm). (3.5)
Noting the assumption as before, Problem M for the complex equation (3.4)
has a solution w1(ζ), so that g(ζ)w1(ζ) ∈ Cβ(Dζ) ∩ W 1

p0
(Dζ). By using

the successive iteration, we can find out a sequence of functions: wn(ζ),
g(ζ)wn(ζ) ∈ Cβ(Dζ) ∩W 1

p0
(Dζ), which satisfies the complex equations

wn+1ζ−t0F (ζ, wn+1, wn+1ζ)=(t−t0)F (ζ, wn, wnζ)+B(ζ), n=1, 2, · · · .
(3.6)

The difference of the above equations for n + 1 and n is as follows

(wn+1 − wn)ζ − t0[F (ζ, wn+1, wn+1ζ)− F (ζ, wn, wnζ)]

= (t− t0)[F (ζ, wn, wnζ)− F (ζ, wn−1, wn−1ζ)], n = 1, 2, · · · .
(3.7)

From the condition (2.4) and (2.12), it can be seen that

F (ζ, wn+1, wn+1ζ)− F (ζ, wn, wnζ) = [F (ζ, wn+1, wn+1ζ)

−F (ζ, wn+1, wnζ)] + [F (ζ, wn+1, wnζ)− F (ζ, wn, wnζ)]

= Q̃n+1(ζ)(wn+1 − wn)ζ + B̃n+1(ζ)(wn+1 − wn),

|Q̃n+1(ζ)| ≤ Q0 <1, Lp0 [B̃n+1(ζ), Dζ ]≤K0, n = 1, 2, · · ·,

(3.8)

K0 is a constant, and

Lp0 [F (ζ, wn, wnζ)− F (ζ, wn−1, wn−1ζ), Dm]

≤ Q0Lp0 [(wn − wn−1)ζ , Dm] + K0C[wn − wn−1, Dm]

≤ (Q0 + K0){Cβ [g(wn − wn−1), Dζ ] + Lp0 [|(g(wn − wn−1))ζ |
+ |(g(wn − wn−1))ζ |,Dζ ]} = (Q0 + K0)Sn,

(3.9)

in which Sn = Cβ [g(wn − wn−1), Dζ ] + Lp0 [|(g(wn − wn−1))ζ | + |(g(wn −
wn−1))ζ |,Dζ ]. Moreover, wn+1(ζ)−wn(ζ) satisfies the homogeneous bound-
ary condition

Re[λ(ζ)(wn+1(ζ)− wn(ζ))] = 0, ζ ∈ Γ∗. (3.10)
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On the basis of [6], we have

Sn+1 = Cβ [g(wn − wn−1), Dζ ] + Lp0 [|(g(wn − wn−1))ζ |

+ |(g(wn − wn−1))ζ |, Dζ ] ≤M1|t− t0|(Q0 +K0)Sn,
(3.11)

where M1 is a positive integer. Provided that δ (> 0) is small enough, so
that η = δM1(Q0 +K0) < 1, we can obtain that

Sn+1 ≤ ηnS1 = ηn[Cβ [gw1, Dζ ] + Lp0 [|(gw1)ζ |+ |(gw1)ζ |, Dζ ] (3.12)

for every t ∈ E. Thus

Snl=Cβ [g(wn−wl), Dζ ] + Lp0 [|(g(wn−wl))ζ |+|(g(wn−wl))ζ |, Dζ ]

≤ Sn + Sn−1 + · · ·+ Sl+1 ≤ (ηn−1 + ηn−2 + · · ·+ ηl)S1

= ηl(1 + η + · · ·+ ηn−l−1)S1 ≤ ηN+1 1− ηn−l

1− η
S1≤

ηN+1

1− η
S1

(3.13)
for n ≥ l > N, where N is a positive integer. This shows that S(wn −wm)
→ 0 as n, l → ∞. Following the completeness of the Banach space B =
Cβ(D) ∩ W 1

p0(Dm), there is a function w∗(ζ)g(ζ) ∈ B, such that when
n→∞,

S(w − w∗) = Cβ [g(wn − w∗), Dζ ] + Lp0 [|(g(wn − w∗))ζ |

+ |(g(wn − w∗))ζ |, Dζ ]→ 0,

from (3.6) it follows that w∗(ζ) is a solution of Problem M for (3.4), i.e.
(3.1) for t ∈ E. It is easy to see that the positive constant δ is independent
of t0 (0 ≤ t0 < 1). Hence from Problem M for the complex equation (3.1)
with t = t0 = 0 is solvable, we can derive that when t = δ, 2δ, . . . , [1/δ]δ, 1,
Problem M for (3.1) are solvable, especially Problem M for (3.1) with t = 1
and B(ζ) = 0, namely (2.4) has a unique bounded solution.

We summarize the above discussion as

Theorem 3.1. Let the complex equation (2.4) satisfy the condition (2.3)
and (2.12). By using the Newton Imbedding Method, we can derive the
approximate solution wn(ζ) of Problem M of complex equation (2.4), and
Problem M has bounded solution w(ζ), such that g(ζ)w(ζ) ∈ B = Cβ(Dζ)∩
W 1
p0(Dζ), β = 1− 2/p0, 2 < p0 ≤ p, g(ζ) = Π2

j=1(ζ − ζj)η, 0 < η < 1.

4. Error Estimates of the Approximate Solution

The function wtn(ζ) = wn(ζ) represents the approximate solution of Prob-
lem M of the complex equation (3.1), and satisfies the iteration equation
(3.6).
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Let w = w(ζ) be a solution of Problem M for the complex equation
(2.4). From (2.4) and (3.6), it follows that

(w − wt
n+1)ζ

= F (ζ, w, wζ)− t0F (ζ, wt
n+1, wn+1ζ)

− (t− t0)F (ζ, wt
n, wt

nζ)− (1− t)F (ζ, 0, 0) = (1− t)[F (ζ, w, wζ)

−F (ζ, 0, 0)] + t0[F (ζ, w, wζ)− F (ζ, wt
n+1, w

t
n+1ζ)] + (t− t0)

× [F (ζ, w, wζ)− F (ζ, wt
n, wt

nζ)] = t0[Q̃(w − wt
n+1)ζ

+ B̃(w − wt
n+1)] + (1− t)[F (ζ, w,wζ)− F (ζ, 0, 0)]

+ (t− t0)[F (ζ, w, wζ)− F (ζ, wt
n, wt

nζ)].

(4.1)

It is obvious that w − wt
n satisfies the boundary condition

Re[λ(ζ)(w − wt
n+1)] = 0, ζ ∈ Γ∗. (4.2)

On the basis of the estimate in [5], it can be obtained

S(w − wt
n+1)≤M [(1− t)(Q0 + K0)S(w)

+ |t− t0|(Q0 + K0)S(w − wt
n)] = Mn+1

2 |t− t0|n+1
S(w − wt

0)

+M2(1− t)
(1−Mn+1

2 |t− t0|n+1)S(w)
1−M2|t− t0| ,

(4.3)

where M = M(Q0,K0, p0, Dm), M2 = M(Q0 + K0), wt
0 = w(ζ, t0) is

a solution of Problem M for (3.6) with t = t0 and B = (1 − t0)F (ζ, 0, 0).
Noting that the function w(ζ)−wt

0(ζ) is a solution of the following boundary
value problem:

(w − wt
0)ζ = t0[f(ζ, w,wζ)− f(ζ, wt

0, w
t
0ζ)] + (1− t0)f(ζ, w,wζ), (4.4)

Re[λ(ζ)(w(ζ)− wt
n+1(ζ))] = 0, ζ ∈ Γ∗, (4.5)

in which f(ζ, w, wζ) = F (ζ, w,wζ)− F (ζ, 0, 0), we can conclude

S(w) ≤ M3 = M3(Q0,K0, p0, Dm), (4.6)

S(w − wt
0) ≤ M(1− t0)Lp0 [f(ζ, w,wζ), Dm]

≤ M(Q0 + K0)(1− t0)S(w) ≤ M2M3(1− t0).
(4.7)

From (4.3) (4.6) and (4.7), the estimate

S(w − wt
n+1) ≤ Mn+2

2 |t− t0|n+1(1− t0)M3

+M2(1− t)M3
[1−Mn+1

2 |t− t0|n+1]
1−M2|t− t0|

= M2M3[Mn+1
2 |t−t0|n+1|1−t0|+(1−t)

(1−Mn+1
2 |t− t0|n+1)

(1−M2|t− t0|) ]

(4.8)
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is derived. Thus we have the following theorem.

Theorem 4.1. Under the same conditions as in Theorem 3.1, if w(ζ) de-
notes the solution of Problem M for complex equation (2.4), and wtn(ζ) =
wn(ζ, t) represents the approximate solution of Problem M for complex
equation (3.6), then we have the following error estimates

S(w−wtn)=Cβ [g(w−wtn), Dζ ]+Lp0 [|(g(w−wtn))ζ |+|(g(w−wtn))ζ |, Dζ ]

≤M2M3[Mn
2 |t− t0|n(1− t0) +

1−Mn
2 |t− t0|n

1−M2|t− t0|
(1− t)],

(4.9)
where M2,M3 are real constants as started in (4.3) and (4.6).
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This paper deals with a numerical method for the solution of the fuzzy heat

equation. First we express the necessary materials and definitions, then con-

sider a difference scheme for the one dimensional heat equation. In forth

section we express the necessary conditions for stability and check stability of

our scheme. In final part we give an example for considering numerical results.

In this example we obtain the Hausdorff distance between exact solution and

approximate solution.

1. Introduction

The topics of numerical methods for solving fuzzy differential equations
have been rapidly growing in recent years. The concept of fuzzy deriva-
tive was first introduced by Chang and Zadeh in [10]. It was following up
by Dubois and Prade in [2], who defined and used the extension princi-
ple. Other methods have been discussed by Puri and Relescu in [4] and
Goetschel and Voxman in [9]. The initial value problem for first order
fuzzy differential equations have been studied by several authors [5–8,11]
on the metric space (En, D) of normal fuzzy convex sets with the distance
D given by the maximum of the Hausdorff distances between exact solution
and approximate solution.

2. Materials and Definitions

We begin this section with defining the notation we will use in the paper.
Let X be a collection of objects denoted generically by x. Then a fuzzy set
Ã in X is a set of ordered pairs:

Ã = {(x, µ
Ã
(x))|x ∈ X},

where µ
Ã

is called the membership function or grade of membership of x

in Ã. The range of the membership function is a bounded subset of the
nonnegative real numbers.

Definition 2.1. The set of elements belonging the fuzzy set Ã at least
to the degree α is called the α-cut set:

Aα = {x ∈ X|µ
Ã
(x) ≥ α},
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and A
′
α = {x ∈ X|µ

Ã
(x) > α} is called strong α-cut.

Definition 2.2. The triangular fuzzy number Ñ is defined by three num-
bers α < m < β as follows:

Ã = (α, m, β).

This representation is interpreted as membership function (Figure 1):

µ
Ã
(x) =





x− α

m− α
, α ≤ x < m,

1, x = m,

x− β

m− β
, m < x ≤ β,

0, otherwise.

If α > 0 (α ≥ 0), then Ã > 0 (Ã ≥ 0), and if β < 0 (β ≤ 0), then
Ã < 0 (Ã ≤ 0).

a m b

1

x

m

Definition 2.3. An arbitrary fuzzy number is showed by an ordered
pair of functions (a(r), a(r)), 0 ≤ r ≤ 1, which satisfies the following
requirements:

1. a(r) is a bounded left semicontinuous non-decreasing function over
[0, 1],

2. a(r) is a bounded left semicontinuous non-increasing function over
[0, 1],

3. a(r) ≤ a(r), 0 ≤ r ≤ 1.
In particular, if a, a are linear functions, we have a triangular fuzzy

number.
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A crisp number a is simply represented by a(r) = a(r) = a, 0 ≤ r ≤ 1.

Definition 2.4. For arbitrary fuzzy numbers u = (u(r), u(r)) and v =
(v(r), v(r)), we have algebraic operations as follows:

1. ku =
{

(ku, ku), k ≥ 0,
(ku, ku), k < 0,

2. u + v = (u(r) + v(r), u(r) + v(r)),
3. u− v = (u(r)− v(r), u(r)− v(r)),
4. u · v = (min s,max s), in which

s = {u v, uv, uv, u v}.

Remark. Since the α-cut of fuzzy numbers is always a closed and
bounded interval, so we can write Ãα = [a(α), a(α)] for all α.

Definition 2.5. Assume that u = (u(r), u(r)), v = (v(r), v(r)) are two
fuzzy numbers. The Hausdorff metric DH is defined by

DH(u, v) = sup
r∈[0,1]

max{|u(r)− v(r)|, |u(r)− v(r)|}. (1)

This metric is a bound for error. By it we obtain the difference between
exact solution and approximate solution.

3. Finite Difference Method

In this section we solve the fuzzy heat equation by an explicit method.
Assume that Ũ is a fuzzy function of the independent crisp variables x and
t. We define

I = {(x, t)|0 ≤ x ≤ 1, 0 ≤ t ≤ T}.

A α-cut of Ũ(x, t) and its parametric form, will be

Ũ(x, t)[α] = [U(x, t;α), U(x, t;α)].

We let that the U(x, t;α), U(x, t;α) have the continuous partial differential
quotient, therefore (Dt−a2D2

x)U(x, t;α), and (Dt−a2D2
x) U(x, t;α) are

continuous for all (x, t) ∈ I, all α ∈ [0, 1].
Now we consider the heat equation

(Dt − a2D2
x)Ũ = 0̃, (2)

with boundary conditions and initial condition:
{

Ũ(0, t) = Ũ(1, t) = 0̃,

Ũ(x, 0) = f̃(x).
(3)
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We divide the domain [0, 1]× [0, T ] into M ×N mesh with spatial step size
h = 1

N in x-direction and k = T
M in t-direction. The gride points are given

by (Figure 2):
xi = ih, i = 0, 1, · · · , N,

tj = jk, j = 0, 1, · · · ,M.

p

i,j

i,j−1

i,j+1

i+1,ji−1,j

xi

tj

h

k

x

t

Denote the value of Ũ at the representative mesh point p(xi, tj) by

Ũp = Ũ(xi, tj) = Ũi,j ,

and also parametric form of fuzzy number Ũi,j is

Ũi,j = (U i,j , U i,j).

We have 



(Dt)Ũi,j = (DtUi,j , DtUi,j),

(D2
x)Ũi,j = (D2

xUi,j , D2
xUi,j).

Then by Taylor,s expansion, we obtain





D2
xŨi,j '

ui−1,j+1 − 2ui,j+1 + ui+1,j+1

h2
,

D2
xŨi,j '

ui−1,j+1 − 2ui,j+1 + ui+1,j+1

h2
.

(4)
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And also for (Dt)Ũ at p, we have





DtŨi,j '
ui,j+1 − ui,j

k
,

DtŨi,j '
ui,j+1 − ui,j

k
.

(5)

Parametric form of heat equation will be





(Dt)Ũ − a2(D2
x)Ũ = 0̃,

(Dt)Ũ − a2(D2
x)Ũ = 0̃.

(6)

By (4) and (5), the difference scheme for heat equation is





ui,j+1 − ui,j

k
− a2

ui−1,j+1 − 2ui,j+1 + ui+1,j+1

h2
= 0,

ui,j+1 − ui,j

k
− a2

ui−1,j+1 − 2ui,j+1 + ui+1,j+1

h2
= 0.

(7)

By above equations we obtain

{ −rui−1,j+1 + (1 + 2r)ui,j+1 − rui+1,j+1 = ui,j ,

−rui−1,j+1 + (1 + 2r)ui,j+1 − rui+1,j+1 = ui,j ,
(8)

where

r =
ka2

h2
, (9)

Ũ = (u, u) is the exact solution of the approximating difference equations,
and xi (i = 0, 1, · · · , N) and tj (j = 0, 1, · · · ,M).

Since the boundary values are know at x0 and xN , we have 2(N − 1)
equations with 2(N − 1) unknown. Therefore equations can be written in
matrix as
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


0 −r 2r + 1
−r 0 −r 2r + 1

. . . . . .
−r 0 2r + 1

2r + 1 0 −r
2r + 1 −r 0 −r

. . . . . . . . .
2r + 1 −r 0




×




u1,j+1

u2,j+1

...
uN−1,j+1

u1,j+1

u2,j+1

...
uN−1,j+1




=




u1,j

u2,j

...
uN−1,j

u1,j

u2,j

...
uN−1,j




.

Then we have

A

(
U j+1

U j+1

)
=

(
U j

U j

)
⇒

(
U j+1

U j+1

)
= A−1

(
U j

U j

)
, (10)

where

A=
(

E F

F E

)
, E =




0 −r
−r 0 −r

. . .
−r 0


, F =




2r+1
. . .

2r+1


.

(11)

4. Stability of Fuzzy Heat Equation

Definition 4.1. The largest of the eigenvalues of matrix A, is showed by
ρ(A).

Remark 4.1. The necessary and sufficient condition for the difference
equations to be stable is ρ(A) ≤ 1 [3].

Remark 4.2. If A−1 is the inverse of matrix A, then ρ(A−1) = 1
ρ(A) [1].
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Remark 4.3. The eigenvalues of a N ×N tridiagonal matrix



a b
c a b

. . . . . . . . .
c a b

c a




are

λs = a + 2
√

bc cos
sπ

N + 1
, s = 1, · · · , N. [3]

Theorem 4.1. Let matrix A have a spacial structure as follows

A =
(

E F

F E

)
.

Then the eigenvalues of A are union of eigenvalues of E+F and eigenvalues
of E − F . [12]

Now, by using Theorem 4.1, we want to prove stability of our difference
scheme. For this, it is sufficient to show in (11) ρ(A−1) < 1. Thus by
theorem (4.1), we find eigenvalues of E + F and E − F , namely

E + F =




1 + 2r −r
−r 1 + 2r −r

. . . . . .
−r 1 + 2r


 ,

and

E − F =




−1− 2r −r
−r −1− 2r −r

. . . . . .
−r −1− 2r


 .

Moreover we obtain
E + F = I + rS,

E − F = −I − rS
′
,

where

S =




2 −1
−1 2 −1

. . . . . .
−1 2


 , S

′
=




2 1
1 2 1

. . . . . .
1 2


 .
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Thus

λs = λs′ = 2 + 2 cos
kπ

N
= 4 cos2

kπ

2N
, k = 1, 2, · · · , N − 1.

Hence the eigenvalues of E + F and E − F are

λE+F = 1 + 4r cos2
kπ

2N
, k = 1, 2, · · · , N − 1,

λE−F = −1− 4r cos2
kπ

2N
, k=1, 2, · · · , N− 1,

we know

ρ(E + F ) = max
k
|1 + 4r cos2

kπ

2N
|, k = 1, 2, · · · , N − 1,

ρ(E − F ) = max
k
| − 1− 4r cos2

kπ

2N
|, k=1, 2, · · · , N−1.

Since ρ(E + F ) = ρ(E − F ), thus

ρ(A)=max
k
|1+4r cos2

kπ

2N
|, ρ(A−1)=

1
max |1+4r cos2 kπ

2N |
<1,∀r>0.

Therefore our difference scheme is unconditionally stable.

5. Numerical Example

In this section we test the proposed difference method on an example, whose
exact solution is known to us.

Consider the fuzzy heat equation

∂Ũ

∂t
(x, t) = 4

∂2Ũ

∂x2
(x, t), 0 < x < 1, t > 0.

Subject to the boundary conditions and the initial condition

Ũ(0, t) = Ũ(1, t) = 0, t > 0, Ũ(x, 0) = f̃(x) =
2
π

K̃ sinπx,

and K̃[α] = [k(α), k(α)] = [α − 1, 1 − α]. Which is easily seen to have an
exact solution for

∂U

∂t
(x, t;α) = 4

∂2U

∂x2
(x, t;α),

∂U

∂t
(x, t;α) = 4

∂2U

∂x2
(x, t;α),

namely

U(x, t;α) =
2
π

k(α)e−4π2t sinπx, U(x, t;α) =
2
π

k(α)e−4π2t sinπx.
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The exact and approximate solutions are shown in Figure 3 at the point
(0.2, 0.00099) with h = 0.1, k = 0.00001 and in Figure 4 at the point
(0.02, 0.0099) with h = 0.01, k = 0.0001. The Housdorff distance between
solutions in first case is 0.0014 and in second case is 0.0015.

6. Conclusions

Our purpose in this article is solving fuzzy partial differential equation
(FPDE). We presented an explicit method for solving this equation, and
we considered necessary conditions for stability of this method. In last
section we gave an example for considering numerical results. Also we
compared the approximate solution and exact solution. Then we obtained
the Hausdorf distance between them in two case.
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This paper deals with a numerical method for the solution of the heat equa-

tion with non-linear nonlocal boundary conditions. Here non-linear terms

are approximated by Richtmyer,s linearization method. The integrals in the

boundary equations are approximated by the composite Simpson rule. A dif-

ference scheme is considered for the one-dimensional heat equation. In final

part the numerical results produced by this method is compared.

1. Introduction

This paper is concerned with the numerical solution of the heat equation

ut − uxx = f(x, t), x ∈ (0, 1), t ∈ (0, T ]. (1)

Subject to the nonlocal boundary conditions




u(0, t) =
∫ 1

0

k0(x)up(x, t)dx + g0(t),

u(1, t) =
∫ 1

0

k1(x)up(x, t)dx + g1(t),
(2)

and the initial condition

u(x, 0) = g(x), x ∈ [0, 1]. (3)

Where f, k0, k1, g0, g1 and g are known functions. Over the last few years,
many other physical phenomena were formulated into non-local mathemat-
ical models [1,2]. Hence the numerical solution of parabolic partial differen-
tial equations with non-local boundary specifications is currently an active
area of research. The non-local problems are very important in the trans-
port of reactive and passive contaminates in aquifers, an area of active
interdisciplinary research of mathematicians, engineers, and life scientists.
We refer the reader to [3,4] for the derivation of mathematical models and
for the precise hypotheses and analysis. Parabolic problems with non-local
boundary specifications also arise in quasi-static theory of thermoelasticity
[5,6]. An interesting collection of non-local parabolic problems in one-space
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dimension is discussed in [8]. In the present paper, the difference schemes
for the one-dimensional heat equation with constant coefficients and nonlo-
cal boundary conditions is investigated. We selected the implicit difference
scheme as the main object of study in this paper.

2. The Finite Difference Schemes

We divide the domain [0, 1]× [0, T ] into M ×N mesh with spatial step size
h = 1

N in x-direction and the time step size k = T
M respectively. Where M

is a positive integer and N is a positive even integer. The gride points are
given by

xn = nh, n = 0, 1, · · · , N,

tm = mk, m = 0, 1, · · · ,M.

We define the following difference operators:

uk
i− 1

2
=

1
2
(uk

i + uk
i−1), δxuk

i− 1
2

=
1
h

(uk
i − uk

i−1),

u
k− 1

2
i =

1
2
(uk

i + uk−1
i ), δtu

k− 1
2

i =
1
k

(uk
i −uk−1

i ),

δ2
xuk

i =
1
h2

(uk
i+1 − 2uk

i + uk
i−1).

The inner product < ., . > for (N+1)-dimensional vectors is defined by

< u, v > =
h

3

N/2−1∑

i=0

(u2iv2i + 4u2i+1v2i+1 + u2i+2v2i+2),

and also
k∗0 = (k0(x0), k0(x1), · · · , k0(xN )),

k∗1 = (k1(x0), k1(x1), · · · , k1(xN )).

Our difference scheme for (1) is as follows [9]:

1
12

(δtu
m− 1

2
n−1 + 10δtu

m− 1
2

n + δtu
m− 1

2
n+1 )− δ2

xu
m− 1

2
n = fm

n ,

0 ≤ m ≤ M, 0 ≤ n ≤ N.
(4)

And for boundary conditions and the initial condition, we define the fol-
lowing difference operators

{ um
0 =< k∗0 , um > +g0(tn),

um
N =< k∗1 , um > +g1(tn),

(5)
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and

u0
n = g(xn), 0 ≤ n ≤ N.

Lemma 2.1([12]). Let N be an even integer, h = 1
N , xn = nh, 0 ≤ n ≤

N. If g(x) ∈ C4[0, 1]. Then

∫ 1

0

g(x)dx− h

3

N/2−1∑

i=0

[g(x2i) + 4g(x2i+1) + g(x2i+2)]

= − 1
180

h4 d4g(x)
dx4

|x=ζ , ζ ∈ (0, 1).

By Taylor,s expansion about the point (n,m)

(um+1
n )p = (um

n )p + k
∂(um

n )p

∂t
+ · · ·

= (um
n )p + k

∂(um
n )p

∂um
n

∂um
n

∂t
+ · · ·

= (um
n )p + p(um

n )p−1(um+1
n − um

n ) + · · · ,
hence to terms of order k, we have

(um+1
n )p = p(um

n )p−1(um+1
n ) + (1− p)(um

n )p. (6)

Now, we approximate the integrals in the nonlocal boundary condition
(2) by simpson’s rule. Hence we have

um+1
0 =

h

3
[k0(x0)(um+1

0 )p + 4k0(x1)(um+1
1 )p

+2k0(x2)(um+1
2 )p + · · ·+ 4k0(xN−1)(um+1

N−1)
p

+ k0(xN )(um+1
N )p] + gm+1

0 .

(7)

By (6), we obtain

am
0 um+1

0 + am
1 um+1

1 + am
2 um+1

2 + · · ·
+ am

N−1u
m+1
N−1 + am

Num+1
N = Lm

N ,
(8)

where




am
0 = phk0(x0)(um

0 )p−1 − 3, am
N = phk0(xN )(um

N )p−1,

am
2n−1 = 4phk0(x2n+1)(um

2n+1)
p−1, n = 0, 1, · · · , N

2
− 1,

am
2n = 2phk0(x2n)(um

2n)p−1, n = 1, 2, · · · , N

2
− 1,

(9)



A Partial Differential Equation with Nonlocal Nonlinear Boundary Conditions 371

and

Lm
N = (p− 1)hk0(x0)(um

0 )p + 4(p− 1)hk0(x1)(um
1 )p

+2(p− 1)hk0(x2)(um
2 )p + · · ·+ 4(p− 1)hk0(xN−1)(um

N−1)
p

+(p− 1)hk0(xN )(um
N )p − 3gm+1

0 ,

and also

bm
0 um+1

0 + bm
1 um+1

1 + bm
2 um+1

2 + · · ·+ bm
N−1u

m+1
N−1 + bm

Num+1
N = Qm

N , (10)

where




bm
0 = phk1(x0)(um

0 )p−1, bm
N = phk1(xN )(um

N )p−1 − 3,

bm
2n−1 = 4phk1(x2n+1)(um

2n+1)
p−1, n = 0, 1, · · · , N

2
− 1,

bm
2n = 2phk1(x2n)(um

2n)p−1, n = 1, 2, · · · , N

2
− 1,

(11)

and

Qm
N = (p− 1)hk1(x0)(um

0 )p + 4(p− 1)hk1(x1)(um
1 )p

+2(p− 1)hk1(x2)(um
2 )p + · · ·+ 4(p− 1)hk1(xN−1)(um

N−1)
p

+(p− 1)hk1(xN )(um
N )p − 3gm+1

1 .

By (4), we obtain

(1− 6r)um+1
n−1 + (10 + 12r)um+1

n + (1− 6r)um+1
n+1

= (1 + 6r)um
n−1 + (10− 12r)um

n + (1 + 6r)um
n+1 + 12kfm

n ,
(12)

where
r =

k

h2
.

We now consider the following difference scheme (Crank-Niklson)

δtu
m
n +

1
2
(δ2

xum+1
n + δ2

xum
n ) =

1
2
(fm+1

n + fm
n ),

and obtain
um+1

n+1 −
2 + 2r

r
um+1

n + um+1
n−1 = Mm

n , (13)

where

Mm
n = −um

n+1 +
2r − 2

r
um

n − um
n−1 −

2k

r
f(xm,

1
2
(tn + tn+1)).
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By the left-hand side of (12) and the right-hand side of (13) and (8),
(10), we obtain the following matrix equation




am
0 am

1 am
2 · · · am

N−1 am
N

α β α

. . . . . .

β α

bm
0 bm

1 bm
2 · · · bm

N−1 bm
N







um+1
0

um+1
1

...

um+1
N−1

um+1
N




=




Lm
N

...
Mm

n

...
Qm

N




, (14)

where

α = 1− 6r, β = 10 + 12r, n = 1, · · · , N − 1,

and ai, bi (i = 0, 1, · · · , N) are given by (9) and (11).

3. Numerical Example

In this section, we test the proposed difference method on an example,
whose exact solution is known to us. The right-hand side functions as well
as the nonlocal boundary value conditions and initial value conditions are
obtained from the exact solution. The systems of linear algebraic equations
have been solved by using the Gaussian pivot method.

ut − uxx =
−2(x2 + t + 1)

(t + 1)3
, 0 < x ≤ 1, t ∈ (0, T ]

subject to the nonlocal boundary conditions and the initial condition

u(0, t) =
∫ 1

0

k0(x)u2(x, t)dx− 1
6(t + 1)4

,

u(1, t) =
∫ 1

0

k1(x)u2(x, t)dx +
6t2 + 12t + 5

6(t + 1)4
,

u(x, 0) = x2, x ∈ (0, 1].

It is easily seen to have the exact solution

u(x, t) = (
x

t + 1
)2.

The results with h = 0.05, 0.005 and r = 0.4 using the finite differ-
ence formulate discussed in Section 2 are shown in following table. In
this table, we present the error for x = 0.1 and t = 0.01, 0.02, 0.03, · · · , 0.1.
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t Exact Error
h=0.05 h=0.005

0.0000 0.0100 0.0000 0.0000
0.0100 0.0098 0.0093 0.0098
0.0200 0.0096 0.0091 0.0096
0.0300 0.0094 0.0090 0.0094

... ... ...
0.1000 0.0083 0.0079 0.0083

4. Summary and Concluding Remarks

In this paper, a new numerical method was applied to the one-dimensional
diffusion equation with non-linear nonlocal boundary conditions replac-
ing standard boundary conditions. These techniques applied well for one-
dimensional diffusion with integral conditions. One example with closed
form solution is studied carefully in order to illustrate the possible practi-
cal use of this method.
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E-mail: kale@gumed.edu.pl

Subdiffusion is a fractional Brownian motion described by linear equation with

fractional Riemann–Liouville time derivative. We present the procedure of

solving the subdiffusion equation for the system with infinitely thin membrane.

The procedure exploits the Green’s function and the boundary conditions at

the membrane, which are taken in the general form as a linear combination of
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1. Formulation of the Problem

Subdiffusion is a diffusion process, where a random walker waits anoma-
lously long time to make a finite jump. Subdiffusion is characterized by
the relation 〈

(∆x)2
〉

=
2Dα

Γ(1 + α)
tα,

where Dα is the subdiffusion coefficient, α is the subdiffusion parameter
(0 < α < 1) and

〈
(∆x)2

〉
is a mean square displacement of the particle

after time t
〈
(∆x)2

〉
=

∫ +∞

−∞
x2G(x, t;x0)dx,

G(x, t; x0) denotes the Green’s function, which is the solution of subd-
iffusion equation with the initial condition G(x, 0;x0) = δ(x − x0) and
appropriate boundary conditions. The Greens function is normalized

∫ +∞

−∞
G(x, t; x0)dx = 1,

and it can be treated as a probability density of finding a diffusing particle
at point x and time t, under condition that at the initial time t = 0 the
particle was at point x = x0.
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Subdiffusion is described by the equation with fractional time derivative

∂C(x, t)
∂t

= Dα
∂1−α

∂t1−α

∂2C(x, t)
∂x2

, (1.1)

with 0 < α < 1, where C(x, t) is the particles concentration and ∂α/∂tα

denotes the Riemann-Liouville fractional time derivative defined for α > 0
by the following relation

∂αC(x, t)
∂tα

=
1

Γ(n− α)
∂n

∂tn

∫ t

0

dt′
C(x, t′)

(t− t′)1+α−n
,

the integer number n fulfills the relation n − 1 < α ≤ n. Definitions and
properties of the fractional derivatives are widely discussed in many books
and papers, see for example [1–4].

We solve the equation (1.1) in a one-dimensional system with a infinitely
thin membrane located at x = 0. In the following we use the notation

C(x, t) =

{
C1(x, t), x < 0,

C2(x, t), x > 0.

We need four boundary conditions to solve the subdiffusion equation
(1.1). Two of them are fixed at the membrane. First bonduary condition
demands the continuity of the flux at the membrane

J1(0−, t) = J2(0+, t) (≡ J(0, t)) , (1.2)

where the subdiffusive flux J(x, t) is given by the generalized Fick’s law

Ji(x, t) = −Dα
∂1−α

∂t1−α

∂Ci(x, t)
∂x

, j = 1, 2. (1.3)

There is no obvious choice of second boundary condition. We assume that
the second boundary condition is given by a linear combination of concen-
trations and flux at the membrane

b1C1(0−, t) + b2C2(0+, t) + b3J(0, t) = 0, (1.4)

where
b1b3 ≤ 0, b2b3 ≥ 0. (1.5)

Equations (1.4) and (1.5) provide the commonly used membrane boundary
conditions listed below
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kind of boundary condition b1 b2 b3

fully absorbing 0 6= 0 0
membrane 6= 0 0 0
partially absorbing 0 6= 0 6= 0
membrane 6= 0 0 6= 0
partially permeable 6= 0 6= 0 0
membrane 6= 0 6= 0 6= 0
fully reflecting membrane 0 0 6= 0

Two remaining boundary conditions should be consistent with the initial
condition

C(x, 0) = f(x).

2. Green’s Function

Solution of the equation (1.1) can be obtained from the formula

C(x, t) =
∫ ∞

−∞
f(x0)G(x, t;x0)dx0, (2.1)

where G(x, t; x0) is the solution of the equation (1.1) with the boundary
conditions (1.2), (1.4) and

G(±∞, t;x0) = 0, (2.2)

and the initial condition

G(x, 0;x0) = δ(x− x0), (2.3)

δ(x) is Dirac’s delta function.
We solve the equation (1.1) by means of the Laplace transform method.

The Laplace transforms L[f(t)] ≡ f̂(s) ≡ ∫∞
0

f(t)e−stdt of the equations
(1.1), (1.3), (1.4) and (2.1) are

Ĉ(x, s)− f(x) = Dαsα ∂2Ĉ(x, s)
∂x2

− Dα
∂α−1

∂tα−1

∂2C(x, t)
∂x2

∣∣∣∣
t=0

, (2.4)

Ĵ = −Dαs1−α dĈ(x, s)
dx

, (2.5)

b1Ĉ1(0−, s) + b2Ĉ2(0+, s) + b3Ĵ(0, s) = 0, (2.6)

Ĉ(x, s) =
∫ ∞

−∞
f(x0)Ĝ(x, s;x0)dx0, (2.7)
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respectively. The last term of (2.4) can be omitted according to Theorem
2.1.

Theorem 2.1. For a bounded function C, there is

dα−1C(x, t)
dtα−1

∣∣∣∣
t=0

= 0,

when 0 < α < 1.

Proof. Let |C(x, u)| ≤ A for u ∈ (0, t ]. Then
∣∣∣∣
∂α−1C(x, t)

∂xα−1

∣∣∣∣ ≤
A

Γ(1− α)

∫ t

0

(t− u)−αdu =
A

Γ(1− α)
t1−α −→t→0 0.

From (2.2)–(2.6) we get (here x0 < 0) [5–7]

Ĝ1(x, s;x0) = A(s)ex
√

sα/Dα +
1

2
√

Dαs1−α/2
e−|x−x0|

√
sα/Dα , (2.8)

Ĝ2(x, s;x0) = B(s)e−x
√

sα/Dα +
1

2
√

Dαs1−α/2
e−|x−x0|

√
sα/Dα , (2.9)

where

B(s)=−A(s)=
b1+b2+b3

√
Dαs1−α/2

2
√

Dαs1−α/2(b1−b2−b3

√
Dαs1−α/2)

ex0

√
sα/Dα . (2.10)

3. Example of a Solution

Let us solve the equation (1.1) for the initial condition

f(x) =

{
C0, x < 0,

0, x > 0,
(3.1)

and the boundary conditions (1.2), (1.4) and

C1(−∞, t) = C0, C2(∞, t) = 0.

From (2.7)–(2.10) and (3.1), we get

Ĉ1(x, t) =
C0

s

(
1− b1

b1 − b2 − b3

√
Dαs1−α/2

ex
√

sα/Dα

)
, (3.2)

Ĉ2(x, t) =
C0

s

b1

b1 − b2 − b3

√
Dαs1−α/2

e−x
√

sα/Dα . (3.3)
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Let us calculate the inverse Laplace transform of (3.2) and (3.3).

Theorem 3.1. Let α, β > 0 and ν ∈ R. Then,

L−1
[
sνe−asβ

]
=

1

βa
1+ν

β

H1 0
1 1

(
a

1
β

t

∣∣∣∣
1 1
1+ν

β
1
β

)
(≡ fν,β(t; a)) , (3.4)

where H is the Fox function and fν,β(t; a) can be expressed by the series

fν,β(t; a) =
1

t1+ν

∞∑

k=0

1
Γ(−kβ − ν)k!

(
− a

tβ

)k

.

For the proof we refer the reader to [7].
1. b3 = 0
Using Theorem 3.1 and L−1 {1/s} = 1, from (3.2) and (3.3) we obtain

C1(x, t) = C0

[
1− b1

b1 − b2
f−1,α/2

(
t;

|x|√
Dα

)]
,

C2(x, t) = C0
b1

b1 − b2
f−1,α/2

(
t;

x√
Dα

)
.

2. b3 6= 0
Singularities of (3.2) and (3.3) are s = 0 and s = |γ| 1

1−α/2 eiπ 2m+1
1−α/2 ,

where

γ =
b1 − b2

b3

√
Dα

.

Ci (i = 1, 2) are analytic functions at the point s = ∞. The series expansion
of b1/(b1 − b2 − b3

√
Dαs1−α/2) in the neighbourhood of the infinite point

combined with (3.2) and (3.3) give

Ĉ1(x, s) =
C0

s
− C0η√

Dα

e−x
√

sα/Dα

∞∑
n=0

γnĝn(s), (3.5)

Ĉ2(x, s) =
C0η√
Dα

ex
√

sα/Dα

∞∑
n=0

γnĝn(s), (3.6)

where ĝn(s) = s(α/2−1)n+α/2−2 and η = −b1/b3. The inverse Laplace
transform reads

Ci(x, t) =
1

2πi

∫ c+i∞

c−i∞
estĈi(x, s)ds,



Application of Equations with Fractional Derivative 379

where c > |γ|1/(1−α/2). The series occuring in (3.5) and (3.6) are uniform
convergent on the line (c−i∞, c+i∞), therefore we take the inverse Laplace
transform of the series (3.5) and (3.6) term by term with using the formula
(3.4). Finally, we get

C1(x, t) = C0

[
1− η√

Dα

∞∑
n=0

γnf(α/2−1)n+α/2−2,α/2

(
t;

|x|√
Dα

)]
,

C2(x, t) = C0
η√
Dα

∞∑
n=0

γnf(α/2−1)n+α/2−2,α/2

(
t;

x√
Dα

)
.

We add that the procedure presented in our paper has been used to
solve the equations describing the subdiffusion in various physical systems
such as the system with a thick membrane [8], the systems with chemical
reactions [9] and the electrochemical one [10].

References
[1] K. B. Oldham and J. Spanier, The fractional calculus, Academic Press, New York-

London, 1974.

[2] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional
differential equations, Elsevier, Amsterdam, 2006.

[3] I. Podlubny, Fractional differential equations, Academic Press, San Diego, 1999.

[4] K. S. Miller and B. Ross, An indroduction to the fractional calculus and fractional
differential equations, Jhon Wiley & Sons, INC., New York, 1993.

[5] T. KosztoÃlowicz, K. Dworecki and S. Mróczyński, Measuring subdiffusion parameters,
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parameter, Phys. Rev. Lett., 94 (2005), 170602-1–170602-4.

[7] T. KosztoÃlowicz, From the solutions of diffusion equation to the solutions of subdif-
fusive one, J. Phys. A: Math. Gen., 37 (2004), 10779–10789.

[8] T. KosztoÃlowicz, Subdiffusion in a system with a thick membrane, J. Membr. Sci.,
320 (2008), 492-499.

[9] T. KosztoÃlowicz and K. D. Lewandowska, Time evolution of the reaction front in a
subdiffusive system, Phys. Rev. E., 78 (2008), 066103-1–066103-2.

[10] T. KosztoÃlowicz and K. D. Lewandowska, Hyperbolic subdiffusive impedance, J.
Phys. A: Math. Theor., 42 (2009), 055004-1–055004-14.



GROWTH OF MODIFIED RIESZ POTENTIAL
IN HALF SPACE1

YAN-HUI ZHANGa and GUAN-TIE DENGb

aDepartment of Applied Mathematics, Beijing Technology and Business
University, Beijing 100048, China

E-mail: zhangyhchengd@yahoo.com.cn
bSch. Math. Sci. & Lab. Math. Com. Sys., Beijing Normal University,

Beijing 100875, China
E-mail: denggt@bnu.edu.cn

Growth at infinity is given for modified Riesz potential in the half space.
Keywords: Modified Riesz-potential, growth, estimate.
AMS No: 31B05, 31B10.

1. Introduction

Let Rn(n ≥ 3) denote the n−dimensional Euclidean space with points x =
(x1, x2, · · · , xn) = (x′, xn), where x′ ∈ Rn−1 and xn ∈ R. The boundary
and closure of an open set Ω of Rn are denoted by ∂Ω and Ω̄, respectively.
The half-space is the set H = {x = (x′, xn) ∈ Rn;xn > 0}, whose boundary
is ∂H. We identify Rn with Rn−1 × R and Rn−1 with Rn−1 × {0}.

Denote by B(x, ρ) and ∂B(x, ρ) the open ball and the sphere of radius
ρ with the center x in Rn respectively. Recall the Laplace operator

∆ = ∂2
1 + ∂2

2 + · · ·+ ∂2
n

has the property that[1]

−∆(f)(ξ) = 4π2|ξ|2f̂(ξ), (1)

where f is a Schwartz function,

f̂(ξ) =
∫

Rn

f(x)e−ixξdx

for f ∈ L1(Rn). Motivated by (1), (−∆)−
α
2 (0 < α ≤ n) can be defined as

the operator by

Iα(f)(x) = f ∗ gα(x) =
∫

Rn

f(x, y)gα(y)dy,

1Project supported by the Academic Human Resources Development in Institutions of
Higher Learning under the Jurisdiction of Beijing Municipality(PHR201008257) and Sci-
entific Research Common Program of Beijing Municipal Commission of Education(KM
200810011005) and Innovation Project for the Development of Science and Technol-
ogy(201098).
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where gα(x) = C(n,α)|x|−n+α, C(n, α) = 2−απ−
n
2

Γ( n−α
2 )

Γ( α
2 ) and the integral

is convergent, if f is a function in the Schwartz class. The operator Iα =
(−∆)−

α
2 is called Riesz Potential of order α, so u = I2(f) is the solution

of (−∆)u = f.
Let Vn be the volume of the unit ball B(0, 1) in Rn and ωn−1 be the

surface of the unit sphere Sn−1 = ∂B(0, 1), we have Vn =
π

n
2

Γ(n
2 + 1)

and

ωn−1 = nVn = 2
π

n
2

Γ(n
2 )

, C(n,2) =
Γ(n

2 − 1)
22π

n
2

=
n
2 Γ(n

2 − 1)
22π

n
2 n

2

=
Γ(n

2 )
2nπ

n
2

.

The function
E(x) = −C(n,2)|x|2−n

is the fundamental solution of (−∆)u = δ, where δ(x) is Dirac delta function
(Dirac distribution) and ωn = 2π

n
2

Γ( n
2 ) is the surface area of the unit sphere

in Rn.
The Green function G(x, y) for the upper half space H is given by [1],

namely
G(x, y) = E(x− y)− E(x− ỹ), x, y ∈ H, x 6= y,

where ˜ denotes reflection in the boundary plane ∂H just as ỹ = (y1, y2, · · · ,
yn−1,−yn), then we define the Poisson kernel P (x, y′), when x ∈ H and
y′ ∈ ∂H by

P (x, y′) = −∂G(x, y)
∂yn

∣∣∣∣
yn=0

=
2xn

ωn|x− (y′, 0)|n .

The Riesz kernel gα inspired us to define the modified Riesz kernel Gα

for the half space H by

Gα(x, y) =
1

|x− y|n−α
− 1
|x̄− y|n−α

, 0 < α ≤ n, n > 2,

gα is called Green function[2] of order α in H.
There is a positive (possibly infinite) Borel measure ν satisfied

∫

H

yndν(y)
(1 + |y|)n−α+2

< +∞, (2)

if and only if the associated Green Potential

(Gν)(x) =
∫

H

Gα(x, y)dν(y), x ∈ H. (3)

is not identically equal to +∞ (see, for example [3]) for the case 0 < α ≤ n.
We shall assume through that a potential is not identically equal to +∞,
and use the notation Gν only under this assumption.
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2. Preliminaries

In this section we shall give some lemmas. Here and later on, we use the
convertion that A denotes a positive constant depending only on indicated
parameters, and that the value may from one expression to the next. In
addition, if f and g are any functions, then we write f ∼= g provided
cf ≤ g ≤ f/c for some positive const c > 0.

The next Lemma 2.1 gives straightforward estimates involving the
Green function.

Lemma 2.1[2]. (1) If α = n = 2, then

Gα(x, y) ≤





log
3xn

|x− y| , y ∈ B(x, xn

2 ), x ∈ H,

2xnyn

|x− y|2 , x, y ∈ H.

(4)

(2) If 0 < α < n, (n > 2), then

Gα(x, y) ∼= 1
|x− y|n−α

xnyn

|x̄− y|2 , x, y ∈ Hn.

Lemma 2.2[3]. Let µ be a positive Borel measure in Rn, γ ≥ 0, µ(Rn) <
∞, for any λ ≥ 5γµ(Rn), set

E(λ) = {x ∈ Rn : |x| ≥ 2, M(dµ)(x) >
λ

|x|γ }.

Then there exists xj ∈ E(λ) , ρj > 0 (j = 1, 2, · · ·), such that

E(λ) ⊂
∞⋃

j=1

B(xj , ρj), (5)

and
∞∑

j=1

ρβ
j

|xj |γ ≤
3µ(Rn)5γ

λ
. (6)

Remark. Lemma 2.2 is the generalization of Lemma in [4], whose proof
is similar to one of Vitali Lemma.

In order to describe the asymptotic behavior of subharmonic functions
in half-spaces, we establish the following theorem.
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Main Theorem. For Green potential (3) satisfying (2) in H(0 < α ≤ n),

there exists ρj > 0, xj ∈ H, such that
∑∞

j=1

ρn−α
j

|xn−α
j | < ∞, and

v(x) = o(|x|), as |x| → ∞ (7)

holds in H\G, where G = ∪∞j=1B(xj , ρj), α > 0.

3. Proof of Main Theorem

Let µ be a positive Borel measure in Rn, γ ≥ 0. The maximal function
M(dµ)(x) of order γ is defined by

M(dµ)(x) = sup
0<r<∞

µ(B(x, r))
rγ

,

then the maximal function M(dµ)(x) : Rn → [0,∞) is lower semicontinu-
ous, hence it is measurable.

When n > 2 and α ≤ n, define the measure dm(y) and the kernel
K(x, y) by

dm(y)=
yndν(y)

1 + |y|n+2−α
,

and

K(x, y)=
1+|y|n+2−α

yn

(
1

|x− y|n−α −
1

|x̄− y|n−α
)

.

Then the Green potential now can be represented in the form

G(x) =
∫

H

K(x, y)dm(y).

For any ε > 0, there exists Rε > 2 by (2), such that
∫

|y|≥Rε

dm(y) ≤ ε

5n−β
.

For every Lebesgue measurable set E ⊂ Rn, the measure m(ε) is defined by

m(ε)(E) = m(E ∩ {x ∈ Rn : |x| ≥ Rε})
satisfying

m(ε)(Rn) ≤ ε

5n−β
.

By Lemma 2.1,

1
|x− y|n−α

− 1
|x̄− y|n−α

≤ xnyn

|x̄− y|n−α

1
|x− y|n−α

≤ xnyn|x · y|2
|x− y|n−α+2

,
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then we have

|K(x, y)| ≤ xn(1 + |y|n+2−α)
|x̄− y|2|x− y|n−α

.

Denote

G1(x)=
∫

{y:δ<|x−y)|≤ xn
2 }

K(x, y)dm(ε)(y),

G2(x)=
∫

{y: xn
2 ≤|x−y|≤3|x|}

K(x, y)dm(ε)(y),

G3(x)=
∫

{y:|x−y|≥3|x|}
K(x, y)dm(ε)(y),

G4(x)=
∫

{y:1<|y|<Rε}
K(x, y)dm(y),

G5(x) =
∫

{y:|y|≤1}
K(x, y)dm(y),

it is easy to derive

|G(x)| ≤ |G1(x)|+ |G2(x)|+ |G3(x)|+ |G4(x)|+ |G5(x)|. (8)

Let E1(λ) = {x ∈ Rn : |x| ≥ 2, ∃t > 0, m(ε)(B(x, t) ∩ Rn) > λ( t
|x| )

n−β}.
Therefore, if |x| ≥ 2Rε and x /∈ E1(λ), then we get

|G1(x)| ≤
∫

{y:δ<|x−y|≤ xn
2 }

xn(1 + |y|)n+2−α

|x− y|n+2−α
dm(ε)(y)

≤
∫

{y:δ<|x−y|≤ xn
2 }

Axn|x|n+2−α

∫ xn
2

δ

dm
(ε)
x (t)

|t|n−α+2

≤ Mε|x|,

(9)

where

m(ε)
x (t) =

∫

|x−y|≤t

dm(ε)(y), (10)

herein we explain that A is a positive constant independent of x, y, which
can be denoted different constants at different places. Moreover we have

|G2(x)| ≤
∫

{y: xn
2 <|x−y|≤3|x|}

xn(1 + |y|)n+2−α

|x− y|n+2−α
dm(ε)(y)
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≤Axn|x|n+2−α

∫ 3|x|

xn
2

dm
(ε)
x (t)

|t|n−α+2

≤Axn|x|n+2−α[
m

(ε)
x (t)

tn+2−α

∣∣∣∣∣

3|x|

xn
2

+
∫ 3|x|

xn
2

m
(ε)
x (t)

|t|n−α+3
dt

≤Axn|x|n+2−α[
εtn−β

tn+2−α|x|n−β

∣∣
t=3|x|

+
∫ 3|x|

xn
2

εtn−β

tn+3−α|x|n−β
dt]

≤A|x|n+2−αxnε|3x|α−n−2

+A|x|n+2−αxnε

∫ 3|x|

xn
2

tn−β−3dt

≤Aεx,

(11)

where m
(ε)
x (t) is defined by (10), and

|G3(x)| ≤
∫

{y:|x−y|≥3|x|}

xn(1 + |y|)n+2−α

|x̄− y|2|x− y|n−α
dm(ε)(y)

=Axn

∫

{y:|x−y|≥3|x|}

dm(ε)(y)
|x− y|n−α+2

+xn

∫

{y:|x−y|≥3|x|}

|y|n+2−α

|x− y|n+2−α
dm(ε)(y)

≤Axn

∫ +∞

3|x|

dm
(ε)
x (t)

|t|n−α+2

+Axn

∫

{y:|x−y|≥3|x|}

1
3n+2−α

dm(ε)(y)

≤Aεx,

(12)

in which m
(ε)
x (t) is defined by (10), and

|G4(x)| ≤
∫

{y:1<|y|<Rε}

∣∣∣∣
1

|x− y|n−α
− 1
|x̄− y|n−α

∣∣∣∣ dν(y)

≤ 4xnRε

∫

{y:1<|y|<Rε}

dν(y)

( |x|2 )n+2−α

=O(x), |x| → ∞,
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|G5(x)| ≤
∫

{y:|y|≤1}

4xnyn

|x− y|n+2−α
dν(y)

≤ 4xn

∫

|y|≤1

dν(y)

( |x|2 )n+2−α

=O(x), |x| → ∞.

(13)

Thus, by collecting (8), (9), (11), (12) and (13), there exists a positive con-
stant A independent of ε, such that if |x| ≥ 2Rε and x /∈ E1(ε), we have

|G(x)| ≤ Aε|x|.
Let µε be a measure in Rn defined by µε(E) = m(ε)(E ∩ Rn) for every
measurable set E in Rn. Take ε = εp = 1

2p+2 , p = 1, 2, 3, · · ·, then there
exists a sequence {Rp}: 1 = R0 < R1 < R2 < · · ·, such that

µεp
(Rn) =

∫

|y|≥Rp

dm(y) <
εp

5n−α
.

Take λ = 3 · 5n−α · 2pµεp(Rn) in Lemma 2.2, then there exist xj,p and ρj,p,
where Rp−1 ≤ |xj,p| < Rp, such that

∞∑

j=1

(
ρj,p

|xj,p| )
n−α ≤ 1

2p
,

if Rp−1 ≤ |x| < Rp and x /∈ Gp = ∪∞j=1B(xj,p, ρj,p), we have

|G(x)| ≤ Aεp|x|.
Thereby

∞∑
p=1

∞∑

j=1

(
ρj,p

|xj,p| )
n−α ≤

∞∑
p=1

1
2p

.

Set G = ∪∞p=1Gp, thus the main theorem holds.
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In this paper, the problem of smooth solutions for a general second order
parabolic type complex equation

uxx − uyy + 2iuxy − 2iz(ux + iuy)t = f(x, y, t), (x, y, t) ∈ R3

is discussed, and the result–there are C∞-functions f for which the equation
above has no C2-solutions is proved by using a method of function construc-
tion, moreover, the dependent relations between the solution u and the diffu-
sion term f is given.
Keywords: Parabolic type complex equation, holomorphic solution, Cauchy-
Kowaleski theorem, Schwarz reflection principle.
AMS No: 35A07, 35B30, 35K10.

1. Introduction

The analysis of nonlinear parabolic type equations has experienced a dra-
matic growth in the last ten years or so. The key factor in this has been
the transition from linear analysis. It is well known to us, in dealing with
the existence of solutions of partial differential equations, it was customary
during the past years and it still is today in many applications. For large
classes of equations this extension of the range of equation and solution has
been carried out, since the beginning of the last century, in particular much
attention has been given to linear partial differential equations and system
of such. If the coefficients of a linear partial equation are holomorphic,
then by the Cauchy-Kowaleski theorem in [3], we can always conclude that
there exist plenty of solutions to the given differential equation. However,
as pointed out by Lewy [6] in 1957, if the coefficients are not holomorphic,
there may be not exist any solutions at all. Since Lewy’s paper, there has
been an extensive investigation into the conditions under which a given
linear differential equation admits solutions, this can be referred to Egorov
[1], Hömander [5], Nirenberg [7] and Nirenberg-Tréves [8–9] for past and
current developments in this area. Here our aims are more modest, and
we simply wish to present an example of a general parabolic type complex
differential equation having no solution (cf. Garabedian [2] and Grushin

1This research is supported by NSF (No.Y2008A31)
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[4]). On the side of complex equations, we want to especially mention G. C.
Wen, he has first established a new method to research the real equations
using the complex analysis method, in which avoided the using of the com-
plicated functional relations, obtained and generalized a host of results (for
example to see [10–15]). The connection of the present example with the
subject of this article is in one sense negative–that is, instead of a solution
being as nice as possible, i.e., holomorphic, it is as bad as possible, i.e., it
does not even exist–and in another sense positive.

2. The Main Results and Its Proof

In this section, we deal with the following problem of smooth solutions for
a general parabolic type complex equation of second order

uxx − uyy + 2iuxy − 2iz(ux + iuy)t = f(x, y, t), (x, y, t) ∈ R3, (1)

where z = x + iy ∈ C, i2 = −1. If f(x, y, t) is a holomorphic function, then
from the classical Cauchy-Kowaleski theorem [3], the equation uxx− uyy +
2iuxy−2iz(ux + iuy)t = f(x, y, t) would admit holomorphic solutions. But
if f is not a holomorphic function, what would be happen in this cases?
For this problem, here and henceforth, we denote the right hand of the
equation (1) by using L, i.e., Lu = uxx−uyy +2iuxy−2iz(ux + iuy)t, then
first, we begin by giving one theorem as follows.

Theorem 1. Suppose that ϕ(t) be a real function of C∞. Then, if ϕ is not
holomorphic at t = 0 we have, the equation Lu = ϕ′(t) has no C2-solution
in any neighborhood of 0 ∈ R3.

Proof. Suppose that u = u(x, y, t) is a solution of equation Lu = ϕ′(t) in
|z| < R, |t| < T, where z = x + iy. In the region |t| < T, 0 ≤ r < R, let

g(r, t)=
∫

|z|=r

(ux + iuy)dz=
∫

|z|=r

uxdx−uydy+i

∫

|z|=r

uydx+uxdy, (2)

we have

g(r, t) = −2
∫

|z|≤r

uxy dxdy + i

∫

|z|≤r

(uxx − uyy)dxdy

= −2
∫ r

0

∫ 2π

0

uxyρdρdθ+i

∫ r

0

∫ 2π

0

(uxx−uyy)ρdρdθ,

(3)

by Green’s theorem. Set y = r2, G(y, t) = g(r2, t). Then Gy = grry =
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gr/(2r), so that using the equation Lu = ϕ′(t), we have

Gy =
∫

|z|=r2
iuxy dz/z +

1
2

∫

|z|=r2
(uxx − uyy) dz/z

=
1
2

∫

|z|=r2
(uxx − uyy + 2iuxy) dz/z

= i

∫

|z|=r2
(ux + iuy)t dz +

1
2

∫

|z|=r2
ϕ′(t) dz/z

= iGt +
1
2
ϕ′(t) · 2πi

= i[Gt + πϕ′(t)],

(4)

that is Gy = i[Gt + πϕ′(t)] or Gt + πϕ′(t) = −iGy. If we set F (y, t) =
G(y, t) + πϕ(t), then Fy = Gy, Ft = Gt + πϕ′(t) = −iGy = −iFy, i.e., Ft +
iFy = 0 or ∂̄F = (Ft + iFy)/2 = 0. Thus F satisfies the Cauchy-Riemann
equations, and since F is a C2-function, F is a holomorphic function of
t + iy. From F (0, t) = G(0, t) + πϕ(t) = πϕ(t), we see that F is a real
function on y = 0. By the Schwarz reflection principle, F can be extended
to a holomorphic function in the region D := {−R2 < y < 0, |t| < T},
by defining F (t + iy) = F (t− iy) for y ≤ 0. Thus πϕ(t) = F (0, t) is
holomorphic at t = 0, so that this proves the equation Lu = ϕ′(t) has
no C2-solution in any neighborhood of 0 ∈ R3, if ϕ is not holomorphic at
t = 0. Therefore the proof of the Theorem 1 is completed.

From Theorem 1 we immediately have

Theorem 2. Suppose that ϕ(t) be a real function of C∞ and if u =
u(x, y, t) is a C2-solution of the general parabolic type complex equation

uxx − uyy + 2iuxy − 2iz(ux + iuy)t = ϕ′(t), (x, y, t) ∈ R3 (5)

in a neighborhood U(0) of the point 0 ∈ R3. Then ϕ(t) is holomorphic at
t = 0.

By a change of coordinates, we have the following results.

Theorem 3. Let u = u(x, y, t) be C2 near (x0, y0, t0). Then the equation
Lu = ϕ′(t−t0−2y0x+2x0y) implies that ϕ is holomorphic in a neighborhood
of 0 ∈ R3.

Proof. Let x̄ = x− x0, ȳ = y − y0, t̄ = t− t0 − 2y0x + 2x0y. Then we can
easily to obtain

Lu = uxx − uyy + 2iuxy − 2iz(ux + iuy)t

= ux̄x̄−uȳȳ+2iux̄ȳ−2i(x̄+iȳ)(ux̄+iuȳ)t̄

= ϕ′( t̄ ).

(6)
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Hence Lu = ϕ′(t − t0 − 2y0x + 2x0y) has a solution in a neighborhood of
(x̄, ȳ, t̄) if and only if Lu = ϕ′(t̄) has a solution in a neighborhood of 0 ∈ R3.

From the proof of the Theorem 3, we have the corollary as follows:

Corollary 4. Suppose that ϕ(t) be a real function of C∞ and if u =
u(x, y, t) is a C2-solution of the general parabolic type complex equation (5)
in a neighborhood U(x0, y0, t0) of the point (x0, y0, t0) ∈ R3. Then ϕ(t) is
holomorphic at t0.

Using the same method as the proof of Lewy [6], we have the following
result.

Theorem 5. There exits C∞-function f(x, y, t) such that the general
parabolic type complex equation Lu = f(x, y, t) has no C2-solution any-
where in R3.
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1. Introduction

The set of all oriented lines in the plane can be identified with the spaces
R×S1 by associating the pair (p, ω) ∈ R×S1 with the line L(p, ω) = {x ∈
R2|x ·ω = p}. A parameterization of this line is then given by the mapping
t 7→ pω + tω⊥, ω⊥ is obtained by rotating φ counterclockwise through a
right angle, where ω = (ω1, ω2) = (cos φ, sinφ) ∈ S1 ⊂ R2 is a unit vector,
µ is a real (usually positive) number, which plays the role of a parameter,
dot product x · ω = x1ω1 + x2ω2, and p is a real number.

Let f be a smooth, compactly supported function in the plane R2.
The Radon transform of f is the function Rf on R × S1 defined so that
Rf(p, ω) is the integral of f along the line L(p, ω). If µ is a real number,
the exponential Radon transform Rµf is defined by the weighted integral

Rµf(p, ω) =
∫ +∞

−∞
f(pω + tω⊥)eµtdt. (1)

Note that the ordinary Radon transform is obtained as a special case of
the exponential Radon transform when µ = 0.

Both the Radon transform and the exponential Radon transform, as
well as the still more general attenuated Radon transform, arise in appli-
cations to medical imaging, see [3, 6, 7]. It is then of interest to invert
and characterize range of the transform. For the ordinary Radon trans-
form was studied by J. Radon and A. Hertle [5] and a generalization to the
exponential Radon transform was derived by O. Tretiak and C. Metz [2];
V. Aguilar, L. Ehrenpreis and P. Kuchment, see [1, 4]. A further general-
ization to the attenuated Radon transform was recently developed by R.
Novikov and Xiaochuan Pan, see [9, 10].

1This research is supported by the NSFC (No. 60872095), and Ningbo Natural Sci-
ence Foundation (2008A610018, 2009B21003, 2010A610100).
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The aim of this paper is to find range conditions, and to prove their
equivalent relationship theorem.

2. Main Results

Let ĝ(ξ, ω) be the Fourier transform of Rµf(p, ω) with respect to the first
variable. Then

ĝl(ξ)(ξ + µ)l is an even function of ξ for any integer l , (A)

where

ĝ(ξ, ω(φ)) =
∞∑
−∞

ĝl(ξ)eilφ (2)

is the Fourier expansion of ĝ(ξ, ω(φ)) with respect to the angle φ (as before,
ω(φ) = (cos φ sinφ)). The range conditions for Rµ are obtained:

Theorem 1. Let g(p, ω) be a function on R × S1, and µ be a positive
real. Then g = Rµf for some function f ∈ C∞0 (R2) if and only if g ∈
C∞0 (R × S1), and the Fourier transform ĝ(ξ, φ) with respect to p variable
of g(p, ω(φ)) satisfies the following condition for all real σ:

ĝ

(
iσ, φ− arcsin

σ√
σ2 + µ2

)
= ĝ

(
− iσ, φ + arcsin

σ√
σ2 + µ2

)
. (3)

Here we employ the relation ω = (cos φ, sinφ) between ω and φ.
In [1], they used the projection-slice theorem, which is introduced in [3]

to prove the necessary condition of the theorem and implied Paley-wiener
theorem, constructed a new function to prove the sufficient condition of the
theorem. In the following we only give the proof for its necessity.

Proof. Necessity. The inclusion g ∈ C∞0 (R × S1) for f ∈ C∞0 (R2) is
obvious. Let us assume that the attenuation coefficient µ is strictly positive
(the case of a negative µ can be handled exactly the same way). The
projection-slice theorem for Rµ reads

R̂µf(ξ, ω) = (2π)
1
2 f̃(ξω + iµω⊥), (4)

where hat denotes the one-dimensional Fourier transform with respect to
the p variable, and tilde denotes the two-dimensional Fourier transform. If
we put purely imaginary values ξ = iσ into (4), and get

R̂µf(iσ, ω) = (2π)
1
2 f̃(i(σω + µω⊥)).

The vectors ν = σω+µω⊥ obviously cover the exterior of the disk of radius
µ centered at the origin in R2, and a vector ν of the above form belongs
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to the line tangent to this disk at the point µω⊥. Every point a outside of
the disk can be reached along two different tangent lines, and hence it can
be represented as ν in two different ways:

a = σω1 + µω⊥1 = −σω2 + µω⊥2 .

If the polar angle of ω⊥1 is φ, then the polar angle of ω⊥2 is

φ + 2arcsin
σ√

σ2 + µ2
.

Hence, if a function r(σ, φ) can be represented as

r(σ, φ) = const · f̃(i(σω + µω⊥)),

then it automatically satisfies the following condition:

r(σ, φ) = r(−σ, φ + 2arcsin
σ√

σ2 + µ2
). (5)

In order to make the relation more symmetric, we use the angle φ −
arcsin(σ/

√
σ2 + µ2) instead of φ in (5)

r

(
σ, φ− arcsin

σ√
σ2 + µ2

)
= r

(
− σ, φ + arcsin

σ√
σ2 + µ2

)
.

So we get

ĝ

(
iσ, φ− arcsin

σ√
σ2 + µ2

)
= ĝ

(
− iσ, φ + arcsin

σ√
σ2 + µ2

)
.

This finishes the proof of the necessity of the theorem.
Due to the simple geometric meaning, the analog of (3) can be easily

written in the case of an angle-depending attenuation µ(ω). In this case,
we get the following necessary range conditions:

Theorem 2. Let g(p, ω) be a function on R×S1, µ be a positive real, and
g = Rµf for some function f ∈ C∞0 (R2). Then g ∈ C∞0 (R × S1), and the
Fourier transform ĝ(ξ, ω) with respect to p variable of g(p, ω) satisfies the
following condition for all real σ1, σ2 :

ĝ(iσ1, ω1) = ĝ(iσ2, ω2), (6)

for any σj, ωj such that

σ1ω1 + µ(ω1)ω⊥1 = σ2ω2 + µ(ω2)ω⊥2 . (7)
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Proof. The inclusion g ∈ C∞0 (R× S1) for f ∈ C∞0 (R2) is obvious. In the
above proof of Theorem 1, instead of the disk of radius µ, we get a curve
with parametric representation

a = σω + µ(ω)ω⊥,

where µ(ω) is an angle-depending attenuation. At every point of this curve
we draw the line which is perpendicular to the radius vector of the point.
If two lines intersect at some point, then we have for any σj , ωj such that

a = σ1ω1 + µ(ω1)ω⊥1 = σ2ω2 + µ(ω2)ω⊥2 .

If a function r(σ, ω) can be represented as

r(σ, ω) = const · f̃(i(σω + µω⊥)),

and we have
r(σ1, ω1) = r(σ2, ω2).

Since the projection-slice theorem (4) and let us put purely imaginary val-
ues ξ = iσ into (4), and get

R̂µf(iσ, ω) = (2π)
1
2 f̃(i(σω + µω⊥)).

Then we have
ĝ(iσ1, ω1) = ĝ(iσ2, ω2).

Remark. From the proofs of Theorems 1 and 2, we get condition (3) is
equivalent to (6) and (7), and they have the similar geometric meaning.

Theorem 3. Let ĝ(ξ, ω) be the Fourier transform of Rµf(p, ω) with respect
to the first variable,

ĝl(ξ)(ξ + µ)l is an even function of ξ for any integer l . (A)

Then we have

ĝ

(
iσ, φ + arcsin

σ√
σ2 + µ2

)
= ĝ

(
− iσ, φ− arcsin

σ√
σ2 + µ2

)
. (8)

Here we also employ the relation ω = (cos φ, sinφ) between ω and φ.

Proof. Since (A): ĝl(ξ)(ξ + µ)l is an even function of ξ for any integer l,
so we get

ĝl(ξ)(ξ + µ)l = ĝl(−ξ)(−ξ + µ)l. (9)
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Since we assume the function f is compactly supported, we may plug any
complex ξ into (9). Let us use for this purpose purely imaginary values
ξ = iσ. Then we get in (9) the values

ĝl(iσ)(µ + iσ)l = ĝl(−iσ)(µ− iσ)l. (10)

In order to prove our result, we use − sin φ+i cos φ
cos φ+i sin φ instead of i in (10), then

(10) can be written as

ĝl(iσ)
(

µ+
− sinφ+i cos φ

cos φ+i sinφ
σ

)l

= ĝl(−iσ)
(

µ−− sinφ+i cos φ

cos φ+i sinφ
σ

)l

. (11)

We have (11) multiplied by (cos φ + i sinφ)l, and get

ĝl(iσ)[µ(cos φ + i sinφ) + σ(− sinφ + i cos φ)]l

= ĝl(−iσ)[µ(cos φ+i sinφ)−σ(− sinφ+i cos φ)]l.
(12)

Divide (12) by (
√

σ2 + µ2)l, and then

ĝl(iσ) [
µ√

σ2 + µ2 (cos φ + i sinφ) +
σ√

σ2 + µ2
(− sinφ + i cos φ)]l

= ĝl(−iσ)[
µ√

σ2+µ2
(cos φ+i sinφ)− σ√

σ2+µ2
(− sinφ + i cos φ)]l,

(13)
ĝl(iσ) [ cos α (cos φ + i sinφ) + sinα (− sinφ + i cos φ) ]l

= ĝl(−iσ)[cos α(cos φ+i sinφ)−sinα(− sinφ+i cos φ)]l,
(14)

where sinα = σ√
σ2+µ2

, cos α = µ√
σ2+µ2

. It is easy to know that (14) can

be written as

ĝl(iσ) [ (cos α cos φ− sinα sinφ) + i (cos α sinφ + sinα cos φ) ]l

= ĝl(−iσ)[(cos α cos φ+sin α sinφ)+i(cos α sinφ−sinα cos φ)]l,
(15)

so

ĝl(iσ)[cos(φ+α)+i sin(φ+α)]l = ĝl(−iσ)[cos(φ−α)+i sin(φ−α)]l.

Obviously, we get

ĝl(iσ)eil(φ+α) = ĝl(−iσ)eil(φ−α), (16)

and by summing about l on both sides of (16), then we have
∞∑
−∞

ĝl(iσ)eil(φ+α) =
∞∑
−∞

ĝl(−iσ)eil(φ−α).
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Due to the definition of ĝ(ξ, ω(φ)) (as (2)), we get

ĝ(iσ, φ + α) = ĝ(−iσ, φ− α). (17)

Since
sinα =

σ√
σ2 + µ2

, cos α =
µ√

σ2 + µ2
,

so we have
α = arcsin

σ√
σ2 + µ2

. (18)

Substituting (18) into (17), furthermore we obtain the result

ĝ

(
iσ, φ + arcsin

σ√
σ2 + µ2

)
= ĝ

(
− iσ, φ− arcsin

σ√
σ2 + µ2

)
.

Theorem 4. Let conditions be stated as Theorem 1. Then the condition
(8) is equivalent to (3).

Proof. In the proof of Theorem 1, if the polar angle of ω⊥1 is φ, then the
polar angle of ω⊥2 also can be

φ− 2 arcsin
σ√

σ2 + µ2
.

We can get
r(σ, φ) = r(−σ, φ− 2 arcsin

σ√
σ2 + µ2

). (19)

We use the angle φ + arcsin(σ/
√

σ2 + µ2) instead of φ in (19)

r

(
σ, φ + arcsin

σ√
σ2 + µ2

)
= r

(
− σ, φ− arcsin

σ√
σ2 + µ2

)
.

So

ĝ

(
iσ, φ + arcsin

σ√
σ2 + µ2

)
= ĝ

(
− iσ, φ− arcsin

σ√
σ2 + µ2

)
.

Hence the condition (8) is equivalent to (3).
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In Carnot-Carathéodory space, we prove the existence of an exponent r1 (1<

r1 < p), such that every very weak solution u ∈ W 1,r
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equation div(|∇u|p−2∇u) = 0 is a Q-quasiminima of functional
∫
Ω |Xu|rdx,

and Q is independent of r.
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1. Introduction

Let Ω ⊂ Rn be a bounded region and X = (X1, . . . , Xn) be a family of
smooth vector fields in Rn defined on a neighborhood of Ω with real, C∞

coefficients. The family satisfies the Hörmander condition, if there exists
an integer m such that a family of commutators of the vector fields up to
the length m, i.e. the family of vector fields

X1, . . . , Xn, [Xi1 , Xi2 ], . . . , [Xi1 , [Xi2 , [. . . , Xim
]] · · ·], ij =1, 2, . . . , n,

spans the tangent space TxRn at every point x ∈ Rn.
For u ∈ Lip(Rn), we define Xju by

Xju(x) = 〈Xj(x),5u(x)〉, j = 1, 2, . . . , n,

and set Xu = (X1u, . . . , Xnu). Its length is given by

|Xu(x)| =
( n∑

j=1

|Xju(x)|2
)1/2

,

X∗ = (X∗
1 , . . . , X∗

n) is a family of operators, where X∗
j is a formal adjoint

to Xj in L2, i.e.
∫

Rn

(X∗
j u)vdx = −

∫

Rn

uXjvdx for functions u, v ∈ C∞0 (Rn).

Given Rn with the family of vector fields, we define a distance function %.
We say that an absolutely continuous curve γ : [a, b] −→ Rn is admissible,
if there exist functions cj : [a, b] −→ R (j = 1, . . . , n), such that

γ̇(t) =
n∑

j=1

cj(t)Xj(γ(t)) < ∞ and
n∑

j=1

cj(t)2 ≤ 1.
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Functions cj do not need to be unique, because vector fields Xj do not need
to be linearly independent. The distance %(x, y) between points x and y is
defined as the infimum of those T > 0 for which there exists an admissible
curve γ : [0, T ] −→ Rn, such that γ(0) = x and γ(T ) = y. If such a curve
does not exist, we set %(x, y) = ∞. The function % is called the Carnot-
Carathéodory distance. In general it does not need to be a metric. When
the family X1, . . . , Xn satisfies the Hörmander condition, then % is a metric
and we say that (Rn, %) is a Carnot-Carathéodory space.

Here and subsequently all the distances will be with respect to the
metric %. The metric % is locally Hölder continuous with respect to the
euclidean metric. Thus the space (Rn, %) is homeomorphic with the eu-
clidean space Rn, and every set which is bounded in Euclidean metric is
also bounded in the metric %. The reverse implication is not true. How-
ever, if X1, . . . , Xn have globally Lipschitz coefficients, then it is known that
every bounded set with respect to % is also bounded in euclidean metric.

In the following, all the balls B are balls with respect to the C. C.
metric. If σ > 0 and B = B(x, r), then σB will denote a ball centered in x
of radius σ · r. By diamΩ we will denote the diameter of the set Ω. We will
consider the Lebesgue measure in the Carnot-Carathéodory space. As we
change the metric, the measure of B(x, r) is no longer equal to the familiar
ωnrn. However, the important fact is that the Lebesgue measure in the
Carnot-Carathéodory space satisfies the so-called doubling condition.

Theorem 1.1. Let Ω be an open, bounded subset of Rn. There exists a
constant Cd ≥ 1 such that

|B(x0, 2r)| ≤ Cd|B(x0, r)|, (1.1)

provided x0 ∈ Ω and r < 5diamΩ.
The best constant Cd is known as the doubling constant and we call a

measure satisfying the above condition a doubling measure. Iterating (1.1)
we obtain a lower bound on µ(B(x, r)). Given a first-order differential
operator X = (X1, . . . , Xn), the Sobolev space W 1,p

X (Ω) is defined in the
following way:

W 1,p
X (Ω) = {u ∈ Lp(Ω) : Xju ∈ Lp(Ω), j = 1, 2, . . . , n},

where Xju is the distributional derivative. The W 1,p
X norm is defined by

‖u‖1,p = ‖u‖p + ‖Xu‖p.

Smooth functions are dense in W 1,p
X (Ω). The existence of smooth cut-off

functions is known. We have Sobolev and Poincaré type inequalities.
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Theorem 1.2. Let Q be a homogeneous dimension relative to Ω. There
exist constants C1, C2 > 0, such that for every metric ball B = B(x, r),
where x ∈ Ω and r ≤ diamΩ, the following inequalities hold:

( ∫

B

− |u− uB |s
∗
dx

)1/s∗

≤ C1r

( ∫

B

− |Xu|sdx

)1/s

for 1≤s<Q,

where s∗ = Qs/(Q− s) and
∫

B

− |u− uB |sdx ≤ C2r
s

∫

B

− |Xu|sdx for 1 ≤ s < ∞.

Consider the integral functional
∫

Ω

F (x,Xu(x)dx, (1.2)

in which Ω is an open subset of Rn (n ≥ 2), u : Ω → Rm (m ≥ 1) and F :
Ω× Rmn → R is a Carathéodory function, such that

|F (x, ξ)| ≤ c|ξ|p + α(x)

for p > 1 and α(x) ∈ L1(Ω). If F satisfies the following Lipschitz type
condition

|F (x, ξ + η)− F (x, ξ)| ≤ c|η|[|ξ|p−1 + |η|p−1 + g(x)],

then the notion of the weak minimizer makes sense.

Definition 1.1. A mapping u ∈ W 1,r
loc (Ω,Rm), max{1, p − 1} ≤ r ≤ p, is

called a weak minimizer of the integral (1.2), if
∫

Ω

[F (x,Xu + XΦ)− F (x,Xu)]dx ≥ 0

for all Φ ∈ W 1,r/(r−p+1)(Ω,Rm) with compact support.
If we assume that F is differentiable with respect to the variable ξ ∈

Rnm, then it can be proved that the weak minimizer of (1.2) solves the
equation ∫

Ω

A(x,Xu)XΦdx = 0 (1.3)

for all Φ ∈ W
1,r/(r−p+1)
0 , where A(x, ξ) = XξF (x, ξ). Let us note that

r/(r− p+1) > p for r < p. Then we can say that u is a very weak solution
of the Euler-Lagrange system.
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In this paper we will prove that very weak solution of equation of type
(1.3) are quasiminima of the functional

I(u, Ω) =
∫

Ω

|Xu|rdx.

Thus we consider a mapping A : Ω × Rm × Rmn → Rmn, such that for
(x, u, ξ) ∈ Ω× Rm × Rmn

A(x, u, ξ)ξ ≥ a|ξ|p, p ≥ 2, (1.4)

|A(x, u, ξ)−A(x, u, η)| ≤ b|ξ − η|(|ξ|+ |η|)p−2, (1.5)

|A(x, u, 0)| ≤ h(x) + d|u|p−1, (1.6)

where a, b, d are positive constants and h is a non negative function of class
Lr/(p−1)(Ω), with some r ≤ p.

Let u ∈ W 1,r
loc (Ω,Rm) be a very weak solution of the A-harmonic equa-

tion
divA(x, u, Xu) = 0. (1.7)

Our main result is

Theorem 1.3. For each A-harmonic system (1.7), there exist exponents

p−1<r1 =r1(m,n, p, a, b, d)<p<r2 =r2(m,n, p, a, b, d),

and a constant Q = Q(m,n, p, a, b, d) such that, if r1 ≤ r ≤ r2, then for
any test mapping ϕ ∈ W 1,r

0 (B,Rm) and a ball B ⊂⊂ Ω, we have
∫

B

(|Xu|r+|u|r+h(x)r/(p−1)dx

≤Q

∫

B

(|X(u+ϕ)|r+|u + ϕ|r+h(x)r/(p−1))dx.

(1.8)

The inequality (1.8) reads that a solution of (1.7) is a quasiminimum of
the functional

J (u, Ω) =
∫

Ω

(|Xu|r + |u|r + h(x)r/(p−1))dx

(see Definition 1.2 below).
Let us consider the functional

G(u, Ω) =
∫

Ω

G(x, u, Xu)dx, (1.9)
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in which Ω is a bounded domain in Rn, u = u(u1, · · · , um) is a mapping
into Rm (m > 1) and G(x, u, z) is a Charathéodory function. The latter
means that G is measurable in x for every (u, z) and continuous in (u, z)
for almost every x ∈ Ω.

Suppose that G satisfies the following growth and coercivity conditions

|z|a − b|u|a − a(x) ≤ G(x, u, z) ≤ µ|z|a + b|u|a + a(x), a > 1,

where a(x) is a given non negative function and b, µ are non negative con-
stants.

Definition 1.2. A function u ∈ W 1,a
loc (Ω, Rm) is a Q-quasiminimum (Q ≥

1), for the functional G if for any ball B ⊂⊂ Ω and for any ϕ ∈ W 1,a
0 (B),

we have G(u,B) ≤ QG(u + ϕ,B).
It turns out that under the above assumptions every quasiminimum

u ∈ W 1,a
loc (Ω,Rm) of the functional (1.8) is a quasiminimum (with different

constant Q) of the simple functional
∫

Ω

(|Xu|a + b|u|a + a(x))dx. (1.10)

Let’s recall the following regularity result of quasiminima.

Theorem 1.4. Let u ∈ W 1,a
loc (Ω,Rm) be a Q-quasiminimum and a quasi-

minimum of the functional (1.10) with a(x) ∈ Ls(Ω), s > 1. Then there
exists an exponent q > a, such that u ∈ W 1,a

loc (Ω, Rm). Moreover, there
exists R0 > 0, such that for every ball BR ⊂ Ω with R < R0

∫

BR/2

(|Xu|a+b|u|a)q/adx≤c{[
∫

BR

(|Xu|a+|u|a)dx]q/a+[
∫

BR

a(x)q/adx]q},

in which
∫

BR
stands for the integral mean over the ball BR.

Proposition 1.1. Let u be a Q-quasiminimum of G(u, Ω) of class W 1,a
loc

(Ω, Rm) (1 < a < q), with a constant Q independent of a. Then there exists
a constant c = c(q, Q, n), such that

∫

BR/2

(|Xu|a + |u|a)dx ≤ c[
∫

BR

(|Xu|t + |u|t)dx]a/t + c

∫

BR

a(x)dx

for every t with max{1, na/(n + a)} ≤ t < a, for every pair of concentric
balls BR/2, BR with BR ⊂⊂ Ω.

Proof. Let BR ⊂⊂ Ω and R/2 < σ < s < R. If ϕ = −η(u − us), where
us = −∫

Bs
udx and η ∈ C∞0 (Bs), 0 ≤ η ≤ 1, η = 1 on Bs, |Xη| ≤ 2(s−σ)−1,
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from the definition 1.2 it follows that∫

Bs

(|Xu|a + |u|a)dx ≤ Q1[
∫

Bs

(1− η)a|Xu|adx

+
∫

Bs

|Xη|a|u− us|adx+
∫

Bs

|u− us|adx + |us|a|Bs|+
∫

Bs

a(x)dx,

where Q1 = Q1(Q, q).
Noting that

∫
Bs
|u − us|adx ≤ |BR|a/n

∫
Bs
|Xu|adx, if R < 1 is such

that Q1|BR|a/n < 1, we can subtract the term
∫

Bs
|u−us|adx from the left

hand side, and get
∫

Bσ

(|Xu|a + |u|a)dx ≤ Q2[
∫

Bs−Bσ

|Xu|adx

+
1

(s− σ)a

∫

Bs

|u− us|adx + |us|a|Bs|+
∫

Bs

a(x)dx].

Since ∫

Bs

|u− us|adx ≤ c

∫

BR

|u− uR|adx, c = c(n),

|us| ≤ 2n −
∫

BR

|u|dx,

we have ∫

Bσ

(|Xu|a + |u|a)dx ≤ Q3[
∫

Bs−Bσ

|Xu|adx

+
1

(s− σ)a

∫

BR

|u− uR|adx + |BR|(−
∫

BR

|u|dx)a +
∫

BR

a(x)dx].

Adding the term

Q3

∫

Bσ

(|Xu|a + |u|a)dx

to both sides and applying Lemma 6.1 of [3], we obtain
∫

BR/2

(|Xu|a + |u|a)dx ≤ c[R−a

∫

BR

|u− uR|adx

+
∫

BR

a(x)dx + |BR|
∫

BR

|u|dx)a],

where c = c(q, Q, n).
Finally, if {1, na/(n + a)} ≤ t < a, by Sobolev-Poincaré inequality, we

have the result∫

BR/2

(|Xu|a+|u|a)dx≤cR(1−a/t)n[
∫

BR

(|Xu|t+|u|t)dx]a/t+c

∫

BR

a(x)dx.
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If f is a function of class La(Ω), we have

‖f‖a = (
∫

Ω

|f |adx)1/a.

In order to prove theorem 1.3, we also need the following lemma.

Lemma 1.1. Let Ω ⊂ Rm be a regular domain and w : Ω → Rm, with
w ∈ W 1,a

0 (Ω,Rm), a > 1, and let −1 < ε < a − 1. Then there exist Φ ∈
W

1,a/(1+ε)
0 (Ω,Rm), and H ∈ La/(1+ε)(Ω,Rm) such that H is divergence-

free and
|Xw|εXw = XΦ + H.

Moreover
‖H‖La/(1+ε)≤ c(a, n, m)|ε|‖Xw‖1+ε

La ,

‖XΦ‖La/(1+ε) ≤ c(a, n, m)‖Xw‖1+ε
La ,

(1.11)

where the constant c in (1.11) is independent of a, provided a ∈ K, for
some compact K ⊂ (1,+∞).

2. Proof of the Main Theorem

Suppose that A : Ω×Rm×Rmn → Rmn satisfies (1.4), (1.5) and (1.6). Let
us consider the equation (1.7).

Definition 2.1. A function u ∈ W 1,r
loc (Ω,Rm) is a very weak solution of

the equation (1.7), if ∫

Ω

A(x, u, Xu)XΦ = 0

for any Φ ∈ W
1,r/(r−p+1)
0 (Ω,Rm).

Proof of Theorem 1.3. Let u ∈ W 1,r
loc (Ω,Rm) be a very weak solution of

(1.7). Fix a ball B = B(x0, R), such that B(x0, R) ⊂⊂ Ω and a function
ϕ ∈ W 1,r

0 (B,Rm), by lemma 1.1, there exist Φ ∈ W
1,r/(r−p+1)
0 (B,Rm),H ∈

Lr/(r−p+1)(B,Rm) such that

XΦ = |XΦ|r−pXϕ−H, (2.1)

‖H‖r/(r−p+1) ≤ c|r − p|‖Xϕ‖r−p+1
r , (2.2)

‖XΦ‖r/(r−p+1) ≤ c‖Xϕ‖r−p+1
r , (2.3)

where c is independent of x0, R and r (p− 1 ≤ r ≤ p). By definition 2.1 we
have ∫

B

A(x, u, Xu)XΦ = 0. (2.4)
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According to (1.4), (1.5), (1.6), we have

a

∫

B

|Xϕ|rdx ≤
∫

B

A(x, u, Xϕ)|Xϕ|r−pXϕdx

=
∫

B

[A(x, u, Xϕ)−A(x, u, Xu)]|Xϕ|r−pXϕdx+
∫

B

A(x, u, Xu)Hdx

≤ b

∫

B

|Xu−Xϕ|(|Xϕ|+ |Xu|)p−2|Xϕ|r−p+1dx

+
∫

B

[A(x, u, Xu)−A(x, u, 0)]Hdx +
∫

B

A(x, u, 0)Hdx

≤ b [
∫

B

|Xu−Xϕ|(|Xϕ|+ |Xu|)r−1dx +
∫

B

|Xu|p−1|H|dx]

+
∫

B

h(x)|H|dx + d

∫

B

|u|p−1|H|dx.

Let g(x) = (Xu−Dϕ)(x). Then by (2.2) and (2.3), we get

a‖Xϕ‖r
r ≤ b‖g‖r‖Xϕ + (g + Xϕ)‖r−1

r

+bc|r − p|‖Xϕ‖r−p+1
r (‖g‖r + ‖Xϕ‖r)p−1

+c|r − p|‖h‖r/(r−p)‖Xϕ‖r−p+1
r + dc|r − p|‖u‖p−1

r ‖Xϕ‖r−p+1
r .

Moreover by Young’s inequality, we have

a‖Xϕ‖r
r ≤ c1(εr/(r−1)+|r − p|)‖Xϕ‖r

r + c2|r − p|(‖u‖r
r

+‖h‖r/(p−1)
r/(p−1)) + c3[(

1
ε
)r + 1]‖g‖r

r.
(2.5)

On the other hand, by Sobolev’s inequality, we get

‖ϕ‖r
r ≤ (

r(n− 1)
n− r

)r|Ω|r/n‖Xϕ‖r
r ≤ (

p(n− 1)
n− p

)p(|Ω|+ 1)p/n‖Xϕ‖r
r. (2.6)

Combing (2.5), we have

a‖Xϕ‖r
r ≤ c′(εr/(r−1) + |r − p|)‖Xϕ‖r

r

+c′′(‖h‖r/(p−1)
r/(p−1) + ‖u− ϕ‖r

r + ‖Xu−Xϕ‖r
r).

with c′ = c′(b, d, p, m, n), c′′ = c′′(b, d, p, m, n).
We can choose r, ε such that

c′(|r − p|+ εr/(r−1)) ≤ a/2,
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so we can find r1 and r2, which are in the statement of the theorem, such
that, for r1 ≤ r ≤ r2 and for some constant c independent of r,

∫

B

|Xϕ|rdx ≤ c

∫

B

(|Xu−Xϕ|r + |u− ϕ|r + h(x)r/(p−1))dx. (2.7)

Remark that
∫

B

(|Xu|r+|u|r)dx≤2r

∫

B

(|Xu−Xϕ|r+|u−ϕ|r)dx+2r

∫

B

|Xϕ|r+|ϕ|r)dx.

Then, by using (2.6), (2.7), we can get the result.
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1. Introduction

Let ω(x) be a local integrable nonnegative function in Rn (n ≥ 2). A Radon
measure µ is canonically associated with the weigh ω(x):

µ(E) =
∫

E

ω(x)dx. (1.1)

Thus
dµ(x) = ω(x)dx,

where dx is n-dimensional Lebesgue measure. In what follows, the weight
ω(x) and the measure µ are identified via (1.1).

We say that w( or µ)is p-admissible, if the following four conditions are
satisfied:

(1) 0 < w < ∞ almost everywhere in Rn and the measure µ is doubling,
i.e. there is a constants C1 > 0 such that µ(2B) ≤ C1µ(B), where B is a
ball in Rn.

(2) If D is an open set and φi ∈ C∞(D) is a sequence of functions such
that ∫

D

|φi|pdµ → 0 and
∫

D

|∇φi − v|pdµ → 0 as i →∞,

where v is a vector-valued measurable function in Lp(D;µ;Rn), then v = 0.
(3) There are constants χ > 1 and C2 > 0, such that

(
1

µ(B)

∫

B

|φ|χpdµ

)1/χp

≤ C2r

(
1

µ(B)

∫

B

|φ|pdµ

)1/p

,

1The research is supported by Natural Science Foundation of Hebei Province
(A2010000910) and Tangshan Science and Technology projects (09130206c).
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whenever B = B(x0, r) is a ball in Rn and φ ∈ C∞0 (B).
(4) There is a constant C3 > 0, such that

∫

B

|φ− φB |pdµ ≤ C3r
p

∫

B

|∇φ|pdµ,

whenever B = B(x0, r) is a ball in Rn, and φ ∈ C∞0 (B) is bounded. Here

φB =
1

µ(B)

∫

B

φdµ.

For the details of p-admissible to see [3].
Let Ω be a bounded open subset of Rn. Consider the functiona1

I(u; Ω) =
∫

Ω

f(x, u, Du)dx, u ∈ W 1,p
loc (Ω), (1.2)

where the integrand f : Ω × R × Rn is a Carathéodory function. The
regularity property for minima of the functional I is an important research
content in the Modern analysis.

Definition 1.1. By a local minima of the functional I we mean functions
u ∈ W 1,p

loc (Ω), such that for every Ψ ∈ W 1,p(Ω)with suppΨ ⊂⊂ Ω, it results
in

I(u, suppΨ) ≤ I(u + Ψ, suppΨ). (1.3)

The aim of the present paper is to prove the local regularity property
for minima of the functional I. Recently, Giachetti and Porzio proved in
[1] the regularity theory for local minima of (1.2) with the functional I
satisfies the condition

a | ξ |p≤ f(x, s, ξ) ≤ b | ξ |p +ϕ0(x), (1.4)

where ϕ0(x) ∈ Lr
loc(Ω), p > 1, r > 1. This result was extended by Hong-

ya Gao et al.[2] to the local regularity result of the minima of function I
with the more general growth conditions than (1.4). Precisely, the authors
considered the minima of functionals, where f is a Carathéodory function
satisfying the growth conditions

| ξ |p−b | s |a−ϕ0(x) ≤ f(x, s, ξ) ≤ a | ξ |p +b | s |a +ϕ1(x), (1.5)

where p > 1, ϕ0(x) ∈ Lr1
loc(Ω), ϕ1(x) ∈ Lr2

loc(Ω), r1, r2 > 1, a ≥ 1 and b is
positive constant, p ≤ a ≤ np

n−p .
This paper is aimed at bringing weight function into the minima of

function, and proving the regularity result of the minima of function (1.2),
which meet the weighting growth condition

α | ξ |p≤ f(x, s, ξ)
ω(x)

≤ β | ξ |p +γ | s |a . (1.6)
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2. Lemma and Preliminary Knowledge

Definition 2.1[3]. Given a nonnegative locally integrable function ω, we
say that ω belongs to the Ap class of Muckenhoupt, 1 < p < ∞, if

sup
Q

(
1
| Q |

∫

Q

ωdx

)(
1
| Q |

∫

Q

ω
1

1−p dx

)p−1

= Ap(ω) < ∞, (2.1)

where the supremum is taken over all cubes Q of Rn.
When p = 1, replace the inequality (2.2) with

Mω(x) ≤ c ω(x)

for some fixed constant c and a.e. x ∈ Rn, where M is the Hardy-Littlewood
maxima1 operator.

It is well known that A1 ⊂ Ap, whenever p > 1 (see [3]). We say that a
weight ω is doubling, if there is a constant c > 0 such that

µ(2Q) ≤ c µ(Q),

whenever Q ⊂ 2Q are concentric cubes in Rn, where 2Q is the cube with the
same center as Q and with sidelength twice that of Q. Given a measurable
subset E of Rn, we will denote by Lp(E, ω), 1 < p < ∞, the Banach space
of al1 measurable functions f defined on E for which

‖f‖Lp(E,ω) =
( ∫

E

| f(x) |p ω(x)dx

) 1
p

. (2.2)

The weighted Sobolev class W 1,p(E, ω) consists of all functions f for which
f and its first generalized derivative belongs to Lp(E, ω), 1 < p < ∞. The
symbols Lp

loc(E, ω) and W 1,p
loc (E, ω) are self-explanatory.

We need the following Lemma in the proof of the main theorem.

Lemma 2.1[4]. Let Q = Q(R) be any cube with side-length R, τ > 1
and u ∈ C1(Q̄). Then there exist constants c, δ∗ > 0, such that for all
1 ≤ K ≤ K∗ = n

n+1 + δ∗,

(
1

µ(Q)

∫

Q

| u−u(Q) |Kτ dµ

) 1
Kτ

≤ CR

(
1

µ(Q)

∫

Q

| 5u |τdµ

) 1
τ

, (2.3)

where
uQ =

1
µ(Q)

∫

Q

udµ.

It is obvious that (2.3) can be extended to functions u ∈ W 1,Kτ (Q̄) by
an approximation argument.
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Lemma 2.2[5]. Let f(t) be a nonnegative bounded function defined for
0 < τ0 ≤ t ≤ τ1. Suppose that for τ0 ≤ t ≤ s ≤ τ1, we have

f(t) ≤ A(s− t)−a + B + θf(s),

where A,B, a, θ are nonnegative constants and θ < 1. Then there exists a
constant c0, depending only on a, θ, such that for every ρ,R, τ0 ≤ ρ < R ≤
R1, we have

f(ρ) ≤ c0[A(R− ρ) + B].

We need the following Lemma in the proof of the main theorem.

Lemma 2.3[6]. Suppose that ω is a doubling weight and non-negative
f ∈ Lr

loc(Ω, ω) (1 < τ < ∞) satisfying

(
1

µ(Q)

∫

Q

fτdµ

) 1
τ

≤ C1
1

µ(2Q)

∫

2Q

fdµ

for each cube Q such that 2Q ⊂ Ω, where the constant c1 (≥ 1) is indepen-
dent of the cube Q. Then there exist q > τ so that

(
1

µ(Q)

∫

Q

fqdµ

) 1
q

≤ C2

(
1

µ(2Q)

∫

2Q

fτdµ

) 1
τ

,

where the constants c2 (≥ 1) is independent of the cube Q. In particular,
f ∈ W 1,q

loc (Ω, ω).

3. Theorem and Its Proof

Theorem 3.1. Suppose that ω ∈ A1 be a doubling Muckenhoupt weight.
Then there exists p1 > p, such that for any local minima u ∈ W 1,p

loc (Ω, ω) of
the functional I, we have u ∈ W 1,p1

loc (Ω, ω).

Proof. Let ω ∈ A1 be a doubling Muckenhoupt weight and u ∈ W 1,p
loc (Ω, ω)

be a minima of the functional I. For an arbitrary cube 2Q ⊂⊂ Ω, take a
cut-off function η ∈ C∞0 (2Q), such that

0 ≤ η ≤ 1, η ≡ 1 in Q, | Dη |≤ c(n)
R

,

where R is the side-1ength of Q. Choose

Ψ = −η(u− c)− c,
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where c is a constant to be determined later on. By the minimality of u,
we obtain

∫
2Q

f(x, u, Du)dx ≤
∫

2Q

f(x, u + Ψ, Du + DΨ)dx

=
∫

2Q

f(x, (1−η)(u−c), (1−η)Du−Dη(u−c))dx.

(3.1)

Using (1.6) and (3.1), we have

a
∫

Q
| Du |p dµ ≤

∫

Q

f(x, u, Du)dx

≤
∫

2Q

f(x, u, Du)dx,

≤
∫

2Q

f(x, (1−η)(u−c), (1−η)Du−Dη(u−c))dx

= β

∫

2Q

| (1− η)Du−Dη(u− c) |p dµ

+γ

∫

2Q

| (1− η)(u− c) |a dµ.

(3.2)

By the basic inequality

(a + b)p ≤ 2p−1(ap + bp), a, b ≥ 0, p ≥ 1,

we have

a
∫

Q
|Du|p dµ ≤ 2pβ

∫

2Q

|(1−η)Du|p dµ+2pβ

∫

2Q

|Dη|p |u−c|p dµ

+γ

∫

2Q

|1− η|2 |u− c|2 dµ.

(3.3)
Taking c = u2Q and by Lemma 2.1 with Kτ = p, τ > 1, 1 ≤ K ≤ n

n− 1
+δ∗

for any 1 < K < min
{

p,
n

n− 1

}
, we obtain that

∫

2Q

|Dη|p |u− c|p dµ ≤ CR

(
1

µ(2Q)

)K−1 (∫

Q

|Du|τ dµ

)K

. (3.4)

Thus
∫

2Q

|1− η|a |u− c|a dµ ≤ CR

(
1

µ(2Q)

)K−1 (∫

Q

|Du|τ dµ

)K

, (3.5)
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substituting (3.4), (3.5) into (3.3), and adding

2pβ

∫

Q

|Du|p dµ

on both sides of previous inequa1ity, we obtain
∫

Q

|Du|p dµ ≤ 2pβ

α + 2pβ

∫

2Q

|Du|p dµ

+
(2pβ+γ)CR

α+2pβ

(
1

µ(2Q)

)K−1(∫

Q

|Du|τdµ

)K

.

By Lemma 2.2, there exists a constant c0 such that

∫

Q

|Du|p dµ ≤ c0
(2pβ + γ)CR

α + 2pβ

(
1

µ(2Q)

)K−1(∫

Q

|Du| p
K dµ

)K

. (3.6)

Dividing by µ(Q) in both sides of the above inequality yields

1
µ(Q)

∫

Q

|Du|p dµ ≤ c′
(

1
µ(2Q)

)(∫

Q

|Du| p
K dµ

)K

, (3.7)

we are now in a position of using Lemma 2.3 to improve the degree of
integrability of |Du|. According1y, there exists p1 > p such that |Du| ∈
Lp1

loc(Ω, ω). By Sobolev imbedding theorem we have u ∈ W 1,p1
loc (Ω, ω). This

completes the proof of the theorem.
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In this paper, the solutions of the Riemann boundary value problems on infi-
nite dimensional locally convex spaces into other infinite dimensional locally
convex spaces are presented, via piecewise holomorphic mappings on infinite
dimensional locally convex spaces, except for infinite dimensional locally con-
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1. Introduction

The theory of classical singular integral equations and boundary value prob-
lems of holomorphic functions on a complex plane C into another complex
plane has been summarized in [6]. Solutions of boundary value problems
(BVP for short) on C into Banach spaces or locally convex spaces has been
studied as well (see [3,4]). But the research into the solutions of BVP of
holomorphic mappings on an infinite dimensional space into another infi-
nite dimensional space are much more difficult. In this paper, solutions
of BVP on an infinite dimensional locally convex m-algebra, except for lo-
cally convex and bounded differential manifolds with infinite dimensions as
a boundary into another infinite dimensional locally convex m-algebra are
explained.

We shall state solutions of BVP on an infinite dimensional complex lo-
cally convex space in the following aspects: Section 2 gives locally convex
spaces for a class, the concepts and properties of holomorphic and mero-
morphic mappings on locally convex spaces. In Section 3, the concepts and
properties of singular integral, the Hölder condition, and the Plemelj formu-
las on infinite dimensional spaces are obtained. In Section 4, the solutions
of Riemann boundary value problems of holomorphic mappings on infinite
dimensional spaces into other infinite dimensional spaces are constructed.

2. Locally Convex Spaces for A Class

2.1. Product spaces
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In this subsection, the properties of product spaces are showed. Be-
cause every locally convex space is topologically isomorphic to a linear
subspace of a topological product of Banach spaces by conclusion 18.3.(7)
of Section 18 in [5], the topological product of Banach spaces is discussed
in this subsection and the following subsections, in order to establish the
solutions of boundary value problems on a set in infinite dimensional
spaces into other infinite dimensional spaces. We introduce product spaces
as follows. Let Eι and Fι be commutative and complex Banach algebras
with the unit element eι and with the unit element ėι for any ι respectively.

Let E =
∏
ι
Eι and F =

∏
ι
Fι. Let a : (0, 1) → (0, 1) be a bijective

mapping. Similarly, define
∏
ι′

zι′ =
∏
ι

zι ∈ E(F). Here ι′ = aι. Define the

multiplication in E by zw =
∏
ι

zιwι. Here zι, wι ∈ Eι. From the definition

of the multiplication we can derive that the inverse z−1 of z is written as∏
ι

z−1
ι if z−1 exists in E . In E ι(F ι), the point at infinity is defined by

‖zι‖ = ∞, denoted by ∞ι. Define
_∞=

∏
ι
∞ι. Let

Ω=
{( ∏

0<ι<1,ι6=τj

Eι

)
×

k∏

j=1

{zτj
:‖zτj

‖<rτj
} :

τj ∈ (0, 1), k ∈ N+

0 < rτj
< ∞

}
. (2.1)

Then Ω in (2.1) is the base of neighborhoods of 0̂ in E . Here 0̂ =
∏
ι

0

and N+ is a set consisting of all positive integers. Any neighborhood in Ω
is one-to-one correspondent to a τ -norm (i.e. semi-norm) ‖z‖τ(k), where

‖z‖τ(k) =
( k∑

j=1

‖zτj‖2
) 1

2
for any positive integer k. We can get that E

is Hausdorff by using all Eι being Banach spaces. In fact, assume z1 6=
z2 ∈ E , then there exists a ι0 such that z1ι0 6= z2ι0 in Eι0 . It follows
that there are two neighborhoods satisfying 5r1ι0

(z1ι0)
⋂5r2ι0

(z2ι0) = ∅,
because Eι0 is Hausdorff. Here 5rjι0

(zjι0) = {zι0 : ‖zι0 − zjι0‖ < rjι0} for
j = 1, 2. So there exist two neighborhoods 5rj

(zj) (j = 1, 2) ⊂ E such that
5r1(z1)

⋂5r2(z2) = ∅, where 5rj
(zj) =

∏
ι6=ι0

Eι × 5rjι0
(zjι0). Thus E is

Hausdorff. We can check that E is a Hausdorff complex locally m-convex
and commutative algebra with the unit element ê =

∏
ι

eι.

Let L(Eι,Fι) be a set consisting of all bounded linear mappings from
a locally convex space Eι into Fι. Let L(E ,F) =

∏
ι
L(Eι,Fι). Define the

operation n∑

l=1

k∏

j=1

Tılτj =
k∏

j=1

n∑

l=1

Tılτj (2.2)
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for any Tılτj
∈ L(Eτj

,Fτj
). For convenience we also define zα =

∏
ι

zαι
ι .

Here α ∈ R =
∏
ι

Rι, αι ∈ Rι = (−∞,∞) and z ∈ E .
Let Dι ⊂ Eι be an open set for any ι. It follows that D =

∏
ι

Dι ⊂ E is

a finitely open set (cf. [2]). Let the set H(D,F) consist of all holomorphic
mappings on D into F .

Let D be a finitely open and connected subset of E . A mapping f :
D → F is said to be differentiable (derivable), if for each point z0 ∈ D,
there exists a mapping T ∈ L(E ,F) such that

lim
z→z0

‖f(z)− f(z0)− T (z − z0)‖τ(k)

‖z − z0‖τ(k)
= 0

for arbitrary τ -norms ‖ · ‖τ(k) on E and F . Here Tz =
∏
ι

Tιzι and T is

denoted by Df(z0).
Let D be a finitely open and connected subset of E . A mapping f :

D → F is said to have an (L)-derivative T ∈ L(E ,F) at z = z0, if for each
ε ∈ R+, a δ ∈ R+ can be found such that

‖f(z)− f(z0)− T (z − z0)‖τ(k) < ετ(k)‖z − z0‖τ(k)

as ‖z − z0‖τ(k) < δτ(k). Here R+ =
∏
ι
(0,∞ι). If f(z) has a (L)-derivative

at each point of D, then it is said to be (L)-analytic in D.

Theorem 2.1. A mapping f ∈ H(D,F) if and only if f can be expressed
as f(z) =

∏
ι

fι(zι), where fι ∈ H(Dι,Fι) and D ⊂ E is open.

Proof. Assume that f ∈ H(D,F). Let Πτ(k) : F → Fτ(k) be a projective
operator to the product of all Fτj

, j = 1, . . . , k. Here Fτ(k) =
∏k

j=1 Fτj
and

Fτ(k) is a commutative and complex Banach algebra with the unit element
ˆ̇eτ(k) =

∏k
l=1 ėτl

. Lemma 2.7 in [1] yields that Πτ(k)f(z) is a holomorphic
mapping on D into Fτ(k). It follows that Πτ(k)f(z) ∈ H(Πτ(k)D,Fτ(k)). It
is clear that a mapping f : D → F is differentiable if and only if it is (L)-
analytic in D. So from Theorem 13.16 in [7] we derive that f is (L)-analytic
in Πτ(k)D if and only if it is holomorphic in Πτ(k)D. Because Fτ(k) is a
Banach algebra with the unit element, Theorem 26.4.1 in [2] yields

Πτ(k)f(z) =
∞∑

j=0

Tτj(k)(zτ(k) − z0τ(k))j

=
( ∞∑

j=0

Tτj
1
(zτ1−z0τ1)

j , . . . ,
∞∑

j=0

Tτj
k
(zτk

−z0τk
)j

)
( by (2.2))

= (fτ1(zτ1), . . . , fτk
(zτk

))
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in 5rτ(k)(z0τ(k)) =
∏k

l=15rτl
(z0τl

), where

Tτj(k) = (Tτj
1
, . . . , Tτj

k
) ∈ L(Eτ(k),Fτ(k)),

zτ(k) = (zτ1 , . . . , zτk
) ∈ Eτ(k), Tτj

l
∈ L(Eτl

,Fτl
),

and fτl
(zτl

) is the analytic continuation of
∞∑

j=0

Tτj
l
(zτl

− z0τl
)j , and where

rτ(k) =
k∏

l=1

rτl
. So Πτ(k)f(z) =

k∏
l=1

fτl
(zτl

). Using the arbitrariness of

operator Πτ(k) and Lemma 2.7 in [1], we obtain that f(z) can be rewritten
as

∏
ι

fι(zι).

Inversely, a mapping f can be written as the product form of all fι(∈
H(Dι,Fι)). From Definition 5.1 of a holomorphic mapping in [7], we derive
that

f(z) =
∏

ι

∞∑

j=1

P
[j]
fι

(zι − z0ι) =
∞∑

j=1

∏
ι

P
[j]
fι

(zι − z0ι) =
∞∑

j=1

P
[j]
f (z − z0)

converges uniformly in 5(z0) for any τ -norm and any z0 ∈ D, where
P

[j]
fι

(zι − z0ι)(P
[j]
f (z − z0)) is an j-homogeneous continuous polynomial

of zι − z0ι(z − z0) to be generated by fι(f) in suitable neighborhood
5(z0ι)(5(z0)) of the point z0ι(z0). Hence f is holomorphic in D according
to the definition of a holomorphic mapping. The proof is finished.

A meromorphic mapping on an open set D without appearance in [1]
and [7] may be defined as follows: A mapping f : D ⊂ E → F is called mero-
morphic, if there exists a holomorphic mapping ϕ ( with ϕι 6≡ cι for any ι ) :
D → F such that ϕf is holomorphic and ϕ−1(z) exist in D except for the
zeros of ϕ, where cι is a constant for any ι ∈ (0, 1). A set of all mero-
morphic mappings from D into F is denoted by M(D,F). From The-
orem 2.1 we derive that f ∈ M(D,F) can be represented by

∏
ι

fι(zι),

where fι ∈ M(Dι,Fι). In fact, because ϕ is holomorphic in D and ϕ−1

exist except for its zeros, ϕ−1 =
∏
ι
[ϕι(zι)]−1. Sitting ϕf = g we have

f = ϕ−1g =
∏
ι

gι(zι)[ϕι(zι)]−1 without common factors between holomor-

phic mappings ϕ and g in D. A holomorphic (meromorphic) mapping f on
D into F(F) is said to be actual, if its each component fι 6≡ cι. The zeros
of ϕ is called the poles of f .

A holomorphic mapping f is called to have a zero of order k at the point
z0, if its each component fι has a zero of order k at z0ι. This property of
f is called to be of the homogeneous order at a zero z0 (the homogeneous
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order for short). A pole z0 of a meromorphic mapping f is called to be of
order k, if the holomorphic mapping ϕ has a zero of order k at the point
z0.

A zero (pole) z0 of f is called to be isolated, if there exists a finitely
open subset D0 ⊂ D containing z0, such that f(z) 6= 0̂ (f(z) 6=_∞) for
z ∈ D0\{z0}. Then there are the following results.

Theorem 2.2. Let f ∈ H(D,F). A holomorphic mapping f of the ho-
mogeneous order at any zero of f is actual if and only if any zero of f is
isolated, where D(6= ∅) ⊂ E is an open set.

Corollary 2.3. If a mapping f ∈ M(D,F) with poles possesses the homo-
geneous order, then f is actual if and only if any pole of f is isolate.

The following conclusion is obviously.

Proposition 2.4. If f at a pole z0 is of order m with the property of the

homogeneous order, then f can be written as
∞∑

j=−m

Tj(z−z0)j with T−m 6= 0

in some punctured neighborhood 5r(z0)\{z0}.
In particular F = E , we can define the exponential mapping exp z =

ê +
∞∑

j=1

zj

j! . Theorem 2.1 yields exp z is an entire mapping, because each

component is entire by Theorem 3.19.1 in [2]. The inverse mapping of
exp z is called the logarithmic mapping, denoted by log z. It follows that
we have exp(log z) = z. Because

∏
ι

exp zι = exp
∏
ι

zι by the definitions

of the multiplication and the exponential mapping on E for any τ -norm,
log z =

∏
ι

log zι. Hence log z is also holomorphic in its domain by Theorem

2.1 and the uniqueness of the analytic continuation.

2.2. Integrals

Assume that γ : A =
∏
ι

Aι → E is a strongly continuous mapping in the

sense of any τ -norm, where Aι ⊂ Rι is a closed interval, that Γ ⊂ E is the
graph of γ, and that f : Γ → E is a mapping. If

Var[γ]τ(k) = sup
n

n∑

l=1

‖γ(tl)− γ(t(l−1))‖τ(k) < ∞

for all possible finite partition of A, then γ is called to be of the strongly
bounded variation, and Var[γ]τ(k) is called the strongly total variation,

where {tl}n
l=1 ⊂ A. If the limit of the partial sum sn(π) =

n∑
l=1

f(zl)[zl −
z(l−1)] exists for any partition π, then this limit is called the integral on Γ,
denoted by

∫
Γ

fdz, where zl = γ(tl).
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Let Pηι
⊂ Eι be a hyperplane via the origin for ηι ∈ Θι. Let the

interior of the graph Γηι
of any closed simple smooth curve γηι

be in a
simply connected subdomain of a relative domain Pηι

⋂
Dι ⊂ Eι. Here

D =
∏
ι

Dι ⊂ E is an open set,
⋃

ηι∈Θι

Pηι

⋂
Dι = Dι is satisfied. The

positive direction of Γ ⊂ Pη can be defined by the positive direction of Γι

for each ι. Here Pη =
∏
ι
Pηι and η =

∏
ι

ηι ∈ Θ
(

=
∏
ι

Θι

)
. Let D+

0ι be the

interior of Γι and D+
0 =

∏
ι

D+
0ι. Let D

+

0 =
∏
ι

D
+

0ι.

Lemma 2.5. If f : Γ → E is holomorphic and γ is the product of the simple
and rectifiable curves γηι

, then
∫

Γ

f(z)dz =
∏

ι

∫

Γηι

fι(zι)dzι,

where f(z) =
∏
ι

fι(zι).

Next the most main theorems on D ⊂ E can be derived from the defi-
nition of integral and those corresponding results with classical conclusions
in complex analysis respectively. For examples, Cauchy’s integral theorem
and formula hold on D ⊂ E .

3. Singular Integral

3.1. Manifolds

In this subsection, the concept of a manifold is developed to the case on E .
Let A be a set. A chart on A is a bijection z from a subset U ⊂ A to an
open subset of a locally convex space E . We sometimes denote z by (U, z),
to indicate the domain U of z. An Ck atlas on A is a family of charts
B = {(Uj , zj) : j ∈ N+} such that

(i) A =
⋃{Uj : j ∈ N+}, and

(ii) any two charts in B are compatible in the sense that the overlap
mappings between members of B are the Ck diffeomorphism: for two charts
(Uj , zj) and (Ul, zl) with Uj

⋂
Ul 6= ∅, we form the overlap mapping: zlj =

zl ◦ z−1
j |zj(Uj

⋂
Ul), where z−1

j |zj(Uj

⋂
Ul) means the restriction of z−1

j to
the set zj(Uj

⋂
Ul). We require that zj(Uj

⋂
Ul) is open and that zlj is an

Ck diffeomorphism.
Two Ck atlases B1 and B2 are equivalent, if B1

⋃B2 is an Ck atlas. An
Ck differentiable structure D on A is an equivalence class of atlases on A.
The union of the atlases in D, BD =

⋃{B : B ∈ D} is the maximal atlas
of D. If B is an Ck atlas on A, the union of all atlases equivalent to B is
called the Ck differentiable structure generated by B.
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A differentiable manifold M ⊂ E is a pair (A, D), where A is a Hausdorff
space and D is an Ck differentiable structure on A. We shall often identify
M with the set A for notational convenience. If a covering by charts takes
their values in a locally convex space, then we say that M is an Ck locally
convex manifold on the locally convex space.

A mapping f : M → F is said to be holomorphic, if there is a fam-
ily {Uj}j∈N+ ⊃ M of open sets such that the composite mapping f◦
(zj |Uj)−1 : zj(Uj) → F is holomorphic for each j. Similarly, we can define
a meromorphic mapping on M into F .

3.2. Hölder condition

Assume that E and F are the complete Hausdorff locally m-convex algebras.
If a mapping f : M(⊂ E) → F satisfies for any semi-norm

‖f(t′)− f(t′′)‖τ(k) ≤ A‖t′ − t′′‖α
τ(k) for 0 < α ≤ 1

for any t′, t′′ ∈ M , where A and α are constants, then f is called satisfying
the vector-valued Hölder condition of order α. The set V Hα(M) (or V Hα)
consists of all mappings of satisfying the vector-valued Hölder condition of
order α on M . A semi-norm ‖f‖τ(k)α

on V Hα is defined for any f ∈ V Hα

and for any semi-norm on E and F as follows

‖f‖τ(k)α
=sup{‖f(t)‖τ(k) : t ∈ M}+sup

{‖f(t′)−f(t
′′
)‖τ(k)

‖t′ − t′′‖α
τ(k)

: t′, t
′′∈M

}
.

Using similar to the classical methods (see [6]) and the properties of the
complete Housdorff locally m-convex algebra (see [7]) we can obtain the
following properties:

Proposition 3.1. Assume f, ϕ ∈ V Hα(M), the following conclusions hold:

(1) if f ∈ V H(M)(=
⋃
α

V Hα), then f is continuous on M ;

(2) if 0 < β ≤ α and f ∈ V Hα(M), then f ∈ V Hβ(M);
(3) if F is a complete Hausdorff locally m-convex algebra and if f, ϕ ∈

V Hα(M), then f ± ϕ, fϕ ∈ V Hα(M).

3.3. The principal value

Let M be a locally convex manifold in E , D a domain in E and ∂D (= M)
a boundary of D. Assume that B(ξι, δι) is a ball in Eι with a center ξι and
a radius δι, i.e., {x : ‖x − ξι‖ < δι} ⊂ Eι, that B(ξ, δ) =

∏
ι

B(ξι, δι), and

that σ(ξ, δ) = M ∩B(ξ, δ).
Assume for convenience, that M ⊂ E is a closed manifold and Lη =

Pη

⋂
M is a section of M satisfying M =

⊎
η∈Θ

Lη. Here
⊎

means that the
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set Θ satisfies M =
⋃

η∈Θ

Lη and there is the unique η ∈ Θ for any point

t ∈ M such that t ∈ Lη. Let Lη =
∏
ι

Lηι
, and Lηι

(⊂ Pηι
) be a simple

smooth closed curve in the sense of isomorphism.
Let t and ξ be on M(⊂ E) . Define the integral

∫

M

f(t)dt =
⊕

η

∫

Lη

fη(tη)dtη =
⊕

η

∏
ι

∫

Lηι

fηι
(tηι

)dtηι

to be in the sense of any semi-norm. Here f(t) =
⊕
η

fη(tη) =
⊕
η

∏
ι

fηι
(tηι

) (∈ V Hα) : M → E and fη(tη) denotes that the domain Lη

of mapping f(t) is restricted to Pη and
⊕

denotes f(t) = fη(tη) as t = tη.
If (t−ξ)−1 ∈ E exists and the integral lim

δ→0

∫
M−σ(ξ,δ)

f(t)(t−ξ)−1dt exists for

any semi-norm, then the limit is called the principal value of the Cauchy
type integral, denoted by ∫

M

f(t)(t− ξ)−1dt. (3.1)

Theorem 3.2. If f(t)(∈ V Hα) : M → E and ξ ∈ M and if (t− ξ)−1 exists
for t, ξ ∈ M except for t = ξ, then integral (3.1) exists in E.
3.4. Plemelj formulas

Let ϕ(t)(∈ V Hα) : M → E . It follows that
∫

Lη

ϕη(tη)(tη − zη)−1dtη

is also holomorphic function of zη for zη /∈ Lη in Pη and is denoted by
Φη(zη). Applying classical Plemelj formulas in [6], we deduce that

Φ±ηι
(ξηι

) = ±1
2
ϕηι

(ξηι
) +

1
2πi

∫

Lηι

ϕηι
(tηι

)(tηι
− ξηι

)−1dtηι
(3.2)

for any ξηι
∈ Lηι

and any ι, where Φ±ηι
(ξηι

) (either ∈ Hα as 0 < α < 1 or
∈ H1−ε as α = 1) are the boundary values of Φηι

(zηι
) as zηι

tends to Lηι

from the interior and the exterior of Lηι for any ι respectively. Let

Φ±η (ξη)=
∏

ι

Φ±ηι
(ξηι

), Φη(zη)=
∏

ι

Φηι
(zηι

), and Φ(z)=
⊕

η

Φη(zη). (3.3)

Relations (3.2) and (3.3) imply the following conclusion.
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Theorem 3.3. (Generalized Plemelj formulas) If ϕ(∈ V Hα) : M → E and

sup{‖ϕηι
‖Hα

: ι ∈ (0, 1)} < ∞,

and if (t− ξ)−1 exists for t, ξ ∈ M except for t = ξ, then
(i) Φ±(ξ) = ± 1

2ϕ(ξ) + 1
2πi

∫
M

ϕ(t)(t − ξ)−1dt, where Φ+(ξ) and Φ−(ξ)
are boundary values in V Hα(0 < α < 1) or V H1−ε of a mapping Φ(z) as z
tends to L from the interior and the exterior of L respectively, to be defined
by zηι

tending to Lηι
from the interior and the exterior of Lηι

in the sense
of isomorphism respectively;

(ii) the piecewise E-valued mapping Φ(z) is holomorphic as z 6∈ M .

4. Riemann Boundary Value Problems

In this section, the holomorphic solutions Φ(z) with form
⊕
η

Φη(zη) of the

Riemann boundary value problem

Φ+(t) = G(t)Φ−(t) + g(t), t ∈ M, (4.1)

satisfying ‖Φ(
_∞)‖τ(k) < ∞ for any semi-norm are found, where G(t) =⊕

η
Gη(tη) =

⊕
η

∏
ι

Gηι
(tηι

) and g(t) =
⊕
η

gη(tη) =
⊕
η

∏
ι

gηι
(tηι

) (∈ V Hα) :

M → E are given.
Let IndLη

G(tη) =
∏
ι
IndLηι

Gηι
(tηι

) ∈ R ( κη =
∏
ι

κηι
for short) be the

index of G. Let

Xηι
(zηι

)=

{
X+

ηι
(zηι

) = eΓηι (zηι ), if zηι
∈ D+

ηι
,

X−
ηι

(zηι
)=(zηι

−z0ηι
)−κηι eΓηι (zηι ), if zηι

∈ D−
ηι

.

Here

Γηι
(zηι

) =
1

2πi

∫

Lηι

[log(tηι
− z0ηι

)−κηι Gηι
(tηι

)](tηι
− zηι

)−1dtηι

for zηι
6∈ Lηι

, z0ηι
∈ D+

ηι
, log denotes the principal value, the bound-

ary ∂Dηι
of Dηι

is Lηι
, D+

ηι
and D−

ηι
are the interior and the exte-

rior of Dηι
(a domain) ⊂ Pηι

respectively. Let X(z) =
⊕
η

∏
ι

Xηι
(zι),

Pκ =
⊕
η

∏
ι

Pκηι
(zι), and κ =

⊕
η

κη. Here Pκηι
is a polynomial of degree

κηι .
Classical corresponding methods in [6] yield the solutions of (4.1) as

follows.



Boundary Value Problems on Locally Convex Spaces 423

(i) If κ ≥ 0̂, then

Φ(z) =
⊕
η

Φη(zη)

=
⊕

η

{
Xη(zη)

2πi

∫

Lη

gη(tη)[(tη − zη)X+
η (tη)]−1dtη + Pκη

(zη)Xη(zη)
}

=
X(z)
2πi

∫

M

g(t)[(t− z)X+(t)]−1dt + Pκ(z)X(z),

where Pκη is any polynomial of degree κη and Pκ =
⊕
η

Pκη any polynomial

of degreeκ.
(ii) If κ = −1̂, then (4.1) has a unique solution

Φ(z) =
X(z)
2πi

∫

M

g(t)[(t− z)X+(t)]−1dt, (4.2)

where 1̂ =
∏
ι

1.

(iii) If κ < −1̂ and
∫

L
g(t)tk[X+(t)]−1dt = 0̂ for k = 0̂, 1̂, . . . ,−κ − 2̂,

then (4.1) has a unique solution (4.2).
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[5] G. Köthe, Topological vector spaces I, Springer-Verlag, Berlin, 1983.
[6] J. K. Lu, Boundary value problems of analytic functions, World Scientific Publishing,

Singapore, 1993.
[7] J. Mujica, Complex analysis in Banach spaces, North-Holland Math. Studied, Vol.

120, North-Holland Publishing Co., Amsterdam, 1986.



Boundary Value Problems, 
Integral Equations and 
Related Problems
Proceedings of the Third International Conference

World Scientific
www.worldscientific.com
7978 hc

ISBN-13 978-981-4327-85-5
ISBN-10 981-4327-85-9


	Contents
	Preface
	GALERKIN METHOD FOR A QUASILINEAR PARABOLIC EQUATION WITH NONLOCAL BOUNDARY CONDITIONS
	1. Introduction
	2. Preliminaries
	3. Construction of an Approximate Solution and a Priori Estimates
	4. Existence of a Generalized Solution
	References

	SOME BOUNDARY VALUE PROBLEMS FOR NONLINEAR ELLIPTIC SYSTEMS OF SECOND ORDER IN HIGH DIMENSIONAL DOMAINS
	1. Formulation of Oblique Derivative Problems
	2. Estimates of Solutions of Oblique Derivative Problems
	3. Solvability of Oblique Derivative Problems
	References

	WHEN DOES A SCHRÖDINGER HEAT EQUATION PERMIT POSITIVE SOLUTIONS
	1. Introduction
	2. Singular Potentials as Combinations of Derivatives
	2.1. Definitions, statements of theorems
	2.3. Proofs of theorems

	3. Heat Bounded Functions and the Heat Equation
	4. Applications to the Navier-Stokes Equation
	References

	CHARACTERIZATION OF THE SPECTRUM OF AN IRREGULAR BOUNDARY VALUE PROBLEM FOR THE STURM-LIOUVILLE OPERATOR
	References

	UNIQUENESS OF SOLUTIONS FOR THE EXTERIOR QUATERELLIPTIC-QUATERHYPERBOLIC TRICOMI PROBLEM WITH EIGHT PARABOLIC LINES
	1. Introduction
	2. The Exterior Tricomi Problem
	3. Open Problems
	Acknowledgment.
	References

	THE RIEMANN-HILBERT PROBLEM FOR DEGENERATE ELLIPTIC COMPLEX EQUATIONS OF FIRST ORDER
	1. Formulation of the Riemann-Hilbert Problem for Degenerate Elliptic Complex Equations
	2. Representations and Estimates of Solutions of the Riemann-Hilbert Problem for Elliptic Complex Equations
	3. Solvability of the Riemann-Hilbert Problem for Degenerate Elliptic Complex Equations
	References

	SOME BOUNDARY VALUE PROBLEMS FOR SECOND ORDER MIXED EQUATIONS WITH DEGENERATE LINES
	1. Formulation of Discontinuous Oblique Derivative Problems for Second Order Mixed Equations
	2. Representation of Solutions for Discontinuous Oblique Derivative Problems for Second Order Mixed Equations
	3. Solvability of Discontinuous Oblique Derivative Problems for Second Order Mixed Equations
	References

	LOCAL WELL-POSEDNESS FOR THE FOURTH ORDER SCHRÖDINGER EQUATION
	1. Introduction
	2. Notation and Definitions
	3. Proof of the Trilinear Estimate
	4. Local Well-Posedness for 4NLS Equation
	References

	AN INVERSE PROBLEM OF CALIBRATING VOLATILITY IN JUMP-DIFFUSION OPTION PRICING MODELS
	1. Introduction
	2. Volatility Calibration of Exponential Iévy Model Using a Relative Entropy Regularization Method
	3. Choice of the Regularization Parameter
	4. Method for Minimizing J(v)
	5. Numerical Algorithm
	6. Numerical Results
	7. Conclusion
	References

	INVERSE PROBLEMS OF TEXTILE MATERIAL DESIGN UNDER LOW TEMPERATURE
	1. Background for Textile Material Design
	2. Mathematical Model of Heat and Mass Transfer
	3. Inverse Problems of Textile Material Design
	4. Thickness Design of Textile Materials Under Low Temperature
	5. Regularized Solution of the IP 1
	6. Iteration Algorithms of the Regularized Solution
	7. Type Design of Textile Materials Under Low Temperature
	8. Regularized Solution of the Inverse Problem
	9. Iteration Algorithms of the Regularized Solution
	10. Numerical Solution
	References

	A NEW METHOD FOR CONSTRUCTING COEFFICIENTS OF ELLIPTIC COMPLEX EQUATIONS WITH RIEMANN-HILBERT TYPE MAP
	1. Formulation of Inverse Problem for Elliptic Complex Equations of First Order
	2. Existence of Solutions of Inverse Problem for Elliptic Complex Equations of First Order
	3. Inverse Problem for Second Order Elliptic Equations from Dirichlet to Neumann Map
	References

	NUMERICAL INVERSION OF THE EXPONENTIAL RADON TRANSFORM
	1. Introduction
	2. Some Preliminaries
	3. Numerical Inversion
	4. Algorithm
	5. Numerical Simulation
	References

	UNIQUENESS AND STABILITY ESTIMATES FOR A SEMILINEARLY PARABOLIC BACKWARD PROBLEM
	1. Introduction
	2. The Regularization Method and Main Results
	3. The Proof of Theorems
	References

	ON PROJECTIVE GRADIENT METHOD FOR THE INVERSE PROBLEM OF OPTION PRICING
	1. Introduction
	2. The Gradient Regularization Method
	3. Projection
	4. Numerical Experiments
	5. Conclusion
	References

	LOCAL REGULARITY FOR SOLUTIONS TO OBSTACLE PROBLEMS WITH WEIGHT
	1. Introduction and Statement of Result
	2. Preliminary Lemmas
	3. Proof of Theorem 
	References

	BELTRAMI SYSTEM WITH TWO CHARACTERISTIC MATRICES AND VARIABLE COEFFICIENTS
	1. Introduction and Statement of Result
	2. Some Notations
	3. Some Lemmas
	4. Proof of Theorem 1.1
	References

	CACCIOPPOLI TYPE ESTIMATE FOR VERY WEAK SOLUTIONS OF NONHOMOGENEOUS A-HARMONIC TYPE EQUATIONS
	1. Introduction
	2. Proof of Theorem 1.1
	References

	DIFFERENTIAL FORMS AND QUASIREGULAR MAPPINGS ON RIEMANNIAN MANIFOLDS
	1. Introduction
	2. Differential Forms on Riemannian Manifolds
	3. (K1,K2)-Quasiregular Mappings
	References

	BELTRAMI SYSTEM WITH THREE CHARACTERISTIC MATRICES IN EVEN DIMENSIONS
	1. Introduction
	2. Proof of Theorem 1.1
	3. The Properties of Operators A and B
	(1) Lipschitz condition
	(2) Monotonous inequality
	(3) Homogeneity condition

	References

	LOCAL BOUNDEDNESS AND LOCAL REGULARITY RESULTS IN DOUBLE OBSTACLE PROBLEMS
	1. Introduction
	2. Preliminary Knowledge and Lemmas
	3. Proof of Theorem A
	4. Proof of Theorem B
	References

	MULTIPLICITY OF SOLUTIONS FOR QUASILINEAR ELLIPTIC EQUATIONS WITH SINGULARITY
	1. Introduction and Main Results.
	2. The Palais-Smale Condition
	3. Proof of Theorem 1.1
	References

	ON CERTAIN CLASSES OF P-HARMONIC MAPPINGS
	1. Introduction
	2. Preliminaries
	3. Characterizations for Mappings in MHp (α)∩T1 and MHp (α)∩T2
	4. Starlikeness and Convexity of P-Harmonic Mappings
	References

	HOLOMORPHIC FUNCTION SPACES AND THEIR PROPERTIES IN CLIFFORD ANALYSIS
	1. Clifford Algebra Cln and Regular Function
	2. Hypermonogenic Function Space
	2.1 Hypermonogenic function
	2.2 Bihypermonogenic function
	2.3 A equivalent condition of hypermonogenic function
	2.4 Cauchy-Riemann form condition
	2.5 The extension theorem of hypermonogenic function
	2.6 The uniqueness theorem of hypermonogenic function
	2.7 Cauchy integral formula and Plemelj formula for bihyper-monogenic functions

	3. K-holomorphic Function
	3.1 Definition of K-holomorphic function
	3.2 Higher order kernel function
	3.3 Cauchy integral formula of k-holomorphic function
	3.4 Boundary behavior of higher order Cauchy-type integrals over unbounded domain
	References


	BOUNDARY BEHAVIOR OF SOME INTEGRAL OPERATORS IN CLIFFORD ANALYSIS
	1. Introduction
	2. Integral Representation for K-Regular Functions
	3. Privalov Theorem and Plemelj Formula
	References

	A NOTE ON THE FUNDAMENTAL SOLUTIONS OF ITERATED DUNKL-DIRAC OPERATORS
	1. Introduction
	2. Preliminaries and Dunkl Analysis
	3. Proof of the Main Theorem
	References

	ON THE LEFT LINEAR HILBERT PROBLEM IN CLIFFORD ANALYSIS
	1 Introduction
	2 Preliminaries
	3 The Left Linear Hilbert Problem
	References

	MODIFIED HELMHOLTZ EQUATION AND H-REGULAR VECTOR FUNCTION1
	1. Some Notations and Definitions
	2. Pompeiu Formula and Cauchy Integral Formula of Hλ-Regular Vector Function
	3. Cauchy Type Integral and Plemelj Formula
	4. Operator TΩf
	References

	THE INTEGRAL EQUATION METHOD ON THE FRACTURE OF FGCMs
	1. Introduction
	2. The Integral Equation Method on the Static and Dynamic Fracture of Functionally Graded Composite Materials (FGCMs)
	(1) The investigations of static and dynamic crack problems in FGCMs (Non-periodic cases)
	(2) The investigations of static and dynamic crack problems in FGCMs (Periodic cases)

	3. IEM for Scattering of SH Wave of Functionally Graded Piezoelectric/Piezomagnetic Materials
	4. Thermal Elastic Fracture Analysis of FGMs
	5. Contact Problem of FGMs
	6. Future Work
	References

	MODE I CRACK PROBLEM FOR A FUNCTIONALLY GRADED ORTHOTROPIC COATING-SUBSTRATE STRUCTURE
	1. Introduction
	2. Formulation of the Problem
	3. Numerical Results and Discussion
	4. Conclusion
	References
	Appendix

	NÖETHER'S THEORY OF SOME TWO-DIMENSIONAL SINGULAR INTEGRAL OPERATORS WITH CONTINUOUS COEFFICIENTS AND APPLICATIONS
	1. Basic Knowledge and Notations
	2. Nöether's Theory of Some Two-Dimensional Singular Integral Operator with Continuous Coefficients
	3. Applications of Nöether's Theory in Second Order Elliptical Equations
	References

	SOME PROPERTIES OF CERTAIN NEW CLASSES OF ANALYTIC FUNCTIONS
	1. Introduction, Definitions and Preliminaries
	2. Coefficient Inequalities for Classes Um, n(α, A, B) and Vsm,n(α,A, B)
	3. Integral Mean Inequalities
	4. Subordination Result
	References

	STABILITY OF CAUCHY TYPE INTEGR ALAPPLIED TO THE FUNDAMENTAL PROBLEMS IN PLANE ELASTICITY
	1. The Fundamental Problems in Plane Elasticity
	2. The Stability of the Perturbed First Fundamental Problem
	3. The Stability of the Perturbed Second Fundamental Problem
	References

	EFFECTS OF STRETCHING FUNCTIONS ON NON-UNIFORM FDM FOR POISSON-TYPE EQUATIONS ON A DISK WITH SINGULAR SOLUTIONS
	1. Introduction
	2. Derivation of the Problem and the Non-uniform FDM
	3. Convergence Result
	4. Numerical Example
	5. Stability Analysis
	References

	A FAST MULTISCALE GALERKIN METHOD FOR SOLVING ILL-POSED INTEGRAL EQUATIONS VIA LAVRENTIEV REGULARIZATION
	1. The Fast Multiscale Galerkin Method for Lavrentiev Regularization
	2. Error Estimate
	3. Regularization Parameter Choice Strategies
	4. Convergence Rate Analysis
	References

	APPROXIMATE METHODS FOR AN INVERSE BOUNDARY VALUE PROBLEM FOR ELLIPTIC COMPLEX EQUATIONS
	1. Introduction
	2. Problem Transformation
	3. The Approximate Solution of the Elliptic Problem
	4. Error Estimates of the Approximate Solution
	References

	AN EXPLICIT METHOD FOR SOLVING FUZZY PARTIAL DIFFERENTIAL EQUATION
	1. Introduction
	2. Materials and Definitions
	3. Finite Difference Method
	4. Stability of Fuzzy Heat Equation
	5. Numerical Example
	6. Conclusions
	References

	THE SOLUTION OF A PARTIAL DIFFERENTIAL EQUATION WITH NONLOCAL NONLINEAR BOUNDARY CONDITIONS
	1. Introduction
	2. The Finite Difference Schemes
	3. Numerical Example
	4. Summary and Concluding Remarks
	References

	APPLYING FRACTIONAL DERIVATIVE EQUATIONS TO THE MODELING OF SUBDIFFUSION PROCESS
	1. Formulation of the Problem
	2. Green's Function
	3. Example of a Solution
	References

	GROWTH OF MODIFIED RIESZ POTENTIAL IN HALF SPACE
	1. Introduction
	2. Preliminaries
	3. Proof of Main Theorem
	References

	THE PROBLEM OF SMOOTH SOLUTIONS FOR A PARABOLIC TYPE COMPLEX EQUATION OF SECOND ORDER
	1. Introduction
	2. The Main Results and Its Proof
	References

	SOME RESULTS OF THE RANGE ABOUT THE EXPONENTIAL RADON TRANSFORM
	1. Introduction
	2. Main Results
	References

	WEAK MINIMA AND QUASIMINIMA OF VARIATIONAL INTEGRALS IN CARNOT-CARATHÉODORY SPACE
	1. Introduction
	2. Proof of the Main Theorem
	References

	REMARK ABOUT LOCAL REGULARITY RESULTS FOR MINIMA OF FUNCTIONALS
	1. Introduction
	2. Lemma and Preliminary Knowledge
	3. Theorem and Its Proof
	References

	BOUNDARY VALUE PROBLEMS ON LOCALLY CONVEX SPACES
	1. Introduction
	2. Locally Convex Spaces for A Class
	2.1. Product spaces
	2.2. Integrals

	3. Singular Integral
	3.1. Manifolds
	3.2. Hölder condition
	3.3. The principal value
	3.4. Plemelj formulas

	4. Riemann Boundary Value Problems
	References




