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Preface

The first international conference on boundary value problems,
integral equations and related problems was convened from Septem-
ber 2 to 7, 1990 in Beijing, China. The second international con-
ference on the same subjects was convened from August 8 to 14,
1999 in Beijing and Chengde, Hebei, China. From August 20 to 25,
2010, we held the third international conference on boundary value
problems, integral equations and related problems in Beijing and
Baoding, Hebei, China.

In this third conference, the following topics were discussed:

1. Various boundary value problems for partial differential equa-
tions and functional equations.

2. The theory and methods of integral equations and integral
operators including singular integral equations.

3. Applications of boundary value problems and integral equa-
tions to mechanics and physics.

4. Numerical methods of integral equations and boundary value
problems.

5. Theory and methods for inverse problems in mathematical
physics.

6. Clifford analysis, and some related problems.

The conference was organized by Peking University, Fudan Uni-
versity, Wuhan University, Beijing Normal University, Sun Yat-Sen
University, Ningxia University, Hebei University, Hebei Normal Uni-
versity and Renmin University of China. The conference was sup-
ported by the Education Ministry, the Chinese Mathematical So-
ciety, the Mathematical Center of Ministry of Education and the
National Natural Science Foundation of China, and also supported
by many colleagues in China and abroad. There were about 110 at-
tendants at the conference and 16 of them were foreign experts from
USA, Russia, Greece, Poland, Japan, France, Iran, Canada, etc. The
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attendants proposed about 70 talks.

Now our international conference has just come to a successful
close. Through the one-week interaction, we exchanged the views of
mathematical problems through talks and academical materials, we
can gather to learn the recent achievements, to explore the future,
to share our knowledge, we promoted mutual understanding and
friendship among the colleagues and made progress on further devel-
opment of research on boundary value problems, integral equations
and related problems. We often organize symposia, but this was the
third international conference. This proceedings volume contains 44
papers. The editors apologize for being unable to include all the
talks given during the conference.

Finally, as editors we express our gratitude to the contributors
of the volume for sending us their manuscripts. We also thank the
editorial staff of World Scientific Publishing Company for making
the publication of this volume possible.

Cheif Editor:

Guo Chun Wen (Peking University)

Editorial Board:

Jin Cheng (FudanUniversity)

Dai Qing Dai (Sun Yat-Sen University)
Jin Yuan Du (Wuhan University)

Hong Ya Gao (Hebei University)

Xing Li (Ningzia University)

Yu Ying Qiao (Hebei Normal University)
Zuo Liang Xu (Remin University of China)

Zhen Zhao (Beijing Normal University)
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GALERKIN METHOD FOR A QUASILINEAR PARABOLIC
EQUATION WITH NONLOCAL BOUNDARY CONDITIONS

BAI-LI CHEN
Gustavus Adolphus College, MN 56082, USA

E-mail: bchen@gustavus.edu

Existence of a generalized solution is proved for a quasilinear parabolic equa-
tion with nonlocal boundary conditions using Faedo-Galerkin approximation.
Keywords: Faedo-Galerkin method, nonlocal boundary conditions, a priori es-
timates, quasilinear parabolic equations, generalized solution.

AMS No: 35K20, 35K59, 35B45, 35D30.

1. Introduction

In this paper, we apply Faedo-Galerkin method to the following quasilinear
parabolic equation with nonlocal boundary conditions, and establish the
existence of a generalized solution for the problem

Za P~ an) P Pu=f(2,1), 2€Q, t€0,7),  (L1)

u(z,t) = /Qk(x,y)u(y,t)dy, rel, (1.2)

u(z,0) = up(x). (1.3)

It is well known that Faedo-Galerkin method is used to prove the existence
of solutions for linear parabolic equations in [6]. In [5], Faedo-Galerkin
method is coupled with contraction mapping theorems to prove the exis-
tence of weak solutions of semilinear wave equations with dynamic bound-
ary conditions. Bouziani et al. use Faedo-Galerkin method to show the
existence of a unique weak solution for a linear parabolic equation with
nonlocal boundary conditions (see [2]). J. L. Lion’s book (see Ch I, [7]), col-
lects the work of Dubinskii and Raviart, in which they use Faedo-Galerkin
method to prove the existence and uniqueness of weak solution for a quasi-
linear parabolic equation with homogeneous boundary condition.

However, to the author’s best knowledge, the literatures studying quasi-
linear parabolic equations with nonlocal boundary conditions are very lim-
ited. In [4], T. D. Dzhuraev et al. study a quasilinear parabolic equation
with nonlocal boundary conditions of a different type.

Problem (1.1)—(1.3) is the extension of the problem in (p. 140, [7]), in
which the boundary conditions are homogeneous.

The paper is organized as follows: in Section 2, we give the definition of
the generalized solution of problem (1.1)—(1.3) and introduce the function
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spaces related to the generalized solution. In Section 3, we demonstrate
the construction of approximation solutions by Faedo-Galerkin method,
and derive a priori estimates for the approximation solution. Section 4 is
devoted to the proof of existence of the generalized solution by compactness

arguments.

2. Preliminaries

Throughout this paper, we use the following notations:

Q

r

(,)
whe(Q)
H7(Q)
Lr(Q)
Lr(T)

| 1o

| |p71“
H™"(Q)

: regular and bounded domain of R”.
: boundary of

: usual inner product in L?(2).

: Sobelev space on ().

: Sobelev space W™2(Q).

: LP space defined on (2.

: LP space defined on I

: norm in LP(Q).

: norm in LP(T).

: dual space of H"(12).

: norm in H~"(Q).

: nonzero constant which may take different values

on each occurrence.

: nonnegative constant which may take different values

on each occurrence.

: continuous embedding
: norm of k(z,y) in L4(£2) with respect to y, i.e.

Q=

K(z) = (Jo |k(z,y)|%dy) .

: norm of D;k(x,y) in LI(Q) with respect to y, i.e.
1

Ok(x,
Ki(x) = [o |52 10dy)

Throughout this paper, we make the following assumptions:

(Al) n>2, p>n, 7‘>g+2.

1

(a2) -

+-o=1

q

(A3) feLi0,T;L1(Q)) and ug € L>(Q).
(A4) Forany z €T, K(z) < oo, K;(z) < 0.

(A5) EJLK@WAKQMF<175
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With assumption (A1), using Sobelev embedding theorems (see [1]), we
have
H"(Q) — W2P(Q) — WP(Q) — LP(Q) — L*(Q).

Define a space V:
V={ve H(Q): /kx y)v(y)dy, for x € T'}. (2.1)

It is easy to see that V is a subspace of H" ().

Definition 2.1. Define a generalized solution of problem (1.1)—(1.3) as a
function u, such that
(1) we L=(0,T; L2(2)) N C(0,T], H ().
) e 900, T; H(Q)).
3) wu(z,0) = ug(x).
)

The identity:

—~ e~
=~ (]

Z 20 ) = (f0) @2)

K2

holds for all v € V and a.e. t € [0,T].

Remark 2.1. From the proof of existence theorem in Section 4, we will see
that each inner product in the identity (2.2) is a function of ¢ in L(0,T),
hence the identity holds for a.e. ¢ € [0,T]. On the other hand, since u(t) €
V, the boundary condition (1.2) is satisfied.

3. Construction of an Approximate Solution and a Priori
Estimates

Since V is a subspace of H"()), which is separable. We can choose a
countable set of distinct basis elements w;, j = 1,2,---, which generate
V and are orthonormal in L?(Q). Let V,, be the subspace of V generated
by the first m elements: wi,ws, -, w,,. We construct the approximate
solution of the form:

t) = Zgjm(t)wj(w)v (z,1) € 2% [0,T], (3.1)

where (g;m ()7L remains to be determined.
Denote the orthogonal projection of ug on V;, as u2, = Pvmuo, then
— ug in V, as m — oo. Let (g]m)] 1 be the coordlnate of u?, in the

0 2]21 gjmwj, let g;m(0) = g]m. We need to
1 to satlsfy

0
m

basis (w;)jL; of Vi, i.e. up,
determine (g;m (t))72

U
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o OUp,
), wi) + (Jum|”™ 2u7mwj)

Ox; (3.2)
= (f,wj), 1<j<m.

n
um ,W;) g

Do integration by parts on the second term of LHS, we have

(' 10)+ 3 [ (P 2Dy (Dry
=1
_Z/F(|um|p_2Dium)wde+(lum‘p_zumij) = <f7 wj)» I1<j<m.

The above system is a system of ordinary differential equations in
(95m(t))jL;. By Caratheodory theorem (see [3]), there exists solution
(95m(t))7Ly, t € [0,,,). We need a priori estimates that permit to extend
the solution to the whole domain [0, T].

We derive a priori estimates for the approximate solution as follows:
Multiply (3.3) by gjm(t), then sum over j from 1 to m, we have

2
5 o um(0)3+ 22/ Q"5 ) P+ i (1)

(3.4)
= (f,um) + Z / (|t |P =2 Dty )t dT.
=171
Integrate with respect to ¢ from 0 to 7" on both sides, we obtain
1 Y =2 o r ,
Slun @B+ [ 557 [ (Dillun %) Pdait [ Jun )t
o P4 Ja 0
- o . (3.5)
:/ (f; um)dH/ Z/(|um|p72Dium)umdth+*Ium(O)li
0 0 i5Jr 2
This gives
1 Ty & b2 r
5\um(T)g +/ —22/(Di(|um|7um))2da¢dt +/ |t (£)[Edlt
' (3.6)

/ |(fs wm) |dt+/ /| U [P ™2 Dt )ty | AT dt A+ = |um( )3

The first term in the RHS of (3.6) can be estimated as follows:
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/0 it = / ' | 1funldode
T

S/ | f|q|tm|pdt (Holder's inequality)
0 (3.7

T
1 p—1 -2
< “um|P 4+ ——|f|&"")dt.
| Gl + 2 1£177)

The Young’s inequality can be seen as in [6].
Next, we estimate second term in the RHS of (3.6): For 2 € T, we have

|t (2, 8)] = /Q [k(2, y)um(y, D)l dy < [k(2,y)lqlwmlp- (3.8)

Then we have |up(z,t)] < K(x)|um|p, for x € T'. Similarly, we have
|Dittr (2, t)| < Ki(x)|umlp for x € T'. Moreover we have

i

T n
< / 3 / K (@)P g 2 VI () [t T
0o /v

Z/(|um\p_2Dium)umdF dt
i=1 /T

T n
< /O (; /F K ()P~ K (2)dD) [, [Fdt (3.9)

n T
:(Z; /F K (2)P~ K ()dD)( /0 um[2d2)

:C(/O [t 2.

With the above estimates, together with (3.6), we have
@B [ A [ Dl )
o Itm 2 0 p2 ~ Jo % m m

T . Tp—1 .2 1 )
+ [ A== = Oum@)ipdt < | (F——=|flg™")dt + 5 lum(0)]3
0 p 0 p

holds for any finite 7" > 0.
Under the assumption (A1)—(A5), we have the following a priori esti-
mates:
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(B) wpm, is bounded in L*>(0,T; L*(Q)).
(C) [tm|"Z |um| is bounded in L2(0,T; H'()).
(D) uy, is bounded in LP(0,T; LP(£2)).

Since T is an arbitrary positive number, we have |u,|h < oo a.e. t.

4. Existence of a Generalized Solution

To prove the existence of a generalized solution, we first prove there exists
subsequence of u,,, still denoted as u,,, such that

(E) wp — win LP(0,T; LP(Q)) strongly and almost everywhere.

To prove (E), we need the following lemma:

Lemma 4.1. Let u,,, constructed as in (3.1), be the approzimate solu-
tion of (1.1)—(1.3) in the sense of definition 2.1. Then wl, is bounded in
L7(0,T; H™(Q)).

Proof. For v € V C H", from (3.3), we have

(tn )+ (3 [ (nl? 2 Di) (D10}
N =179 (4.1)
-y /F ([t [P~2 Dt YT+ ([t [P~ 210, 0) = (£, v).

The last term in the LHS can be estimated as in [7]:

|(|um|p_2um7 v)| < ‘ |um|p_1|q|'U|P

1
< (fum[p) 7 |v]p
< (|um|2)7Clo| - (since H™ < LP).
1
Hence ||t P~ 2tm|g-r (@) < C(|lumlB)s < oo, and the norm of [ty [P~ >tm,
in L4(0,T; H~"(Q)) is bounded by
T 1 1 T 1
(| (Cunlpyiyians = ([ Clunlpant <.
0 0
Therefore, |ty [P~ 2u, is bounded in L(0,T; H~"(£2)).

Next, we consider the term 7 | [i.(|um|P~?Dijup, )vdl in the LHS of
(4.1):

v — ZA(|um|p_2Dium)vdF = (a(um),v).

We have
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M=

/ (g [P~2Dstty odl
1 I

.
Il

<

| (‘um|p72Dium)|q,F|v

NIE

p,I’
1

o
I

-

(K @) 2 K@) un )], (K (@)]o])

p,I’
1

.
Il

IA
M=
>

| K ()"~

i(v) |q7p |K(x)|p7lﬂ|um|g71|v|p

.
Il

|K ()P Ki(2)|q,r| K (2)

&

p.T um\£71C’|v|H7v.

i=1

Then

@t 1) < 3 K (@) 2K ()]0 | K @) x| C < ox.
=1

Moreover the norm of a(u,,) in L9(0,T; H="(Q)) is bounded by
T n )
([ SRy K@l K@l € unlpin)t < .
0 =1
Hence, a(uy,) is bounded in L9(0,T; H~"(£2)).

Next, we consider the second term in the LHS of (4.1). Integrating by
parts gives

> /Q (I[P~ Dy ) (Div)d
B (4.2)

1 n
= f(g /|Um|p_2umDi’UdF_/ [ [P %0y Avdir).
c '~ Jr 0
=1

Consider v — Y7 | [1 [u[P~2uD;vdl’ = (I1(u),v), we have

(T (u), 0)| < Y| fulP~?ulqr|Dyvlp,r

i=1
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(/ k(x,y>u<y,t>dy)p_l

(K ()"~ ulp ™), (K@) lp)],,

e

/Q Dzk(xv y)’U(y, t)dy

1 q,I" p,I'

7

-

1

.
Il

-

K ()P g,r [ K (@) [p,r [ulh vl
1

.
Il

|K(x)p_1 lg,r

Ki(@)|p,r|ulb " Clv|gr.
1

So we have

I3 ()| =) € Y 1K ()P g
i=1

Ki($)|p’1“|um|g_lc < 0.

With this, it is easy to see that norm of Iy(uy,) in L(0,T;H""(Q)) is
bounded.

Next, consider v — [, [u[P~?uAvdz = (I3(u),v). From the proof of
Theorem 12.2 in [7], we know I5(uyy,) is bounded in L4(0,T; H~"(2)). Since
feLi0,T; L) C LIY0,T; H"(Q)), from (4.1) and the above discus-
sion, we have u/, is bounded in L9(0,T; H~"(Q)). This is the end of proof.
With Lemma 4.1, we can make use of Theorem 12.1 in [7]. We quote the
theorem here:

Theorem 4.2. Let B, By be Banach space, S is a set, define M(v) =
(X0 Jo [o[P2(22)%dz)> on S with

(a) SC B C By, and M(v) >0 on S, M(\v) = |A|[M(v).

(b) The set {vjv € S, M (v) < 1} is relatively compact in B.
Define the set F' as follows:

F = {v: v locally summable on [0, T"] with value in By,

T
/ (M (v(t)))Podt < C, v' bounded in L**(0,T; By)},
0

where 1 < p; < o0, ¢ = 0,1. Then F C LP°(0,T;B) and F is relatively
compact in LP°(0,T; B).

To apply Theorem 4.2, we let S = {v: |v|pT_zv € H(Q)}. Since H'(Q2)
is also compactly embedded in L?(Q2), the proof of Proposition 12.1 in (p.
143, [7]) also works for |’U|L;2’U € H(), then (b) holds.
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Let B=LP(Q), By=H " (Q), po=p, p1=¢, and u,, be the approximate
solution of equations (1.1)—(1.3), constructed as in Section 3, we have

/O M (ot
-/ T(i [ Gy

T n
:C/ Z/(Di(|um|%’2um))2dmt
0 o/
<00

Hence together with Lemma 4.1 and a priori estimates, we finish the proof
of (E).

Next, we prove that we can pass the limit in (4.1), to prove this, we
consider each term in the LHS of (4.1):

(F) (JumP~2um, v) — (JulP~u,v).

To prove (F), we need to show that |u,,|P~2u,, — |u|P~2u in LI(Q)
weakly, this is a consequence of Lemma 1.3 in [7].

(@ [ Qb= Danyear — [ (u=>Duyear.
T r

Proof of (G). By a priori estimates, u,, is bounded in LP(Q) for almost
every t, then there exists subsequence of u,,, still denoted as u,,, converges
to u weak star in LP(Q) (Alaoglu’s Theorem) for almost every ¢ € [0, 7.

Under the assumption that for fixed z, |k(z,y)|q = ([ |k(m,y)\qdy)% <
00, i.e. k(z,y) € LI(Q) for fixed z € T, we have

/k(w,y)um(y,t)dy — / k(z,y)u(y, t)dy as m — oo.
Q Q

Similarly,

/ Dik(, )t (3, £)dy — / Dik(z, y)uly, t)dy as m — co.
Q Q

Therefore, for x € T", we have
U (2, 1) P72 Dty (0, 1) — |u(z, t)|P"2Diu(x,t) a.e.
Next, we prove that | (|um(:1c,t)|p_2Dium(x7t))|q7F < oo :Forzel,
we have

Um (.’13, t) = 0 k‘(x, Z/)Um(y, t)dy,

um (2, D) <[k(2, y)|q|uml|p < K(2)C.
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Since K (z) € LP(T'), we have |uy, |, r < co. Similarly, we have | Dt |, <
oo and |v|,r < 0o. Then

{ |um |p72DiUm |q,F

<| |um|p—2‘p%m | Dt |p,r (since é = pr + %, see [p. 25, 1])

= (‘Um|p71‘)p72|DiUM|p7F < 0.

By Lemma 1.3 in [7], we get |u,|P~ 2Dy, — |ulP~2D;u weakly in L9(T)
for a.e. t € [0,T]. Since |v|,r < 00, (G) is proved.

() / ([ttma|?2 Dty (Dy0)d — / (|ufP~2 Dyu) (Dyv)d.
From (4.2S)2 we know, we need to prove: N

(1) /|um|p_2umDivdF—>/|u\p_2uDivdF,
and " "

(ii) /Q|um\p_2umAvdx—>/Q|u\p_2uAvdac.

Proof of (i). From the proof of (G), we have, for z € T,
[t (2, 1) [P~ 20, (2, ) — |u(z,t)[P~2u(x, t) almost everywhere,

‘ |um|”_2um‘%F = |um|§}1 < 00.

Therefore, we can apply Lemma 1.3 in [7] to conclude that |u,,(z,t)[P~—2
XU (7, ) — |u(z,t)[P~%u(z,t) weakly in LI(T). Since D;v € LP(T), (i) is
proved.

Proof of (ii). From (E), we have for z € Q, |un,(z,t)[P 2w (v, t) —
lu(z, t)[P~?u(x, t) almost everywhere. Since | |um|p’2um‘q = |um|p™" < oo,
by Lemma 1.3 in [7], we have:

[t [P~ 20 — |ulP~2u weakly in LI(Q).
Since Av € LP(f2), we finish the proof of (ii).

(I (ul,,v) — (v,v) and u(t) is continuous on [0, 7.

Proof of (I). Since u/, is bounded in L2(0,T; H "()), by Alaoglu’s the-
orem, there exists a subsequence of u/, still denoted as u/,,, converges to x
weak star in L2(0,T; H~"(£2)). By slightly modifying the proof of Theorem
1 in [2] (consider the space L4(0,T; H~"(12)), instead of L%(0, T; B3(0,1)).),
we have x =« and u(t) is continuous on [0, 7.

Based on the above discussion, we summerize the existence theorem as
follows:
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Theorem 4.3. Under the assumptions (A1l)—(Ab), there exists a gener-
alized solution w, such that

1) ue L°°(0 T;L*(Q)) N C([0,T], H"(Q)).

(2) |u|*z u is bounded in L?(0,T; H(Q)).

(3) 4v € L9(0,T; H"()).

(4) u(.0) = uo(a).

(5)

5 The identity

0 ou
(7 (=250, 0) + (=2, ) = (£,v)
i=1 " v

holds for allv € V and a.e. t € [0,T].
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1. Formulation of Oblique Derivative Problems

Let Q be a bounded domain in RY and the boundary dQ € C2(0 < a < 1).

We consider the nonlinear elliptic equation of second order

F® (2,0, Dyu, D?u) =0 in Q, k=1,..,m

Under certain conditions, the system (1.1) can be reduced to the form

N m N
3 0l ke, 31 O e, e un) = P i Q@ k=1,.m, (L1)

i,j=1 h=1 i=1

where v = (ug,...,un,)? is the transposition of (u1,...

(uwi)v Dgu = (uziwj)7 and

7um)7 DIU

1 1
o = /0 F) (e, u,p, 7r)dr, B = /0 F®) (2,0, 7p, 0)dr,

1
Cglk) :/ F‘f('ﬁzL (J?, TU, 07 O)dTa f(k) = _F(k) (I, 07 07 O)’
0

b= D:Eu; rhij - uhmimjv Phi = uhmi; hak = 17"'7m'

IThis research is supported by NSFC (No.10971224)

N2
r = Dju,
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In this paper we consider

N
Z ukaJrZ thz na, A6 up] = f®) in Q k=1,...,m, (1.2)

h=1 i=1

in which ¢ A(k) = cgk) lup|™, bk =1,....,m, np (h = 1,...,m) are positive

numbers. Suppose that (1.2) satisfies Condition C, i.e. for arbitrary func-
tions u}(x), ui(z) € CH(Q) N WE(Q), F®)(x,u, Dyu, D2u) (k = 1,...,m)
satisfy the conditions

F(k)(x ul, Dyut D2u1) — F®) (2, u?, Dyu?, D?u?)

Z a ukz IJ+Zthz uhz1+c )’Uzh],]f:l,...,m,

i,j=1 h=1 i=1

where 3 (0 < 3 < 1) is a constant, u = u! — u? and

alh) = / FO | (o,ap.)dr, B = / F®) (a,d,5,7)dr,

~(k) / F(k) (z,a,p,T)dT, r—DQ[ 24 r(ut —uz)],

p = Dy[u?+71(ur —u?)], a=u>+7(ut—u?),h, k=1,...m
and agf), bsz), ) , %) satisfy the conditions
n N
E

0> &% < Z a6 < qolz|§J|2 0<q<1,  (13)

j=1 =1 j=1

N N
2N —1

Sup[ijzl /lnf ; i S q1 < W, (14)

| < ko, 0] < aF) < ko, L(F®),Q) < ku,
e | < ) < ko (k # h), |eh] < ko, (1.5)
Supg ck <0 i,7=1,...N,hk=1,...m

in which q07q1,q}(L ) (k,h = 1,...,m), ko, k1,p (> N +2) are non-negative
= ()
ij
D,u, D2u), b(k)(x u, Dyu), cglk) (z,u) are continuous in u € R, D,u € RV,

constants. Moreover, for almost every point z € Q and D?u, a;; (v, u,
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Now we explain the condition (1.4). It is enough to consider the linear
elliptic equation of (1.1) with m = 1, namely

N N
Z i (T)Ug, o, + Zb,(m)uw +c(z)u = f(z) in Q. (1.6)

Let (1.6) be divided by A = 7infg le\il ai;, here T is an undetermined
positive constant, and denote a;; = a;;/A, b = bi/A(i,j =1,..,N), ¢ =
¢/A, f = f/A, equation (1.6) is reduced to the form

N
Zdij( ) Uy, m7+2b ) Uy, +E(x :f(:r), ie

ij=1
N N X
Ay = — Z[&ij( — 0ij] Uz, Z Ju+ f(z) in Q.
ij=1 i=1

We require that the above coefficients satisfy

sup2 Z aZJJrZ a“fl

1,j=1,2<J i=1

N+1 |
—SU.p JZI +N QZCL” 2N71 L.e. (17)
sup Z a; —22 Qi; ;}fvtll — N,
3,j=1

with the constant 7 = (2N — 1)/(2N? — 2N — 1), it can be derived from
the condition in (1.4). In fact, we consider

N+1 .
sup ;1a —21ana“ N 1 — N, ie.

supg Z’L,j:l a’ij <g+ N+1 N ie Supg ij:l azzj
2info[Y a2 T 2N -1 7 T im0 au)?
and can find the maximum of f(7) = 27 + (1 +2N — 2N?)72/(2N — 1) on
[0,00) at the point 7 = (2N — 1)/(2N? — 2N — 1), and the maximum of
f(7) equals f((2N —1)/(2N? —2N —1)) = (2N —1)/(2N? — 2N — 1), the
above inequality with 7 = (2N — 1)/(2N? — 2N — 1) is just the inequality

<f(7),
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n (1.4). From the inequality (1.4), it follows that (1.7) with 7 = (2N —
1)/(2N? — 2N — 1) holds.
The so-called oblique derivative boundary value problem (Problem O)
is to find a continuously differentiable solution u = u(z) = (u, ..., um)" €
= Cé (Q) N W3(Q) satisfying the boundary conditions

lu:d?—l—au:T(x), x€0Q, ie

v

N o (1.8)
lu = j;dja—xj +ou=r71(x), v €0Q,
in which d(z),d;(z)(j =1,...,N),o(x), 7(x) satisty the conditions
C;c [U(:L‘), 8@] < kO’ COé [dj (:L‘), aQ] Sk()v Cé [T(SL’), aQ] SkQa
(1.9)

cos(v, ) > qo >0, d>0, 0 >0, z€9Q,

where p is the unit outward normal on 9Q,«,3(0 < f < a < 1), ko, ka,
do (0 < go < 1) are non-negative constants. In particular, Problem O with

the condition v = p, 0 = 0 on 9Q is the initial-Neumenn problem (Problem
N).

Theorem 1.1. If system (1.2) satisfies Condition C and f*) = 0, q(k)
(k#£k,k,h=1,...,m, 4,5 =1,..., N) are small enough, then the solutions of
Problem O for the above equation only has the trivial solution.

Proof. Let u(z) = [u1(x), ..., um(z)]T be two solutions of Problem O. It
is easy to see that u(z) satisfies the following boundary value problem

N m N
Z agf)u;mixj —|—Z[Zb§£)uhm—|—é$)uh] =0,z€Q,k=1,....m, (1.10)

ij=1 h=1 i=1

d% +o(x)u=0, z€dq, (1.11)

) k) e k) are as stated in (1.2). Let us multiply ux to each

ij " hi €
equation of system (1.10). Thus a system for u2 = (ug)? (k = 1,...,m) can
be obtained, i.e.

where a

a(k) a ’LL u
x T ij Wk Yk

=t nI=t (1.12)

m N
- Z thz UL Uhg, +c( )ukuh}:() in@, k=1,....m
h=1 i=1
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Noting that Condition C' and q (k) (h #k,hk=1,..,m) are small enough,
there exists a small positive number &q such that |b \ < ey, |c \ <eg(h#
k,hk=1,...,m,j=1,..,N), if the maximum of ui = (uy)? attains at an

inner point PO =29 € Q, and
Mo = max{[ug (Po)|™ ™, lux (Po)[?] >0,
we choose a sufficiently small neighborhood Gy of Py such that 2|ugug,,| <

e8/NMy in Go and miny <p<m(—supg é;lh)) — [m?N/4qo + ko + 1]e3 > 0,
thus we have

N
2
E a” kalukr, 2 4o E |uka, |,

1,7=1
m m N m i
0
Z me UpUpg,;| > — ZZ mluk% Tuﬁ + 7 Je
h=1 i=1 he1i=1 do 0
m N 2N
—qo ZZ Una, | + koleguj,
h=11i=1 4q0
m m
2w 2 3l i (supdi!) el k=1, m

<h<m

and then

2
~(h m°N

E al e, ks, >{1§}11§m(* sup ch ))*[m+ko+1}58}u2 >0

7,7=1

in Go,lgk’gm

On the basis of the maximum principle of the solution u% (1 <k<m)
for equation (1.12), we see that uf (1 < k < m) cannot take a positive
maximum in Q. Hence v?(z) = Y., u} = 0, namely u(z) = 0 in Q.

2. Estimates of Solutions of Oblique Derivative Problems

Theorem 2.1. Suppose that (1.2) satisfies Condition C and qpp (K #
h,k,h=1,...,N) are small enough. Then any solution u(x) of Problem O
satisfies the estimates

ZC |U |’ﬂ+1 a) < Ml = Ml((vaaak?Q)? (21)
k=1
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m

ullwzg) = D lullwzg) < Ma = Ma(q,p, ok, Q), (2.2)
k=1

where 3(0 < B < @), q¢ = (q,q1), k = (ko, k1, k2), M1, M2 are non-
negative constants.

Proof. First of all, under Condition C, we substitute the solution u(z) of
Problem O into system (1.2), thus we can only discuss the linear elliptic
system in the form

N m N
Z @ ukx i 2 Z[Z bgzlz)uhwi +é(k)uh] - f(k) in Q,k=1,...,m, (2.3)

h=1 i=1

and verify the boundedness estimate of the solution u(x)
Hu, Q) =D [CH|ux |, Q) < Ms, (2.4)
k=1

where M3 = M3(q,p, a, k, Q). Suppose that (2.4) is not true, then there ex-
ist sequences of functions {a(kl)} {b(kl)} {¢ (kl)} {f*DY and {a(l b {70},
which satisfy Condition C' and (1.5), (1.9), and {a(k)} {b } {A(kl)}
{f*EDY weakly converge to agg ) b(ko A(ko) , fEO ] and {o®W}, {7(O} uni-
formly converge to ¢, 7(9 in Q or HQ respectlvely, and the boundary value
problem

m N
Za(k )umimj-l-Z[Zb;l l)uhw +c§l up)= % in Q k=1, ...,m, (2.5)

i,j=1 h=1 i=1

O]
dau— +0Wu® =70 (z) on 9Q, (2.6)
v
have solutions u(x) (I = 1,2,...) such that Hu(l)Hél@) = b is un-

bounded. There is no harm assuming that A®) > 1, and lim ;.o hY) = +c0.
It is easy to see that U = u(l)/h(l) is a solution of the following boundary
value problem

N
. AR
Z (kl)UIElx)le +Z Zb kl)U(l) (kl)U}gl)] G inQ k=1,...,m

i,j=1 =1 i=1

l l
U0 g T

ov 30

on 0Q. (2.8)
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Noting that Z;"Zl[Zf;l bg:l)U,(Ll), + é%kl)U,(Ll)] in (2.8) are bounded, by the

T

method in Theorem 3.1, Chapter IV, [5], we can obtain the estimate
C5UD, Q) < M, U |lwz(q) < Ms, (2.9)

where (0 < 8 < ), M; = M;(q,p, ., k,Q, M3) (j = 4,5) are non-negative
constants. Hence from {U(!)}, we can choose a subsequence {U*)} such
that {UtR)}, {U (1) } uniformly converge to U(®) Uy? in @ respectively, and

{Uml’}) } weakly converge to Ua(c ;J in Q respectively, and U is a solution

of the following boundary value problem

S a0, 43S UL + U] 0 00 @ k=1t

3,7=1 h=1 i=1
(2.10)

(0)
d% +0OU® =0 on 9Q. (2.11)

According to Theorem 1.1, we can get U(O)(x) =0, z € Q. However, from
C UM, Q)] = 1, there exists a point z* € @, such that ZZLJ\U,&O) (x*)] 4+
ZZ 1 |U(O)( *)|] > 0. This contradiction proves that (2.4) is true. By the
same way as stated before, we can derive the estimates (2.1) and (2.2).

Moreover by using the method in Chapter IV, [5], we can prove the
following theorem.

Theorem 2.2. Suppose that equation (1.2) satisfies the same as in Theo-
rem 2.1. Then any solution u(x) of Problem O satisfies the estimates

Chlu, Q) < Me(ky + ko), ||ullwz(q) < Mz (k1 + ka), (2.12)
where (0 < 8 < «), M; = M;j(q,p,a. ko, Q) (j = 6,7) are non-negative
constants.

3. Solvability of Oblique Derivative Problems

We first consider the other form of system (1.2), namely

Auk = gkl('raua D’LL, Dz“)? gkl :AUk+ Z af]lkaﬁ;J
ni=1 (3.1)
+Z Z Ritha, + 5 up] = f*in Q,

h=1 i=1
where k = 1,...,m, Aug = Zf\il 0?uy/0x? and the coefficients

(k) k (K .
M — { il = { b &l = { g { S Q)
1 1 . *

! i 0 0, 0 in RM\Q,

7
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where Q; = {x € Q| dist(x,0Q) > 1/1}, | is a positive integer.

Theorem 3.1. Under the same conditions in Theorem 2.1, if u(z) =
[ul(z), ..., um ()] is any solution of Problem O for system (3.1), then u(z)
can be expressed in the form

w(@)=U(x)+V(z)=U(x)+v(z)+v(z), v(z)=

Gz = Qp(Q)d¢, G {lx NG N N ()

Qo log [z —(l/2m, N = 2,

where wy = 2mN/2/(NT'(N/2)) is the volume of unit ball in RY | p(x) = Au
and V(z) is a solution of Problem Dqy for (3.1), namely the equation (3.1)
in Qo = {|z| < R} with the boundary condition V(z) = 0 on 0Q, here R
is a large number, such that Qo O Q, and U(z) is a solution of Problem O
for AU = 0 in Q with the boundary condition (3.11) below, which satisfy
the estimates

Cé[U,@]+ U llwz@)< Ms, C’é[V,@H |V llwzgo < Mo, (3.4)
where $(0 < B < «a), M; = M;(g,p,a,k,Q1) (j = 8,9) are non-negative
constants, ¢ = (qo,q1), k = (ko, k1, k2).

Proof. It is easy to see that the solution u(z) of Problem O for system
(3.1) can be expressed by the form (3.3). Noting that akl =0(i # j), bft =
0, il =0, f*(z) = 0 in RN\Q; and V (z A) is a solution of Problem Dy for
(3.1) in Qo, we can obtain that V(x) in Qo = Q\Qo satisfies the estimate

C2[V(£L'), C?2l] < Mo = MlO(vaa «, k7 Ql)
On the basis of Theorem 2.1, we can see that U (x) satisfies the first estimate
n (3.4), and then V(z) satisfies the second estimate in (3.4).

Theorem 3.2. If system (1.2) satisfies the same conditions as in Theorem
2.1, then Problem O for (3.1) has a solution u(x).

Proof. In order to prove the existence of solutions of Problem O for the
nonlinear system (3.1) by using the Larey-Schauder theorem, we introduce
the system with the parameter h € [0, 1]:

Auy, = hg"'(z,u, Du, D*u) in Q, k=1,...,m. (3.5)

Denote by By a bounded open set in the Banach space B = W2(Qo) =
C(Qy) NW35(Qo)(0 < B < a), the elements of which are real functions
V(z) satisfying the inequalities

|V ||W22(Q0): C’é[‘/a@] +IVIllwz(Qo) < M1 = My +1, (3.6)
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in which My is a non-negative constant as stated in (3.4). We choose any
function V(x) € By and substitute it into the appropriate positions in
the right hand side of (3.5), and then we make an integral o(z) = Hp as
follows: R

o(x) = Hp, p(x) = AV. (3.7

Next we find a solution 9(z) of the boundary value problem in Qp:
Af]o =0 on QQ, (38)

Uo(z) = —0(x) on 9Q, (3.9)

and denote the solution V (z) = @(x) + 7o (z) of the corresponding Problem
Dy. Moreover on the basis of the result in [5], we can find a solution U (z)
of the corresponding Problem O in @:

AU =0 on Q, (3.10)
oU - v X
d% +o(z)U =71(z) — d% +o(z)V on 0Q. (3.11)
Now we discuss the system
AV =hg*(x, 4, Da, D?°U+D?*V), k=1,...,m,0 < h <1, (3.12)

where @ = U + V. By Condition C, applying the principle of contracting
mapping, we can find a unique solution V(z) of Problem Dy for system
(3.12) in Qo satistying the boundary condition

V(z) =0 on 9Q. (3.13)

Denote u(z) = U(z) + V(z), where the relation between U and V is same
that between U and V, and by V = S(V,h), u = S1(V,h) (0 < h < 1)
the mappings from V onto V and u respectively. Furthermore, if V(x) is a
solution of Problem O in @ for the system

AV = hg"'(x,u, Du, D*(U +V)),0 < h <1, (3.14)

where u = S1(V, h), then from Theorem 3.1, the solution V' (z) of Problem
Dy for (3.14) satisfies the second estimate (3.4), consequently V(x) € By.
Set By = By x [0,1], we can verify that the mapping V' = S(V, h) satisfies
the three conditions of Leray-Schauder theorem:

1) For every h € [0,1], V = S(V,h) continuously maps the Banach
space B into itself, and is completely continuous on Bj;. Besides, for
every function V(z) € Bys, S(V,h) is uniformly continuous with respect
to h € 0,1].
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2) For h = 0, from (3.6) and (3.12), it is clear that V = S(V,0) € Byy.

3) From Theorems 3.1, we know that the system of functions V =
S(V,h) (0 < h < 1) satisfies the second estimate in (3.4). Moreover by
the inequality (3.6), it is not difficult to see that the functional equation
V = S(V,h) (0 < h < 1) has not a solution V(z) on the boundary dBy; =
By \By.

Hence by the Leray-Schauder theorem, we know that Problem D, for
system (3.12) with h =1 has a solution V(z) € By, and then Problem
O of system (3.5) with h = 1, i.e. (3.1) has a solution u(z) = S1(V,h) =
U(x)+V(z)=U(z)+vo(z)+v(z) € B.

Theorem 3.3. Under the same conditions in Theorem 2.1, Problem O for
system (1.2) has a solution.

Proof. By Theorems 2.1 and 3.2, Problem O for system (3.1) possesses
a solution u!(z), and the solution u!(z) of Problem O for (3.1) satisfies
the estimates (2.1) and (2.2), where [ = 1,2,.... Thus, we can choose
a subsequence {u'*(z)}, such that {u'*(z)}, {uk(z)} (i = 1,..,N) in @
uniformly converge to u°(x), ugi (z) (i = 1,...,N) respectively. Obviously,
u®(x) satisfies the boundary condition of Problem O. On the basis of
principle of compactness of solutions for system (3.1) (see Theorem 5.5,
Chapter 1, [5]), it is easy to see that u°(z) is a solution of Problem O for
(1.2).
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1. Introduction

In the first part of the paper we would like to study the heat equation with
a singular L? potential V = V(x,1), i.e.

Au+Vu—u;=0 in R"x (0,00), V€L?(R" x (0,00)), n > 3,

1.1
u(z,0) = ug(z), x € R", uy € L2(R™). (L)
Since we are only concerned with local regularity issue in this paper, we
will always assume that V is zero outside of a cylinder in space time:
B(0, Ry) x [0, Tp], unless stated otherwise. Here Ry and T are fixed pos-
itive number. The L? condition on the potential V is modeled after the
three dimensional vorticity equation derived from the Navier-Stokes equa-
tion. There the potential V is in fact the gradient of the velocity which is
known to be in L?. The unknown function u in (1.1) corresponds to the
vorticity which is also known to be a L? function.
We will use the following definition of weak solutions.

Definition 1.1. Let 7' > 0. We say that u € L}, _(R"x (0,7T)) is a solution
o (L.1),if V(.),u(.,t) € L}, (R™ x (0,T)) and

loc

/ ug(2)¢(w)dz+ /0 ' / ugrddi+ /0 : /D uAgdrdt+ /0 ’ / Vugdedt=0
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for all smooth, compactly supported ¢ vanishing on R™ x {T'}.

It is well known that L? potentials in general are too singular to allow
weak solutions of (1.1) to be bounded or unique. Therefore further as-
sumptions must be imposed in order to establish a regularity theory. The
classical condition on the potential V' for Holder continuity and uniqueness
of weak solutions is that V € L}>? with 24+ % < 2. This condition is sharp
in general since one can easily construct a counter example. For instance
for V = a/|z|* with a > 0, then there is no bounded positive solution to
(1.1) (see [2]). In fact in that paper, it is shown that if a is sufficiently
large, then even weak positive solutions can not exist. There is a long his-
tory of finding larger class of potentials such that some regularity of the
weak solutions is possible. Among them is the Kato class, time indepen-
dent or otherwise. Roughly speaking a function is in a Kato type class if
the convolution of the absolute value of the function and the fundamental
solution of Laplace or the heat equation is bounded. This class of func-
tions are moderately more general than the standard L?9 class. However,
it is still far from enough for applications in such places as the vorticity
equation mentioned above. We refer the reader to the papers [1,11,16,18]
and reference therein for results in this direction. The main results there is
the continuity of weak solutions with potentials in the Kato class. In ad-
dition, equation (1.1) with V" in Morrey or Besov classes are also studied.
However, these classes are essentially logarithmic improvements over the
standard LP'? class. In the paper [17], K. Sturm proved Gaussian upper
and lower bound for the fundamental solution when the potential belongs
to a class of time independent, singular oscillating functions. His condi-
tion is on the L' bound of the fundamental solution of a slightly “larger”
potential.

In this paper we introduce a new class of time dependent potentials
which can be written as a nonlinear combination of derivatives of a function.
The general idea of studying elliptic and parabolic equations with potentials
as the spatial derivative of some functions is not new. This has been used
in the classical books [7,12,13]. Here we also allow the appearance of time
derivative which can not be dominated by the Laplace operator. Another
innovation is the use of a suitable combination of derivatives. The class
we are going to define in section 2 essentially characterize all L? potentials
which allow (1.1) to have positive L? solutions.

The question of whether the Laplace or the heat equation with a po-
tential possesses a positive solution has been a long standing one. For the
Laplace equation, when the potential has only mild singularity, i.e. in the
Kato class, a satisfactory answer can be found in the Allegretto-Piepenbrink
theory. See Theorem C.8.1 in the survey paper [16]. Brezis and J. L. Lions
(see [2], p.122) asked when (1.1) with more singular potential has a posi-
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tive solutions. This problem was solved in [2] when V = a/|z|? with a > 0.
In the case of general time independent potentials V' > 0, it was solved
in [3] and later generalized in [8]. However the case of time dependent or
sign changing potentials is completely open. One of the main results of
the paper (Theorem 2.1) gives a solution of the problem with L? poten-
tials. The main advantage of the new class of potentials is that it correctly
captures the cancelation effect of sign changing functions. Moreover, we
show in Theorems 2.2-2.3 below that, if we just narrow the class a little,
then the weak fundamental solutions not only exist but also have Gaussian
upper bound. A Gaussian lower bound is also established under further
but necessary restrictions.

Some of the results of the paper can be generalized beyond L? potentials.
However we will not seek full generalization this time.

Before proceeding further let us fix some notations and symbols, to
which will refer the reader going over the rest of the paper.

Notations. We will use RT to denote (0, 00). The letter C, ¢ with or with-
out index will denote generic positive constants whose value may change
from line to line, unless specified otherwise. When we say a time dependent
function is in L? we mean its square is integrable in R® x R*. We use Gy
to denote the fundamental solution of (1.1) if it exists. Please see the next
section for its existence and uniqueness. The symbol Gy will denote the
fundamental solution of the heat equation free of potentials. Give b > 0,
we will use g, to denote a Gaussian with b as the exponential parameter,
ie.

1

—blz—y|?/(t—s
9b = gb(mvt;ya 8) = (tfs)n/Qe ble=ul'/t=2),

Given a L}, function f in space time, we will use g, x f(z,t) to denote

t
A /n gb(m?t;ya S)f(ya S)dyds

When we say that Gy has Gaussian upper bound, we mean that exists
b > 0 and ¢ > 0 such that Gy (z,t;y,s) < cgp(z,t;y,s). The same goes for
the Gaussian lower bound.

When we say a function is a positive solution to (1.1) we mean it is a
nonnegative weak solution which is not identically zero.

Here is the plan of the paper. In the next section we provide the defi-
nitions, statements and proofs of the main results. In Section 3, we define
another class of singular potentials, called heat bounded class. Some ap-
plications to the Navier-Stokes equation is given in Section 4.
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2. Singular Potentials as Combinations of Derivatives

2.1. Definitions, statements of theorems

Definition 2.1. Given two functions V € L*(R"xR™T), f € Lj (R" xR™)
and a > 0, we say that

V=Af—alVfP~f,

if there exists sequences of functions {V;} and {f;} such that the following
conditions hold for all 7 = 1,2...:

(i) V; € L>(R* x RY), Af; € L*(R" x RY), 8;f; € L*(R™ x RY),
fi € C(Rn X R+).

(i) Vi — V strongly in L2(R™ x R*), |Vi| < |Vig1l, fi — f a.e. and
fi(z,0) = fit1(2,0).

(i) Vi =Afi — Vil = 0. fi.

Here we remark that we do not assume Af, |[Vf|? or 0;f are in L?
individually. This explains the lengthy appearance of the definition.

The main results of Section 2 are the next three theorems. The first
one states a necessary and sufficient condition such that (1.1) possesses
a positive solution. The second theorem establishes Gaussian upper and
lower bound for the fundamental solutions of (1.1). The third theorem is
an application of the second one in the more traditional setting of LP:¢
conditions on the potential. It will show that our conditions are genuinely
much broader than the traditional ones.

It should be made clear that there is no claim on uniqueness in any
of the theorems. In the absence of uniqueness how does one define the
fundamental solution? This is possible due to the uniqueness of problem
(1.1) when the potential V is truncated from above. This fact is proved in
Proposition 2.1 below. Consequently we can state

Definition 2.2. The fundamental solution Gy is defined as the pointwise
limit of the (increasing) sequence of the fundamental solution Gy, where
V; = min{V,i} with i = 1,2, ....

We remark that Gy thus defined may be infinity somewhere or ev-
erywhere. However we will show that they have better behavior or even
Gaussian bounds under further conditions.

Theorem 2.1. (i) Suppose (1.1) with some ug > 0 has a positive solution.
Then
V=Af—|Vf* =0,

with e~/ € L2(R™ x RY). Moreover f € L} (R" x R*) iflnug € L}, (R™).
(ii) Suppose V.= Af—|Vf|>—0f for some f such that e~/ € L?>(R" x
R*). Then the equation in (1.1) has a positive L? solution for some ug €

L2(R™).
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Theorem 2.2. (i) Suppose V.= Af — a|Vf|> — O.f for one given a > 1
and f € L®(R™ x RT). Then Gy has Gaussian upper bound in all space
time.

(ii) Under the same assumption as in (i), if g1/4%|V f|? € L= (R" xR™),
then Gy has Gaussian lower bound in all space time.

(iii) Under the same assumption as in (i), suppose Gy has Gaussian

lower bound in all space time. Then there exists b > 0 such that gyx|V f|? €
L>®(R" x RT).
Remark 2.1. At the first glance, Theorem 2.1 may seem like a restatement
of existence of positive solutions without much work. However Theorem 2.2
shows that if one just puts a little more restriction on the potential V', then
the fundamental solution actually has a Gaussian upper bound. Under an
additional but necessary assumption, a Gaussian lower bound also holds.
Even the widely studied potential a/|z|?> in R™ can be recast in the form
of Theorem 1.1, as indicated in the following

Example 2.1. For a real number b, we write f = blnr with » = |z|. Then
direct calculation shows, for r # 0,

b(n—2—0)

=Af—|Vf]*
,

Let a = b(n—2—b). Then it is clear that the range of a is (—oo, (n—2)?/4].
In this interval (1.1) with V = a/|z|?> permits positive solutions. This
recovers the existence part in the classical result [2]. Highly singular, time
dependent examples can be constructed by taking f = sin(ﬁ) e.g.

Moreover the corollaries below relate our class of potentials with the tra-
ditional “form bounded” or domination class (2.1) below (see also [16]). In
the difficult time dependent case, Corollary 2.1 shows that potentials per-
mitting positive solutions, can be written as the sum of one form bounded
potentials and the time derivative of a function almost bounded from above
by a constant.

Remark 2.2. From the proof, it will be clear that under the assumption
of part (i) of Theorem 2.2, one has

/Gav(x,t;y,s)dy < C < .

This is one of the main assumptions used by Sturm [17] in the time inde-
pendent case (Theorem 4.12). If & = 1, then the conclusion of Theorem
2.2 may not hold even for time independent potentials (see [17]). Also note
that this theorem provides a nearly necessary and sufficient condition on
certain sign changing potential such that the corresponding heat kernel has
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Gaussian upper and lower bound. The only “gap” in the condition is the
difference in the parameters of the kernels g /4 and gp. It is well know and
easy to check if |V f| € LP? with 7+ % < 1 and f = 0 outside a compact
set, then g, x |V f|? is a bounded function for all b > 0.

Corollary 2.1. Let V € L2(R™ x (0,00)). (a) Suppose

/OT/V¢2§/OT/IV¢2+?>/OT/¢2 (2.1)

for all smooth, compactly supported function ¢ in R™ x (0,T) and some
b>0and T > 0. Then (1.1) has a positive solution when uy > 0 and
moreover

V=Af—|Vf*=0f.

(b) Suppose V.= Af — |[Vf|? then V is form bounded, i.e. it satisfies
(2.1).

(c) Let V be a L* potential permitting positive L? solutions for (1.1).
Then V' can be written as the sum of one form bounded potentials and the
time derivative of a function almost bounded from above by a constant.

In the next corollary, we consider only time-independent, nonnegative
potentials. Here the definition of V = Af — |Vf|? is slightly different
from that of Definition (1.1) since we do not have to worry about time
derivatives. One interesting consequence is that these class of potentials is
ezactly the usual form boundedness potentials.

Corollary 2.2. Suppose 0 <V € LY(R"™). Then the following statements
are equivalent. (1) For some f € Li .(R™) and a constant b > 0,

loc
V =Af—|Vf>+b.

This mean there exist V; € L* such that V; — V in L*(R') and V; =
Af; — |V fi|> +b for some f; € W2(R"), j =1,2,....

(2)
2 /V¢2da: < /|V¢|2dx+b/¢2dx.

for all smooth, compactly supported function ¢ in R™ and some b > 0.

Remark 2.3. Condition (2) in the above corollary just means that the
bottom of the spectrum for the operator —A — V' is finite. This condition
is the same as those given in [3,8].

It is a fact that most people feel more familiar with the case when the
potential V' is written as LP'? functions. Also there may be some incon-
venience about the presence of the nonlinear term |V f|? in the potential
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in Theorem 2.2. Therefore in our next theorem, we will use only LP9
conditions on f without nonlinear terms.

Theorem 2.3. Suppose

(a) f € L®(R" x R*);

(b) f =0 outside a cylinder B(0, Ro) x [0,Tp], Ro,To > 0;

(c) [Vf] € LPI(R™ x RY) with & + 2 < 1;

(d) V =Af—0,f € LA(R" x RT).

Then there exists a constant Ag depending only on n,p,q such that the
following statements hold, provided that

| IV £] HLM(R”xRﬂ < Ap.

(i) The kernel Gy has Gaussian upper and lower bound in all space
time.

(ii) The kernel Ga,r has Gaussian upper and lower bound in all space
time.

Remark 2.4. If V is independent of time, then Theorem 2.3. reduces to
the known classical fact:

If a potential V is the derivative a of a small L™ function, then Gy
has Gaussian upper and lower bound (see [11] e.g.).

In the time dependent case our result is genuinely new due to the pres-
ence of the term J; f. Let us mention that some smallness condition on the
potential is needed for the existence of Gaussian bounds for Gy,. This is
the case even for time independent, smooth potentials due to the possible
presence of ground state.

Preliminaries. In order to prove the theorems we need to prove a propo-
sition concerning the existence, uniqueness and maximum principle for so-
lutions of (1.1) under the assumptions that V' is bounded from above by a
constant. The result is standard if one assumes that the gradient of solu-
tions are L2. However we only assume that solutions are L?. Therefore a
little extra work is needed.

Proposition 2.1. Suppose that V € L?(R" x RY) and that V < b for a
positive constant b. Then the following conclusions hold.
(i) The only L? solution to the problem

Au+Vu—0u=0,R"x(0,7), T >0, u(x,0)=0

18 zero.
(ii) Let u be a solution to the problem in (i) such that u(-,t) € L*(R™),
ue LY(R" x (0,7)) and Vu € L*(R™ x (0,T)). Then u is identically zero.
(iii) Under the same assumptions as in (i), the problem

Au+Vu—0u=0, R" x (0,T), T > 0, u(-,0)=ug(-) > 0, ug € L*(R™)
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has a unique L? nonnegative solution.
(iv) Under the same assumptions as in (i), let u be a L? solution to the
following problem

Au+Vu—-dwu=f, R"x(0,T), T>0, u(-,0)=0.

Here f <0 and f € L*(R™ x (0,T)). Then u >0 in R™ x (0,T).

Proof of (i). Let u be a L? solution to the problem in (i). Choose a
standard mollifier p and define, for j =1,2,...,

wy(a, 1) = 5 / p(i( — y))uly, )y = / P& — yyuy, H)dy.

Then Vu; and Awu; exist in the classical sense. From the equation on v, it
holds

Auj + /pj(:c —y)V(y,t)uly, t)dy — Owu; = 0,

where J;u; is understood in the weak sense.
Given € > 0, we define

Let 0 < ¢ € C§°(R™). Then direct calculation shows

¢ u; Au;
¢h-(x,8)|t0d3:=/ / i x)dxds
/ ’ 0/ Juf+ +e

¢
—|—/O /¢( Uy (@,s) /pj(x—y)V(y,t)u(y,t)dydxthTl + Ts.

Using integration by parts, we deduce
t |2
= —/ /7‘Vuj| dzds
0 \ /uz + ¢(z, 5)
2 2
// |Vu]\ ¢(x, s)dxds — // Vuj d ds.
u +e€ 2+e

Since the sum of the first two terms on the right-hand side of the above
inequality is non-positive, we have

T < / / |Vl Vel
u +e
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Taking € to zero, we obtain

/¢|uj(x,t>dm</t/|vuj|V¢dmds+/0t/¢($)|/PjV+u(y,s)dy|da:ds
//¢ uj] /Pa(l” )V " uly, s)dydwds.

Here and later we set s ‘( s) =0, if uj(z,s) =0.
Next, since u,V € LQ(R" % (0,T)), one has uV € L*(R" x (0,T)). From
the equation
Au+Vu— =0,

one deduces

(@, ) A /Go 2,8y, ) (V) (y, s)dyds.

Here, as always, G is the fundamental solution of the free heat equation.
Hence u(-,t) € L*(R") and u € L*(R"” x (0,T)). Therefore, for any fixed
7, there holds

|Vu;| € LYR™ x (0,T)).
Now, for each R > 0, we choose ¢ so that ¢ = 1 in B(0,R), ¢ = 0 in
B(0,R+1)¢ and |V¢| < 2. Observing

t
/ /|Vuj| |Vo|dxds — 0, R — oo,
0

we deduce, by letting R — o0,

/|Uj($at)|d$</0t/|/ij+u(y,s)dydmds
—/Ot/ﬁ;(x? S)/pj (x —y)V " uly, s)dydzds.

By the fact that V~=u, VFtu € L}(R™ x (0,T)), we know that
/ pi(— )V uly, Yy —Vu(- ), / pi(- — )V uly, )y —Vrul ),

in LY(R™ x (0,7)). Since ‘Z—J‘(x,s) is bounded and converges to ﬁ‘(m,s)
J
a.e. in the support of u, we have

‘/t/ [I:Z(x’s)/pj(x_y)vU(yas)dy— V|;Q|L2}dxds
’/ /|u] (pj * V- u—=V " u)dzds

(2.2)

V udxds|+

—0.

|u]|
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Substituting this to (2.2), we deduce, by taking j — oo,

/|u(m7t)|dac</0t/V+|u(x,s)|dxds—/0t/V|ult2(m,s)dxds.

Therefore .
[t tlds < [ [ 1utes)idsds v
0

By Gronwall’s inequality u(x,t) = 0 a.e. This proves part (i).

Proof of (ii). Notice that the only place we have used the L? bounded-
ness of u is to ensure that Vu € L'(R™ x (0,7)). But this a part of the
assumptions in (ii). Therefore (ii) is also proven.

Proof of (iii). The uniqueness is an immediate consequence of part (i).
So we only need to prove existence. This follows from a standard limiting
process. For completeness we sketch the proof.

Given k = 1,2, .... let V} be the truncated potential

Vie = sup{V (z,t), —k}.

Since Vj, is a bounded function there exists a unique, nonnegative solution
uy to the following problem.

Auy, + Viur — Oy, =0, in R™ x (0, 00),
u(z,0) = up(z) > 0, x € R", ug € L*(R").

By the standard maximum principle, {uy} is a nonincreasing sequence and

/uk| dx—i—/ /|Vuk|2dxdt / /vkukdxdt
S/ /Vk"’uidmdt < HV+||OO/ /uida:dt.
0 0

By Gronwall’s lemma, we have

T
/ /\Vuk|2dxdt—|—/u%(x,T)dx g/u%(x)dJH_||v+||Oo/u(2)(x)dx62llv+lloo7?
0

It follows that uj converges pointwise to a function u which also satisfies
the above inequality. Let ¢ be a test function with compact support. Then

/(uk¢)|gdx —/OT/ukqbtdxdt —/OT/ up Agdxdt —/OT/ Viugpdzdt=0.
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Since {uy} is a monotone sequence and also since [Vyug| < |V|ug € L (R™x
(0,T)), the dominated convergence theorem implies that

/ (ug)|d dx — /0 ! / ugidrdt — /0 ! / uApdrdt — /0 ' / Vugdrdt = 0.

This shows that u is a nonnegative solution. It is clear that u is not
identically zero since ug is not. This proves part (iii) of the proposition.

Proof of (iv).

Let Vi be a truncated potential as in part (iii). Since Vj is bounded, the
standard maximum principle shows that there exists a unique, nonnegative
solution to the following problem

Aug, + Viyu, — Opuy, = f <0, R™ x (OaT)v T >0, uk('ao) =0.

Moreover {uy, } forms a decreasing sequence. Since Vj is a bounded function,
the standard parabolic theory shows that

t t t
/uk(x,t)d:c ://V,:'ukd:rds—//Vk_ukdxds—i—/ /fd:cds.
0 0 0
Therefore
t t
/uk(x,t)dx < HVJFHOO/ /ukdxds —|—//fdmds.
0 0

This implies

t
/ wn(, t)da + / / wpdids < C(t, [V {loos I1/]10)-
0

It follows that

t t
/uk(x,t)daz —l—//ukdxds +//Vk7ukdxds < Ct VT ooy | £111)-
0 0

Let w be the pointwise limit of the decreasing sequence {uy}. Then we
have

t
/w(x,t)daH—/ /wd:cds < Cl Voo, ILF]L)-
0

It is straight forward to check that w is a nonnegative solution to the
problem

Aw+Vw— 0w = f <0, R" x (0,T), T >0, w(-,0) =0.
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Hence
Alw—u)+V(w—u) —0(w—u)=0, R" x (0,T), T>0, (w—u)(-,0)=0.

Recall that u is assumed to be a L? solution and that V' € L2. We have
that Vu € L' and consequently u(-,t) € L'(R") and u € L' (R™ x (0,7)).
Now by Part (ii) of the proposition, we deduce w = u since w is also L.
Hence u > 0. This finishes the proof of the proposition.

2.3. Proofs of theorems

Proof of Theorem 2.1 (i).

For j =1,2...,let V; = min{V(z,¢), j}. Since V; is bounded from above,
Proposition 2.1 shows that there exists a unique solution u; to the following
problem.

Auj + Vju; — O =0, (2,t) € R" % (0,00), uj(z,0)=up(z), z € R™.
Notice that u; — u;_; is a solution to the problem
Auj—uj—1)+Vj(uj—uj1) =0 (uj—uj—1) = (Vic1 = Vj)uj1,
(z,t) € R™ x (0, 00),
(uj —uj—1)(z,0) =0, z € R"™.
Notice that
(Vie1 = Vi)uj—1 <0, (Vo1 = Vj)u;—1 € LH(R™ x (0, 7)), T > 0.

We can then apply Proposition 2.1 (iv) to conclude that

Uj > Uj—1-

Moreover
A(u—uj)+Vi(u—uj)— O (u—u;)=(V; = V)u, , (x,t)eR"x(0,00)
(u—u;)(x,0) =0, x €R",
with
(Vi = V)u <0, (V; — V)ue LNR" x (0,T)), T > 0.

By Proposition 2.1 (iv) again we know that uw > wu;. Therefore {u;} is
a non-decreasing sequence of nonnegative functions bounded from above
by a L? function. Let w be the pointwise limit of u;. The w is L? and
|Viu;| < |Vu| € LYR™ x (0,T)), T > 0. By the dominated convergence
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theorem, it is straight forward to check that w is a nonnegative L? solution
to the equation

Aw+Vw— 0w =0, (z,t)€R™x(0,00),
w(z,0) = up(z), x € R™

Fixing j, for any k = 1,2, .... Let Vj; = max{V}(x,t), —k}. Since Vj;, is
bounded, the following problem has a unique L? solution.

Aujp + Viguji — Opujr =0, (z,t) € R™ x (0, 00),
uj(z,0) = uo(x), x € R™.

Due to the fact that {Vj;} is a decreasing sequence of k, the maximum
principle shows that {u; } is also a decreasing sequence of k. Since Vjju; €
L*(R™ x (0,T)), T > 0, the parabolic version of the Calderon-Zygmond
theory shows

Aujr,  Oujr € L*(R™ x (0,T)), T > 0.
Since
0<ujr—uj <uji —uj, 0<w—u; <w—u, k=1,2,3,..,

we can apply the dominated convergence theorem to conclude that

T T
klim / /(ujk —uy;)3dzdt =0, lim / /(w — u;)?dzdt = 0.
—oo Jo j—oo Jo

Therefore we can extract a subsequence {u;, } such that

T
lim / /(w — ujy, )*dzdt = 0.
J—00 0

Hence there exists a subsequence, still called {u;, } such that u;,, — w a.e.
Recall that ug > 0, up # 0 and Vi, is bounded. It is clear that u,, > 0
when ¢ > 0. Now we define

fi = —Inujg,, f=—logw.

Then
Vi, = Af; = |V > = 015

Clearly f; — f a.e. and Vj,, — V in L? as j — oo. By Definition 2.1, this
means

V=Af=|VfI* =0
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It is clear that e fb = w is L? by construction.

Proof of Theorem 2.1 (ii).
By assumption, there exist sequences of functions {V;} and {f;} such
that
Vil < C, V| < [Vigal, f€L%,

|V; = Vil — o0, V; = Af; — [V f|> = 0. f;.

Then for u, e~ 1, we have
Au]' + Viu; — 8,5’&]' =0.

We will show that ||u;| 2 is uniformly bounded. To this end, we observe
that

Auj—ujp1) +Vj(ug—uji1) =0 (uj—uji1) =—(V; = Vjy1)uj11 >0.

Recall from Definition 2.1 that f;(x,0) is independent of j. Hence u;(z,0)
= u;jt1(x,0). Therefore 0 < u; < uji;. By the assumption that f; — f
a.e., we know that u; = e/i — e~/ a.e. Note that e~/ € L2(R" x (0, 0)).
Hence ||u;|z2 is uniformly bounded.

By weak compactness in L?, there exists a subsequence, still called
{u;} such that u; converges weakly to a L? function which we will call u.
Observe that, for any compactly supported test function ¢, there holds

lujViop —uV oL < llu;(V; = V)ollLs +[I(u; — w)VollLr
< ujllzzlVy = Viiez ¢l + l[(uj =)Vl L1

Hence
llu;Vip —uVolLr — 0,

when j — oco. From here it is easy to check that u is a nonnegative solution
to (1.1) with ug = e~7(»:0) as the initial value. Note the ug is independent
of j. If ug € L?(R™), then we are done. Otherwise, we can selection a L?
function dominated by ug to serve as the initial value.

Next we will provide a

Proof of Theorem 2.2 (i).

We will use an idea based on an argument in [17] where the heat equa-
tion with some singular, time independent potentials are studied.

By virtue of Proposition 2.1, the fundamental solution Gy, is defined
as the limit of fundamental solutions of the equation in (1.1), where V is
replaced by nonsingular potentials. Therefore we can and will assume that
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V' is smooth in this subsection. The constants involved will be independent
of the smoothness.
Since, by assumption

V=Af—a|VIP - o,/ (23)

one has

aV = Aaf) = [V(af)]* - d(af).
Writing F = e~f, it is easy to show that

AF 4+ aVF — 9,F = 0. (2.4)

Let us denote the fundamental solution of the equation in (2.4) by Gav.
Since f is bounded, we know that F is bounded between two positive
constants. Therefore it is clear that
inf ¥

<
sup F' —

sup F

0< inf I’

/GQV(xat;yvs)dy S (25)

for all z € R™ and t > s. Here inf F' and sup F' are taken over the whole
domain of F.

By Feynman-Kac formula and Holder’s inequality, for a given ¢ €
C§°(R™), there holds

I/Gv(fﬂ,t;y,s)¢(y)dyl
< [/G ( t: d /e G . a/(a—1) (a=1)/c
> aV T, 7y78) y] [ 0($at,y75)|¢(y)| dy] .

By (2.5), we deduce

1/«
cSo

| [ Gvie b o] < G oy,

where sg = S2£ The norm on ¢ means the L*/(®~1(R"™) norm. Hence

~ infF
Csl/a
ot < 0
1Gv (st 8)la/(a—1),00 < e TEa (2.6)
Here and later the norm || - ||, 4 stands for the operator norm from LP(R"™)

to L1(R™) for p, ¢ between 1 and co.
Without loss of generality we assume that a/(a— 1) is an integer. This
is so because otherwise we can choose one o € (1, ) such that ag /(a; —1)
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is an integer. Then interpolating between G,y and Gy by Feynman-Kac
formula again, we know that

/Gal‘/(x)t;yﬂs)dy S C(F,O(,O[l).

Then we can just work with G,,v instead of G,y in the above.
Using the reproducing property of Gy we deduce

1Gv (- t5+8)][1,00 < H 1Gv (s +t55 - tj—1)llpa0 (2.7)
where
« m m (t—s)j
- —_— . = t = _—
m a717pj mflJrl’qJ m—1"" st

For each j between 1 and m, we apply the Riesz-Thorin interpolation the-
orem to deduce

HGV( 73 'atj—l)Hpj#Jj
<Gy (st 5t D)y ok 1GV (ot 1) [ oo
Here the parameters are determined by the following relations

1 1-X; i1 1-— — 1
7:7&4_&,7:7)\4_/\7 )\ ‘]7
D 1 m’ ¢ m/(m—1) m—1

It follows that
1Gv Cotss o ti-1)llpga; S NGV (st ti—1)llm,co- (2.8)
Substituting (2.6) to (2.8), we deduce, after noticing that t;—t;_1 = (t—s)/m

/o (a—1)n/(2a)
csy m
HGV( 3 'atj—l)”Pqu_i < (t— S)(a—l)n/(Qa) :

This and (2.7) imply that

Csm/amn/Q
Gyt 8)||1oe < 20—
[Gv( Moo < t—s)?

Here we just used the relation m = a/(« — 1). This yields the on-diagonal
upper bound

s 1/(a— 1)(04/( 1)) n/2.

. 0
GV(‘T’tayas) S (t—s)"/2

(2.9)
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In order to obtain the full Gaussian bound, we observe that, for any p > 1,
the Feynman-Kac formula implies

Gy (z,t:y.5) < [Gov (2. 1:9,)]"7 [Gola, ;9.9 "7 (2.10)
Notice also

pV = p(Af — | V> = 8.f) = Alpf) — %\wm? — 3i(pf).

Taking p = (1+a)/2, then & > 1. Therefore pV also satisfies the condition
of Theorem 2.2 (i). Hence, the on-diagonal bound (2.9) holds for G,y , i.e.,
there exists a constant C(a, es"? /=" f) such that

C(Oz, esup f—inf f)

GPV(‘r7t;yu 8) S (t—S)n/2

Substituting this to the inequality (2.10), we obtain the desired Gaussian
upper bound for Gy .

Proof of Theorem 2.2 (ii).

In this part we prove the Gaussian lower bound. We will follow Nash’s
original idea. The novelty is a way of handling the potential term even, if it
is very singular. The main idea is to exploit the structure of the potential
when it is written as a combination of derivatives.

Since the setting of our problem is invariant under the scaling, for r > 0,

Vi(z,t) = r2V(rx7r2t), frlz,t) = f(rx,rzt), up(z,t) = r2u(rx,r2t),

we can just prove the lower bound for ¢ = 1 and s = 0. We divide the proof
into three steps.
Step 1. Fixing x € R"”, let us set

u(y,s) = Gy (y, 5:2,0), H(s) = / e Iy, s)dy.

Differentiating H(s), one obtains

) —mly|? )

u(y; s)

Estimating the first term on the righthand side of the above inequality as
in [6], Section 2, one arrives at

1 2 2
H'(s) > —C+§/e_”‘y‘ |V1nu(y,s)|2dy+/e_”‘y| V(y,s)dy. (2.11)
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Here C is a positive constant. Since,
V=Af—alVf*=af,

we know that

flat) = / Gol, t:4,0)f(y,0)

//Go V(y,s)dyds— a//Go )|V f|2dyds.

By our assumption

t
/ / Gola,t:y, )|V fdyds < ox.
0

Hence the boundedness of f implies that

t
m(x,t) = 7/ /Go(x,t;y,s)V(y, s)dyds € L*°.
0

Moreover
Am —90m=1V. (2.12)

Therefore
[ Vi sty = [ (8 - o)y, 5)dy
=/[Ae_”‘y'zlmdy—55/6‘”‘y‘2m(y, S)dyZ—C—as/e‘”'y‘zm(y,S)dy-

Here we have used the boundedness of m. Substituting the above to the
right-hand side of (2.11), we obtain

H'(s) > —C + % /e—ﬂly\zmnu(y, §)[2dy — M'(s), (2.13)

where

M(s) = / eIV m(y, s)dy. (2.14)

Step 2. By Poincaré’s inequality with e~mIv* as weight, we deduce,
for some B > 0,

H'(s)>-C+B / eyl [nu(y, s)—H(s)]*dy—M'(s).
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Next, observe that (Inu — H(s))?/u is non-increasing as a function of u
when w is between e2t#(5) and co. Also from the Gaussian upper bound,

sup u(y,s) < K < oo.
1/2<s<1

Therefore

H'(s)>—C + CBK_l(an—H(s))2/ e‘”ly‘Qu(y, s)dy—M'(s).
u(y,s)2exp(2+H (s))
(2.15)

Using the Gaussian upper bound again, we know that H(s) < C for
some C' > 0 and that

/ e u(y, s)dy Z/e’”'y'2U(y, s)dy — ce*TH )
u(y,s)>exp(2+H(s))

> e / u(y, s)dy — ce>H )
lyl<r

2
=e [/u(y,s)dy—/ll u(y,s)dy] — ce?tH (),
yI<r

(2.16)
We aim to find a lower bound for the right-hand side of (2.16). By
(2.12),
V =Am—dym > Am — |Vm|* — 9ym = Vi.

Write h = e~™. Then
Ah +Vih — 0;u = 0.

Since m € L*°, we know that / is bounded between two positive constants.
Observe that

W, t) = / Gra (2, £y, $)h(y, 5)dy.

Hence
0<c < /le (z,t;y,8)dy < ca.

By the maximum principle, we have
/Gv(x,t;y,s)dy > /le (x,t;y,s)dy > ¢1 > 0. (2.17)

Recall that u(y,s) = Gv(y,s;x,0). Substituting (2.17) to (2.16) and
applying the Gaussian upper bound on u(y, s), we deduce

/ eﬂrlyﬁu(y, s)dy > e e — ce2HH() (2.18)
u(y,s)Zexp(2+H(s))
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when r is sufficiently large. Substituting (2.18) to (2.15), we arrive at
H'(s) > —C+ CBK '(InK — H(s))2e ™ ¢; — ce® H() — M'(5). (2.19)

We claim that H(1) > —¢p for some sufficiently large ¢y > 0. Suppose
otherwise, i.e. H(1) < —¢p. From (2.19), for some C' > 0,

H'(s) > —C — M'(s).

Hence
H(1) — H(s) > —C(1 —s) = (M(1) — M(s)).

Therefore

H(s) < H(1) + C(1—s) + (M(1) = M(s)) < —co/2,
when ¢ is chosen sufficiently large. It follows from (2.19) that

H'(s) > —c1 + coH?(s) — M'(s).
This shows
(H(s) + M(s))" = —cs + ca(H(s) + M(5))*.
From here, one immediately deduces
H(1)>—-A, A>0.

The claim is proven. Thus
‘/e_ﬂ—lyl2 In GV(yu ST, O)dy > —Co,

where |z —y| < 1.
Using the reproducing property of Gy and Jensen’s inequality, we have,
when |z —y| <1,
InGy(z,2;y,0) = ln/Gv(a?, 2;2,1)Gv(z,1;y,0)dz
> /e_’r‘y|2 InGy(z,2;2,1)dz + /e_ﬁly‘2 InGvy(z,1;y,0)dz > —C.

This proves the on-diagonal lower bound. The full Gaussian lower bound
now follows from the standard argument in [6].
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Proof of Theorem 2.2 (iii).
Since,

V=Af—alVf[ = df,

we have
VA (a—1)|VIP=Af = |V =0 f.

Let u = e/, by direct calculation,
Au+ Vu — 0+ (a— 1)|Vf*u =0.

Hence

u(z,t) = /Gv(x,t;y,O)u(x,O)dy

-Ha—D[;/Gw%tw@WUF@JWWJMw&

Since f € L*°, we know that u is bounded between two positive constants.
If, by assumption, Gy has a Gaussian lower bound, then, for some b > 0,

we have
sup u

t
‘//%@¢%@WN@@@wgc
0

This completes the proof of part (iii) of Theorem 2.2.

Proof of Theorem 2.3.
(i) We write

Vi=2(Af =0, f —3|Vf]?), Va=6|Vf

infu "

Let Gy, (i = 1,2), be the fundamental solution of Au + Viu — dyu = 0.
Since

V=Af-0.f=(1/2)+ (V/2),
the Feynman-Kac formula implies

Gy (2, t:y,5) < [Gv (2, 1:,9)] " [Gva (2,15, 9)] 2

Observe that 3

Vi = AQf) - a2f) - SIVEH
Hence, by Theorem 2.2, we know that Gy, has Gaussian upper bound.
Under the smallness assumption on the LP¢ norm of |V f|? in the theorem,
it is well known that Gy, also has a Gaussian upper bound. Therefore Gy

has Gaussian upper bound.
In order to prove the Gaussian lower bound, we observe that

V=Af—if>Va=Af—dif -2V [
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Under our assumption on the LP? norm of |V f|, it is straight forward to
check that
gija* |Vf|2 € L.

Hence Theorem 2.2 (ii) shows Gy, has Gaussian lower bound. Clearly this
Gaussian lower bound of G, is also a Gaussian lower bound of Gy by the
maximum principle. This proves part (a).

(ii) Clearly we can choose Ag sufficiently small so that all the following
kernels have global Gaussian upper and lower bound:

Gav, Gyj2, Gaaf, Gagja. (2.20)

The bounds on the first two kernels follow from part (i). The bounds on
the last two kernels follow from standard theory since Af = div(V f) with
V f has a small norm in the suitable LP-? class (see [11] e.g.).

Now observe that

—Of=Af-0f-Af=V -Af,
Vi_Af _of

2 2 2

By Feynman-Kac formula

Giog) < (Gav)'? (G2Af)1/2?

Gyya < (Gang)* (Goyp)

Hence (2.20) show that G(_, sy also has global Gaussian upper and lower
bound. Since the setting of the Theorem is invariant under the reflection
f — —f the result follows.

We close this section by giving proofs of the corollaries.

Proof of Corollary 2.1.

(a) Let Vi = min{V(x,t),k}, k =1,2,.... Then (1.1) with V replaced
by Vi has a unique solution.

Let J(t) = [g, ui(x,t)dz. Then

J(t) =2 / [~ Vu Vg + Viuilde.

By our assumption on V', J'(t) < 2bJ(t) which implies

/ui(m,t)dwﬁ/ ud(z)dx .
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Therefore if uyg € L?(D), we conclude that u(z,t) increases to a finite
positive limit u(z,t) as k — oo, for all ¢t and for a.e. x. Moreover u(-,t) €
L?(R™). We show that the above u is a positive L? solution to (1.1).

Since wuy is a solution to (1.1) with V replaced by Vi, for any ¢ €
C§°(R™ x (0,T)), we have

to to ta
/ (up)[i2da— / / upthpdadt — / / wp Apdazdt — / / Viupdzdt =0,
t1 ty 31

for all tl,tg € (5, to).
By our assumption |Viug| < [Vu| € LY(R™ x (0,T)). Taking k — oo
and using the dominated convergence theorem, we obtain

/(uzﬁ)ﬁ'ﬁdw —/:2/ uhdzdt —/:2/ uApdxdt —/:/ Vuydzdt = 0.

This shows that u is a positive solution to (1.1). By Theorem 2.1
V=Af—|Vf]?-0.f.

(b) Suppose
V=Af—|Vf]

Due to the L? convergence, it suffices to prove that V; in Definition 2.1
satisfies (2.). Let ¢ be a test function, then

/Ooo/vj(ﬁzdxdt = /OOO /[Afj _ \ij\2]¢>2dxdt
2/Ooo/vfjv¢¢dxdt/Om/|vfj|2¢2dzdt
< /OOO/|V¢|2dxdtgb.

(c) The statement is self-evident by part (b) and Theorem 2.1.

Proof of Corollary 2.2.
Suppose V = Af — |V f|? +b. Then, by the same limiting argument as
above, we have

/V¢2dm :jli_)ngo/[Afj - |ij|2]¢2dx—|—b/¢2dx

= lim; s ( 2 [ V[V dpdo — [ ij|2¢2dx) +b [ pda.

/V¢2d:v < /|V¢|2dx—|—b/¢2dm.

Therefore
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Also by part (a) of Corollary 1, (1.1) has a positive solution when wug > 0.
On the other hand, suppose V satisfies

/V¢2d:c < /|V¢|2dx+b/¢2dx.

Write V; = min{V, j} with j = 1,2,.... Then

/(Vj —b)¢*dr < /|V¢|2dx.

Notice that V; — b is a bounded function. Hence we can apply Theorem
C.8.1 in [16] to conclude that there exists u; > 0 such that

Auj + (V; —b)u; =0.
Writing f; = —Inu;, we have

Vi =Af; = [V +0.
By definition, this means

V=Af—|Vf>+0b.

3. Heat Bounded Functions and the Heat Equation

Here we introduce another class of singular functions that has its origin
in the Kato type class. As mentioned in the introduction, a function is in
a Kato type class if the convolution of the absolute value of the function
and the fundamental solution of Laplace or the heat equation is bounded.
Here we generalize this notion by a simple but key stroke, i.e., we delete
the absolute value sign on the function in the definition of the Kato class.
More precisely, we have

Definition 3.1. Let f = f(z,t) be a local L! function in space time and
Gy be the standard Gaussian in R"™. We say that f is heat bounded in a
domain Q C R™ x R!, if

Go*f(x,t)z/O . Go(z,t;y,5)f(y, s)dyds

is a bounded function in Q.
We say that f is almost heat bounded in a domain Q C R™ x R! if

Go *f(x,t) S LP(Q)

for all p > 1.
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Example 3.1. The function V(x) = ax’faf[‘)z’” is not heat bounded but is
almost heat bounded in R™. Here a is a nonzero constant.
In the next two propositions, we provide a comparison between the heat

bounded class and more familiar classes of functions.

Proposition 3.1. Suppose, in the distribution sense, V = afjf with f €
Np>1LP(R™ x (0,T)). Then V is almost heat bounded in R™ x (0,T).

Proof. Let Gg be the free heat kernel in R™ x (0, 00). By the assumption
on f, the function v = u(z,t), defined by

t
wat) = [ [ Golo.ti) o)y

is a solution to the equation
{ Au(z,t)—ue(z, t)=—f(z,t), z€R™, t>0,
u(z,0) =0.

By the parabolic version of the Calderon-Zygmond inequality (see [13] e.g.),
we know that

u € WP(R™), Vp> 1.
Hence

t
% [ [ Gutosti) o )duds & L&), vp > 1.

Proposition 3.2. Suppose, 0 <V € L} . is form bounded in D x [0,T].

- /OT/DV¢2<b1/0T/D|V¢>|2+b2/OT/D¢2

for all smooth, compactly supported function ¢ € D x [0,T] C R™ x [0,T].
Then V is almost heat bounded in D x [0, T].

Proof. We will only consider the case when D = R". The other cases
follow from the full space case by a standard comparison method.

Since one can consider ¢V with ¢ sufficiently small otherwise, we can
choose the constant by in the definition of form boundedness to be 1/2; i.e.
we assume that

/OT/DWS;/OT/D|V¢|2+1)2/OT/D¢2,

for all smooth, compactly supported function ¢.
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Let uj, be the solution of

Auy + Viug — (ug); = 0, in R™ x (0,00), V € L2 _(R™ x (0,00))

loc

3.1
uk(z,0) = uo(z) > 0, z € R", ug € L*(R"). (31)

Here Vj, is the truncated potential Vi, = min{V, k} with k being positive
integers. Clearly Vi, < Vii1.
We show that uj converge pointwise to a locally integrable function.
Let J(t) = [, ui(x,t)dz. Then

J'(t) = 2/ [~ Vup Vg + Viui)da.
D

By our assumption on V', J'(t) < 2bJ(t) which implies

/ui(m,t)dmﬁ/ ud(z)dx .
D

D

Therefore if ug € L?(D), we conclude that ug(x,t) increases to a finite
positive limit u(x,t) as k — oo, for all ¢ and for a.e. . Moreover u(-,t) €
L3(R™).

Write wg = loguy. From (3.1), one deduces

Awy, + |Vwk|2 +V, — (wk)t =0.

Therefore
wn(w.0) = [ Golastiy. 0w, 0)dy
D
t t
4[| Gotwtiy.s)Funes)Pdyds + [ [ Gole.tiv. Vil o)duds.
oJbD 0JD
Therefore
t
/ / GO(xa t; Y, S)Vk(ya S)dyds S wk(ma t) _/ GO(‘r7 t; Y, O)wk($7 O)dy
0JD D
By the monotone convergence theorem
t
/ / GO(:Ev t; Y, S)V(y7 S)dyds S ’LU(Q?, t) _/ Go(l', t; Y, O)U}(y7 O)dy
0JD D
< log(1 -+ ulw, ) ~ [ Golastiz. 0) g uo(y)dy.
D

Now we take )

TR

up(z)
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Then, since uy € L*(R™), we have
u(-,t) € L*(R™).
By Jensen’s inequality,
log(1 4+ u(-,t)) € LP(R™), Vp > 1.

It is also clear that
[ Gl iz 0)tog(1 + ly")dy € L, (R, ¥p > 1.
D
The result follows.

4. Applications to the Navier-Stokes Equation

In this section, we establish a new a priori estimate for a certain quan-
tity involving the velocity and vorticity of the 3 dimensional Navier-Stokes
equation.

up — Au(z,t) + u - Vu(z,t) + Vp =0,

4.1
V-u=0, u(z,0) =up(z), Y

for (z,t) € R? x (0,0), where A is the standard Laplacian, a vector field u
represents the velocity of the fluid, and a scalar field p the pressure. (The
viscosity is normalized, v = 1.)

There has been an extensive and rapidly growing literature on the equa-
tion, which is impossible to quote extensively here. Let us just mention that
weak solutions are known to exist due to the seminal work of Leray (see
[10]). However it is not known if the weak solution is smooth everywhere.
Several sufficient conditions implying smoothness of weak solutions have
been made. See for example [14,15]. In these two papers, it was shown
that if the velocity v is in LP? class with 2 + % < 1, then u is actually
smooth. For more sufficiency results in various other spaces we refer the
reader to the more recent survey paper [4]. However it is only known that
u € L10/3:10/3  Therefore there is a gap in between the a priori estimate
and the sufficiency condition.

What we will prove here is a different sufficiency condition and a pri-
ori estimate using the heat bounded and almost heat bounded potentials
defined in the previous section. There is still a gap between the two condi-
tions. However the gap seems logarithmic. More precisely, we have

Theorem 4.1. Let u be a Leray-Hopf solution of the Navier-Stokes equa-
tion, which is classical in R3 x (0,T). Let w be the vorticity V x u. Define
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the quantity

curl(u X w) - w + 2|V/|w|? + 1|* — \VwP(

Q:Q(m,t)z ‘w|2+1

z,t).

Then the following statements hold for any ¢ € (0,T).
(1) The quantity Q is almost heat bounded in (RS x (4, T]) N{|w| > 1}.
(2) w is a classical solution of the Navier-Stokes equation in R3 x (8, T
if and only if Q is heat bounded in (R3 x (4, T]) N{|w| > 1}.

Remark 4.1. The quantity ) is well defined since we assume that u is
smooth for ¢t € (0,T). The first term in @ is essentially the vortex stretching
factor which is the hardest to control. The point of the theorem is that if
there is blow up at time 7', then the blow up just happens barely.

Proof of Theorem 4.1. We will just prove (1) since (2) is self-evident
afterward. We divide the proof into three steps.

Step 1. Rewriting the vortex equation in the log form. Let w = w(x, t)
be the vortex. It is well known that |w|? satisfies the following scalar heat
equation with lower order terms

Alw]* —u - Vw|? + 2a|w|? — 2|Vw|? — (Jw|*); = 0. (4.2)
Here « is the vortex stretching potential given by (c.f. [5])
3 wVu - w
,48)=—PV.[ D ) =———F—. (43
alet) = PV. [ Dl +y).6@)] ooty 0l =" (43
A straightforward computation from (4.2) shows
2
Aln(jwf? +1) —u- Vin(lw|? + 1) + 2 O‘F“i -
[Vw*  [(V]w]*)]? >
- —0y(1 1)) =0.
w1 " e - el 1)
Write f = £ In(Jw|> 4+ 1). We deduce
afw]? 2 |Vw|2
Af —u- — 12 =0. 4.4
foueVf o AV~ ot (1.4

Step 2. A representation formula. By our assumption, for ¢ € (0,7),
u and w are classical functions and f vanishes near infinity. This shows

f(z,t) = /Go(x,t;yvs)fo(y)dy

//Goxty _olwl® |2 —u~Vf—i—2|Vf|2—M (y, s)dyds.
w21 w2+ 1]
(4.5)



50 Qi S. Zhang

Step 3. Apply Jensen’s inequality. For convenience, we write

alw/? 2 |Vuw]?
=———u-V 2IVfI* — ———. 4.6
o= - vravsp - B (1.6
It is clear that
wVu-w 1 [Vw|?
= VY 0 n(jwf? 1) + 2 VR - e
Q w1 249 n(|wl” +1) + 2|V f] W+ 1
uVw-w  u;05w;w; 5 |[Vw]?
= _ 2 B o
I TR N
~wVu-w—uVw - w+2|Vy/[w]? + 112 — [Vuw|?
B jw]? +1 '

Following the well known vector identity, we have

curl(u x w) - w + QIV\/W\Q — |[Vuw]? (4.7)

|w|? 4+ 1

Q=

It is well known that w € L?(R3 x RT). Using Jensen’s inequality, it is
easy to show that f(-,¢) € L? for any p > 1, in the region where |w| > 1.
Hence the quantity @ is almost heat bounded.
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In the present paper, we consider the eigenvalue problem for the Sturm-
Liouvulle equation

v —q(x)u+Au=0 (1)

on the interval (0, ) with the boundary conditions
u'(0) + (=1)%u'(m) + bu(r) = 0, w(0) + (=1)"*u(m) =0,  (2)

where b is a complex number, § = 0, 1, and the function ¢(z) is an arbitrary
complex-valued function of the class L2 (0, 7).

Denote by c(z, 1), s(z, ) (A = p?) the fundamental system of solutions
to (1) with the initial conditions ¢(0, ) = s'(0, ) =1, ¢/ (0, ) = s(0, ) =
0. The following identity is well known

c(x, n)s' (z, 1) — (@, p)s(x, p) = 1. 3)

Simple calculations show that the characteristic equation of (1), (2) can be
reduced to the form A(y) = 0, where

A(p) = e(m, p) = 8'(m, 1) + (=1)"bs(m, ). (4)

The characteristic determinant A(u) of problem (1), (2), given by (4), is
referred to as the characteristic determinant corresponding to the triple
(b,6,q(x)). We denote < ¢ >= 1 [T q(x)dx.

By PW, we denote the class of entire functions f(z) of exponential type
< o such that |[f(2)||r,®) < oo, and by PW; we denote the set of odd
functions in PW,,.

The following two assertions provide necessary and sufficient conditions
to be satisfied by the characteristic determinant A(u).

I This research is supported by RFBR (No. 10-01-00411)
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Theorem 1. If a function A(u) is the characteristic determinant corre-
sponding to the triple (b,0,q(x)), then

et sinma o f(w)
Alp) = )b ==+ =)

)

where f(u) € PW, .

Proof. Let e(z,u) be a solution to (1) satisfying the initial conditions
e(0,p) =1, €'(0, 1) = ip, and let K(z,t), K (z,t) = K(2,t) + K(z,—t),
and K~ (z,t) = K(x,t) — K(x,—t) be the transformation kernels [1] that
realize the representations

x
e(x, p) = e + K(z,t)e™dt,

—X

c(x, pu) = cos px + / KT (x,t) cos utdt, (5)
0

. . -
s(a,p) = LAY +/ K= (2, t) 22 gt
H 0 H

It was shown in [2] that

i oK (m,t t
c(m, p) = cosmp + g <qg> Sln,uﬂﬂ — /0 755? ) SHLM dt, (6)
i TOK t t
s’(ﬁ,,u):cosw,u+ﬁ<q>smﬂ+/ OK™ (m,1) sin put dt. (7)
2 p 0 Ox p

Substituting the right-hand sides of expressions (5), (6), (7) into (4), we
obtain

Ap) = (~1)7+1p 2T
L

+ (=1 DK~ (7, t)] sin ptdt.

1 /0”[_8K+(7r,t) 0K (m,t)

; ot or

This relation, together with the Paley-Wiener theorem implies the assertion
of Theorem 1.

Theorem 2. Let a function u(p) have the form
o1, 80T f(p )
(1) = (=1) . .

where f(u) € PW.—, b is a complex number. Then, there exists a function

q(z) € La(0,7) such that the characteristic determinant corresponding to
the triple (b,0,q(x)) satisfies A(p) = u(p).
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Thus, Theorems 1 and 2 give necessary and sufficient conditions for a
function u(p) to be the characteristic determinant of problem (1), (2).

Further we consider problem (1), (2) under the supplementary condition
b #£0.
Theorem 3. For a set A of complex numbers to be the spectrum of problem
(1), (2) it is necessary and sufficient that it has the form A = {\,}, where
An = pin,

P =N+ Th,

where {r,} €la, n=1,2,....

Proof. Necessity. It follows from Theorem 1 that the characteristic equa-
tion of problem (1), (2) can be reduced to the form

(-pim L, ®

where f(u) € PW_. Tt was shown in [1] that equation (8) has the roots
fn =1+ Ty, where 7, = 0o(1), n =1,2,.... Hence it follows that

0+n f(n + Tn)
3

Since {f(n +rn)} € l2, by [3], it follows that {r,} € 5.
Sufficiency. Let the set A admit the representation of the above-
mentioned form. We denote

u(ys) = <1>0+1bwﬁ (2.

It follows from [4] and the conditions of the theorem that the infinite prod-
uct in the right-hand side of the last equality converges uniformly in any
bounded domain. We denote ¢(u) = (—1)?+1bsin mpu—wu (). One can prove
that ¢(u) € PW, . It follows from Theorem 2 that there exists a function
q(z) € La(0, ) such that the characteristic determinant corresponding to
the triple (b, 6, q(z)) satisfies A(u) = u(p).

Consider problem (1), (2) if b = 0. Substituting the functions ¢(x, p),
s(x, 1) into boundary conditions and taking into account (3), we find that
each root subspace contains one eigenfunction and, possibly, associated
functions. The characteristic equation has the form

fw
"

sinwry, = (—1)

=0,

where f(u) € PW_.
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Consider several examples.

1) Let
s 3 T
sin® ZF
fly) = —=°
112
It follows from well-known identity
sinTu = T H — , 9)
n?2
n=1
that 5
71.3 e n2 _ (%)2
flp) = ?7#};[1 (TLQ) .
We set

where 0, =0ifn # 2P and n=1ifn=2P, p=1,2.... Let us prove that
u(p) € PW_.

By Theorem 2, there exists a potential ¢(x) € L2(0,7) such that the
corresponding characteristic determinant is A(p) = u(p)/p. Boundary
value problem (1), (2) with this potential has a subsequence of real eigen-
values \,,, — —oo as k — oco. One can prove that the system of eigen- and
associated functions of problem (1), (2) is complete in Ly (0, 7).

2) Set

in” in* — o)
) - ST~ e)

where k is an arbitrary natural number, and « is an irrational number,
0 < a < 1. Obviously, f(u) € PW,_. Then, by Theorem 2, there ex-
ists a potential g(x) € Ly(0, ), such that the corresponding characteristic
determinant A(u) = f(u)/p. Since the equations sin(amp/k) = 0 and
sin((1 — a)mp/k) = 0 have no common roots, except zero, we see that
each root subspace of problem (1), (2) with potential ¢ (z) contains one
eigenfunction and associated functions up to order k¥ — 1. One can read-
ily see that |A(u)| > ce™*#I7|u|'=2F (¢ > 0), if u belongs to a sequence
of infinitely expanding contours. Then, by [5], the system of eigen-and
associated functions of problem (1), (2) is complete in L2(0, 7).
3) Set f(u) = sin®(mpu/2)/u. It follows from (9) that

-l ()
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We denote

(k) = Zuoj C=ak (10)

where p, = 2n, ifn # 2P +k, k=1,...,[Inp|, p = po,po+1,.... i = 2PT1,
ifn=2P+k k=1,...,[lnp], p=po,po+1,... (po > 10). It can easily be
checked that

n—oo N

lim — =2 ||——_ #0.
! ’n12n “

This, together with [6] implies that the infinite product in right-hand side
of (10) uniformly converges in any bounded domain of the complex plane,
therefore, u() is an entire analytical function.

One can prove that u(u) € PW_. Then by theorem 2 there exists a
potential ¢(x) € L2(0, ), such that the corresponding characteristic deter-
minant A(p) = u(p)/p. This yields that the dimensions of root subspaces
of problem (1), (2) with potential g(x) increase infinitely, and the system of
root functions contains associated functions of arbitrarily high order. One
can prove that the system of eigen-and associated functions of problem (1),
(2) is complete in Ly(0, 7).

Further we consider the following eigenvalue problem for operator (1)
with boundary conditions

w'(0) + du'(7) = 0, u(0) — du(m) =0, (11)

where d # 0. By [1], the conditions in (11) are degenerate boundary con-
ditions. Simple calculations show that the characteristic equation of (1),
(11) can be reduced to the form A(p) = 0, where

-1

A(p) g

+e(m,p) — o (m, ). (12)

Theorem 4. If a function u(p) can be represented in the form

_

where f(u) € PW=, v is a complex number, then, there exists a func-
tion q(x) € Lo(0,m) such that the characteristic determinant A(u) of the
problem (1), (11) with the potential q(x), where d = (v + \/7?>+4)/2 or
d=(y—+/7?+4)/2, is identically equal to the function u(pu).

Proof. By Theorem 2, there exists a function ¢(z) € L2(0,7) such that
c(m,p) — s'(myp) = f(p)/p. Evidently, (d> — 1)/d = ~. This relation,
together with (12), implies the assertion of Theorem 4.
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The famous Tricomi equation was established in 1923 by F. G. Tricomi who is
the pioneer of parabolic elliptic and hyperbolic boundary value problems and
related problems of variable type. In 1945 F. I. Frankl established a general-
ization of these problems for the well-known Chaplygin equation subject to a
certain Frankl condition. In 1953 and 1955 M. H. Protter generalized these
problems even further by improving the Frankl condition. In 1977 we gen-
eralized these results in several n-dimensional simply connected domains. In
1990 we proposed the exterior Tricomi problem in a doubly connected domain.
In 2002 we considered uniqueness of quasi-regular solutions for a bi-parabolic
elliptic bi-hyperbolic Tricomi problem. In 2006 G. C. Wen investigated the
exterior Tricomi problem for general mixed type equations. In this paper we
establish uniqueness of quasi-regular solutions for the exterior Tricomi and
Frankl problems for quaterelliptic-quaterhyperbolic mixed type partial differ-
ential equations of second order with eight parabolic degenerate lines and
propose certain open problems. These mixed type boundary value problems
are very important in fluid mechanics.

Keywords: Quasi-regular solution, Tricomi equation, Chaplygin equation,
quaterelliptic equation, quaterhyperbolic equation, Tricomi problem.

AMS No: 35MO5.

1. Introduction

In 1904 S. A. Chaplygin [11] pointed out that the nonlinear equation of
an adiabatic potential perfect gas is closely connected with the study of
a linear mixed type equation named Chaplygin equation. In 1923 F. G
Tricomi [19] initiated the work on boundary value problems for linear par-
tial differential mixed type equations of second order and related equations
of variable type. The well-known mixed type partial differential equation
was called Tricomi equation after F. G. Tricomi, who introduced this equa-
tion. In 1945 F. I. Frankl [3] drew attention to the fact that the Tricomi
problem was closely connected to the study of gas flow with nearly sonic
speeds. In 1953 and 1955 M. H. Protter [7] generalized and improved the
afore-mentioned results in the euclidean plane. In 1977 we [8] general-
ized these results in multi-dimensional domains. In 1982 we [9] established
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a maximum principle of the Cauchy problem for hyperbolic equations in
multi-dimensional domains. In 1983 we [10] solved the Tricomi problem
with two parabolic lines of degeneracy and, in 1992, we [12] established
the well-posedness of the Tricomi problem in euclidean regions. Interesting
results for the Tricomi problem were achieved by G. Baranchev [1] in 1986,
and M. Kracht and E. Kreyszig [4] in 1986, as well. Related information
was reported by G. Fichera [2] in 1985, and E. Kreyszig ([5-6]) in 1989 and
1994. Our ([11, 14-15]) work, in 1990 and 1999, was in analogous areas of
mixed type equations. In 1990-2009, G. C. Wen et al. ([17, 20-28|) have
applied the complex analytic method and achieved fundamental unique-
ness and existence results for solutions of the Tricomi and Frankl problems
for classical mixed type partial differential equations with boundary con-
ditions. In 1993 R. I. Semerdjieva [18] introduced the hyperbolic equation
K1 (y)ugs + (K2(y)uy)y +ru = f in the lower half-plane. In 1997 we [13]
considered the more general case of the above hyperbolic equation, so that
it was elliptic in the upper half-plane and parabolic on the line y = 0. In
2002, we [16] considered the more general Tricomi problem with partial
differential equation the new bi-parabolic elliptic bi-hyperbolic equation

Lu = Ky () (Ma (@)t ) + My (2)(Ka(y)uy)y + 7, y)u = flo,y), (1.1)

which is parabolic on both segments t =0, 0 <y < 1l;y =0,0< z < 1,
elliptic in the euclidean region G, = {(z,y) € G(C R?) : 2 > 0, y > 0}
and hyperbolic in both regions Gj,, = {(z,y) € G(C R?) : 2 > 0, y <
0}; Gh, = {(z,y) € G(CR?) : 2 <0, y > 0}, with G the mixed domain of
(1.1). In 1999 we [15] proved existence of weak solutions for a particular
Tricomi problem. Then we established uniqueness of quasi-regular solutions
([8, 10-13, 16]) for the Tricomi problem. However, the question about the
uniqueness of quasi-regular solutions and the existence of weak solutions
for the Tricomi problem associated to the said mixed type equation (1.1)
for even more general doubly connected mixed domain is still open.

In particular via this paper we propose and investigate the exterior Tri-
comi problem for quaterelliptic and quaterhyperbolic equations with eight
parabolic lines of degeneracy and establish uniqueness of quasi-regular so-
lutions (see Figure 1). Also we propose new open problems.

2. The Exterior Tricomi Problem

Consider the quaterelliptic-quaterhyperbolic equation (1.1) with eight
parabolic lines of degeneracy in a bounded doubly connected mixed domain
D with a piecewise smooth boundary 9D, where f = f(x,y) is continuous
in D, r = r(z,y) is once-continuously differentiable in D, K; = K;(y)
(¢ = 1,2) are once-continuously differentiable for y € [—kq,ks] with
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—k1 = inf{y : (z,y) € D} and ko = sup{y : (z,y) € D}, and M; = M;(z)
(¢ = 1,2) are once-continuously differentiable for z € [—mq,m2] with
—my = inf{x : (z,y) € D} and mg = sup{z : (x,y) € D}.

"
I

Figure 1: The exterior Tricomi problem with eight parabolic lines

Besides,

>0 for {y<O0}u{y>1},
Ki(y)q =0 for {y=0ju{y=1},

<0 for {0<y<1},

>0 for {z<-1}U{z >0},
Mi(x){ =0 for {r=0}U{r=-1},

<0 for {-1<z<0},
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as well as Ky = Ka(y) > 0, My = Ma(x) > 0, everywhere in D, so that

. >0 for {y<0}u{y>1},
= Kl(y) =0 for {y=0}U{y=1},
2(v) <0 for {0 <y <1},

>0 for {z<-1}U{z >0},
M = =0 for {z=0}U{z= -1},
<0 for {-1<z<0}.

The boundary 0D = Ext(D)|J Int(D) of the doubly connected domain D
is formed by the following two exterior and interior boundaries

Ext(D)=(TouUTy UT" UT")U (T Uy ) U (72 Ure") U (AUAL

U6 U6,

Int(D) = (T1UTY)U(mUmn")U (A2 U Ay") U (62U 6),
respectively: In the right hyperbolic domain Go = {(z,y) € D : 0 <
r < 1,0 <y < 1} with boundary Gy = (O1B1) U (O2B2) U (I'y UT") U
(ToUTy"), where Oy By, O3 Bs are two parabolic lines with end points Oy =

(O, 1), B1 = (1, 1) and 02 = (0,0), B2 = (1,0) and I‘l,I‘ll,Fg,Fg' are four
characteristics, so that:

Fls/det: f/y\/T(t)dt 0<z < 1,% <y < 1,emanating
’ 1 from O; = (0, 1),
Fl’:/z\/Wdtz/y\/T(t)dt : O<x<1,0<y<%,emanating
’ i from O2 = (0,0),

x Yy 1
r, : / Nevior :/ “K{)dt : 0<z <1, <y< 1, emanating
1 1

2
from By = (1, 1),

I‘g’:/ VM (t)dt = —/ V-K{)dt:0<z<1,0<y< i,emanating
1 0
from By = (1,0),

where M = M(z) > 0,0 <z <1land K = K(y) < 0,0 <y < 1. In the
upper hyperbolic domain Gy’ = {(z,y) € D : -1 <z < 0,1 <y < 2}
with boundary 0Gs' = (01Z;) U (O1'E1) U (71 Un’) U (72 U 72’), where
0171, O1'E; are two parabolic lines with end points O; = (0,1), Z; =

(0,2) and O;" = (=1,1), By = (—1,2) and v1,7’,72,72" are four charac-
teristics, so that:
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%:/ _M(t)dt:_/ K@t —5 <z<0, 1<y<?,
0 1

emanating from Oy = (0, 1),

T Yy 1
’yl/:/ \/—M(t)dt:/ \/K(t)dt:71<x<—§,1<y<27
-1 1
emanating from O;" = (-1, 1),

721/ \/T(t)dt:/ VEt)dt : 5 <T<01<y<2,
0 2

emanating from Z; = (0, 2),

x Yy 1
72’:/ \/—M(t)dt:—/ \/K(t)dt:—1<x<—§,1<y<2,
—1 2

emanating from Fy = (—1,2),

where M = M(z) < 0, -1 <z < 0and K = K(y) > 0,1 <y < 2.
In the left hyperbolic domain G5” = {(z,y) € D : -2 < 2 < —1,0 <
y < 1} with boundary 9Gy" = (01’ A1) U (02’ Ay) U (A1 UA) U (AU
Ay"), where O’ Ay, Oy’ Ay are two parabolic lines with end points O;" =
(—1, 1), Al = (—2, 1) and 02/ = (—170), Ag = (—270) and Al,A1/7A2,A2/
are four characteristics, so that:

Al:/ \/MTt)dt:—/ VoR@dt: -2 << -1, <y<l,
2 1

emanating from A; = (-2,1),

. 1
1’:/ \/M(t)dt:/ V-K@#)dt: 2<z<-1,0<y y<s
-2

emanating from A; = (—2,0),

A/ @t = / VK@ 2 <a< 1 <y <1,
: emanating from O;" = (-1, 1),
2’:/061\/]\%&/Oymdt:2<x<1,0<y<;,
. emanating from Oy’ = (—1,0),

where M = M(z) >0, -2 <z < —land K = K(y) < 0,0 <y < L
In the lower hyperbolic domain G5 = {(z,y) € D: -1 <2 < 0,-1 <
y < 0} with boundary Gy = (0225) U (O2'Es) U (61 U 61") U (d2 U
82'), where 0373, O3’ Ey are two parabolic lines with end points Oy =
(0,0), ZQ = (07—1) and 02/ = (—1,0)7 E2 = (—1,—1) and 61,51/7527(52/
are four characteristics, so that:
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T Y 1
5y —M(t)dtz—/ K(t)dt:—§<a:<0,—1<y<07
0 -1

emanating from Zy = (0, —1),

x y
&' / \/fM(t)dt:/ VE®)dt: -1 <z < f%,fl <y<0,
—1 -1

emanating from Es = (—1,—1),

T Y 1
52:/ \/T(t)dﬁ/ VE@dt s —5 <w<0, ~1<y<0,
0 0

emanating from Oy = (0, 0),

T Yy
52’;/ «/fM(t)dt:f/ \/K(t)dt:71<x<f%,—1<y<0,
-1 0

starting from Oy’ = (—1,0),

where M = M(z) <0, -1 <z <0and K = K(y) > 0,1 <y < 2. In the
upper right elliptic domain Gy = {(x,y) € D : & > 0,y > 1} with boundary
0G1 = (01B1) U (01Z,) UTy, where OBy, O1Z; are two parabolic lines
with end points O; = (0,1), By = (1,1) and O; = (0,1), Z; = (0,2) and 'y
is the upper right elliptic arc connecting points B; = (1,1) and Z; = (0, 2).
In the lower right elliptic domain G1' = {(z,y) € D : z > 0,y < 0}
with boundary 0G;" = (02B3) U (02Z3) U Ty, where O3By, O2Z, are
two parabolic lines with end points O2 = (0,0), Bs = (1,0) and Oy =
(0,0), Zy = (0,—1) and Ty’ is the lower right elliptic arc connecting points
By = (1,0) and Zy = (0,—1). In the upper left elliptic domain G;" =
{(z,y) € D: x < —1,y > 1} with boundary 0G," = (O1'E1) U (O1'A;) U
Ty”, where O'E;, Oy’ A; are two parabolic lines with end points O’ =
(-1,1), By = (=1,2) and Oy = (—=1,1), A1 = (=2,1) and T'y" is the
upper left elliptic arc connecting points A; = (=2,1) and Fy; = (-1,2).
In the lower left elliptic domain G, = {(z,y) € D : z < —1,y < 0}
with boundary 8G1"' = (OQ/AQ) U (OQIEQ) @] FO///, where 02/.E27 OQIAQ
are two parabolic lines with end points Oy’ = (—1,0), B3 = (—1,—1) and
Oy’ = (—1,0), A3 = (—2,0) and I'y"” is the lower left elliptic arc connecting
points As = (—2,0) and Fy = (—1,—1).

Let us consider the intersection points of the hyperbolic characteristics:
I'y ﬂFll = {Pl}, where P; = (1‘1, %), 0<x <1; 19 ﬂFQl = {PQ}, where
P, = ("EQ,%),O <z < % < x9 < 1 AlﬂAll = {Pll}, where Pl/ =
(xl’,%), -2 <z < —1; AaNAY = {P)}, where P,/ = (xg',%), -2 <
T’ < —% <xd <=1, Ny ={Q1}, where Q; = (—%,yl), 1<y <2
Y2 N2’ = {Q2}, where Q2 = (—3,52), 1 <y1 < 3 <ya <2, 61N 6/ =
{Qll}v where Qll = (_%7y1/)a -1< yll < Oa 52ﬂ62 = {QQl}a where QZ/ =
(=3,12"), =1 <y’ < =3 <o’ <0.1If we denote © = O(z) = /|M(z)],
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H = H(y) = VIK(y)], we set
Di(z) = /O “odt, D) = /1 "o,
Dy(ar) = /_ i@(t)dt, Da(ar) = /_ Z@(t)dt,
Gity) = [ HOat Gat) = [0
Galy) = /_ ylH(t)dt, Galy) = /2 " Ht.

Domains Gy, Gy differ in notation from functions G1(y), G2(y). Thus, we
have the following equations for the hyperbolic characteristics

Dl(.’I)) on Fll,

Ty U Di(z) = =Ga(y), Ti'Um': Ga(y) = {D (z) on 4’
3 1,

D =G Iy,
F2U721{ 2(7) 2(y) on I

D e Ty,
I-\2/ U 72/ 2(1') 1(y) on 2,
D3(z) = —Ga(y) on 72,
Dy(x) = —Ga(y) on Ay,
A1 U6 :
Y { Di(z) = ~Gs(y) on 4y,
= G1(y) on Ay,
A UGS { 1(@)
! ! Ds(z) = Gs(y) on &,

Dy(z) = G Ao,
AL US, 3(r) = Ga(y) on Ag,
Dy (x) = G1(y) on 6z,

Note that: 1) The boundary 9D is assumed to be a piecewise continuously
differentiable arc. The elliptic arcs are “star-shaped” (counterclockwise).

2) We consider continuous solutions u of the quaterelliptic-quater-
hyperbolic equation (1.1) with eight parabolic lines, which have the
property that wu,, u, are continuous in the closure of D. These con-
tinuity conditions may be weakened at the following eight points
Ay, As, By, Bs,01,02,01",05', by considering u,, u, continuous on the
boundary 0D except at these points. By “quaterelliptic” and “quaterhy-
perbolic” we mean that equation (1.1) is elliptic in four different subdo-
mains and hyperbolic in four other subdomains of the whole domain D. In
fact, equation (1.1) is elliptic and hyperbolic in G; UG UG;"” UG, and
Go UGy UGY" UGy, respectively.
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The Exterior Tricomi Problem or Problem (ET): Consists of finding
a solution u of the quaterelliptic -quaterhyperbolic equation (1.1) with eight
parabolic lines in D and which assumes continuous prescribed values (2.1).

Definition 2.1. A function u = u(z,y) is a quasi-regular solution (|7, 8,
10-16]) of Problem (ET), if i) u € C?*(D)NC(D), D = D U dD;
ii) the Green’s theorem is applicable to the integrals [[ u,Ludzdy and
D

[ uyLudzdy;
D
iii) the boundary and region integrals, which arise, exist; and
iv) u satisfies the mixed type equation (1.1) in D and the following
boundary condition on the exterior boundary Ezt(D) :

pi(s) on  To;  a(s) on To;
@a(s) on To; pa(s) on Ty";

uo ) 1@ on T dp(z) on Ty (2.1)
Ys3(x) on v Ya(x) on 2 '
Ys(x) on  Ag; Ye(r) on Ay
Yr(xr) on 6y Yg(r) on &

with continuous prescribed values.

Uniqueness Theorem 2.2. Consider the quaterelliptic-quaterhyperbolic
equation (1.1) with eight parabolic lines and the boundary condition (2.1).
Assume the above mized doubly connected domain D and the following con-
ditions:

(R1) r <0 on the interior boundary Int(D),

zdy — (y — 1)dx >0 on T,
(R») xdy —ydx >0 on Ty,
? (x+1)dy — (y — 1)dz >0 on To",
(x 4+ 1)dy —ydx >0 on Ty,
2r+ary +(y—1)r, <0 in Gy,
2r +ary +yry <0 in Gy,
2r+ @+ Ury +(y—1)r, <0 in Gy",
2r+ (x4 1)ry +yry <0 in Gi",
(Fs) r+axr, <0 m Go,
r+(y—1)r, <0 in GY,
r+(x+1r, <0 in Go",
r+yry <0 in Gy,

(R4) K;>0,M;>0 in G1UG1/UG1NUG1W, 1=1,2,
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( ) K, <0, M; >0 mn GQUGQ”,

5 K > 0, M; <0 m GQ/ U GQW,
My >0, Mp>0; Ki\'>0, Ky'>0 in G,
M, >0, M>,>0; K{'<0, K)<0 in Gy,
M, <0, M,<0; K{>0, Ky>0 in G,
M <0, Mp<0; Ki'<0, Ky<0 in G\,
(R7> Ko >0, My >0 in D,
My >0, My<0 in Go,
Kll Z 07 KZ/ S 0 n G2,7
My <0, My>0 in Gy,
Kll é 0, Kzl 2 0 m GQI/I.
Let (). = 0()/0x, () = d()/dz, (), = 0()/0y, ()} = d()/dy, where f =
fz,y) is continuous in D, r = r(x,y) is once-continuously differentiable
in D, K; = K;(y) (i = 1,2) are once-continuously differentiable for y €
[—k1, ko] with —ky = inf{y : (z,y) € D} and ko = sup{y : (x,y) € D},
and M; = M;(z) (i = 1,2) are once-continuously differentiable for x €
[-m1, ma] with —my = inf{x : (x,y) € D} and mq = sup{z : (z,y) € D}.
Then the Problem (ET) has at most one quasi-reqular solution in D.

(Rs)

(Rs)

Proof. We apply the well-known a-b-c energy integral method with a =
0, and use the above mixed type equation (1.1) as well as the boundary
condition (2.1). First, we assume two quasi-regular solutions uy,us of the
Problem (ET). Then we claim that w = u; —ug = 0 holds in the domain
D. In fact, we investigate

0=J=2<lu, Lu>g= // 2luLudxdy, (2.2)
D

where lu = buy, + cuy, and Lu = L(uy —u2) = Luy — Lus = f — f = 0 with
choices

x in G; UG, UGy,
b=0b(z) = r+1 in G"UG"" UG,

0 in Gy UGY"”,

Yy in Gi'UG""UGY”,
c=cy) = y—1 in GGUG"UGY,

0 in GyUGY".

We consider the new differential identities
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20K Moy, = (bKlMgumz)x — (bMy) Ky ug?,
20K Mgy, = (20K2Myuguy), —2bM1 Ko uguy — (bK2 Miug®)
+(bM ), Kou,?,
2cK1 Mouyyy = (2cK1M2uwuy)z—QCKlMgumuy—(cKlMguIQ)y
+(cK1) Mau,?,
2cKy Myuyty, = (chMlqu)y — (cK2) Myu,?,
2

2bruu, = (bru?), — (br)zu?, 2cruu, = (cru?), — (cr),u?,

as well as t; is the coefficient of u, in Lu, or t; = t;(x,y) = K1 (y)Ma(z),
and ¢y is the coefficient of u, in Lu, or ts = ta(z,y) = Ko'(y)M(x).
Employing these identities and the classical Green’s theorem of the integral
calculus we obtain that

O:J://2(buw + cuy) [ K1 (Maug) + My (Kauy)y + ru]dzdy
D

://Q(bum+cuy)[KlMgum—i—Knguyy—i—tluI—i—tguy—{—ru} dxdy (2:3)
D

= Ip + Isp,

where

ID://Q(um,uy)dzdy://(Auz%rBuy2+Fu2+2Auzuy)dxdy,
D D

I@D = /Q(u$, uy)ds = /(f’ium2 =+ Buy2 =+ fu2 —+ 2Auwuy)ds,
oD oD

with
A:—Kl(ng)x + (CK1)1M2+2bt1, B:KQ(le)m_(CKQ)/Ml +2Ct2,
L= —[(br)z + (cr)y],
A=— [bKQlMl +CK1M27bt2—ct1] =— [b(KQlMl *t2)+C(K1M27t1)] =0

in D, and A= (bvy — cve) K1 Mo, B= (—=bv1 4 cve) Ko M, = (bvy +cv9)r,
A = bKyMyvs + cK1 Msvy on 0D, where v = (v1,v2) = (dy/ds, —dx/ds) is
the outer unit normal vector on the boundary 0D of the domain D such that
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ds* =dz* +dy? > 0, | = 1; [[Owdzdy= [ (Jvids, ff()ydxdy:a{) ()vads

D aD D
are the Green’s integral formulas. From the above conditions, we obtain

2Ky My + (y — 1)Ky' My in Gy,
2 K1 My + yK1' M, in G,
(x+ 1)K My + (y — 1)K)'My in Gy,
0< A= (;C—l—l)KlMg-i-yKl/Mg in Gl/”;
—K(Ms — xMs) in Go,
My (K1 +(y— 1)K1’) in GY,
-K; (M2 —(z+ 1)M2) in Gy,
M> (K1 + yKll) in Gy".
Similarly we get
{L‘KQM1 + (y — 1)K2lM1 in Gl,
Ky M,y + yKo' M, in Gy,
(z+ 1) KoMy + (y — 1)Ko’ M, in Gy,
0< B (x + 1)K2M? + y Ky M,y in G{";
Ko(M;y + xMy) in Gay,
—M1 <K2 — (y - 1)K2’) in GQ/,
Ko(M; + (z + 1)M)) in Gy,
—M; (KQ — yKQ’) in Gy
Also
2r+ary + (y— Dy in Gy,
2r + xry +yry in Gy,
2r+ (z+1)ry +(y—1)r, in G,
0<T—_ 2r 4+ (x + V)ry +yry %n Gy
4+ Tr, in Gy,
r+ (y—1)ry, in Go,
r+ (z+1)ry in Gy,
T+ Yry in Gy
Therefore,

S D Do

G1 Gy’ Gq" Gy G (e [eX Gy
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Similarly we prove Ipp = g (D) nt(p) = LEat(p) + Ine(p) = 0, where

Tgat(p) = //// (FZ+F5)

0// o 1"

+(/+/)+(/+/)+(/+/)20,
o // /+[>+</+/>+</+/>>o

There is the following general uniqueness approach:
First, from the maximum principle, if u|52U§;U5gU5QN = 0, it fol-

and

lows that u|§1U5§U§”U§/{' = 0. Second, from the uniqueness of the
solution of the Cauchy problem, if u|§1U5/1 ua'yaer = 0, it follows
U‘quG ugiuey = 0. Thus, u(x,y) = 0 everywhere in D, completing
the proof of the uniqueness theorem.

Remarks 2.3. 2.3.1. For the existence of weak solutions we follow the
pertinent results established by the author in 1999 [15].

2.3.2. Relative results easily follow for the Frankl problem.

Example 2.4. A very simple example with Ko = My = 1 and K =
K1 =y(y—1) and M = My = x(x + 1) verifies all the above conditions in
our Uniqueness Theorem 2.2. This example may be extended to a general
Gellerstedt type example [11].

3. Open Problems

3.1. Extend “quasi-regularity” of solutions to “regularity” by fixing sin-
gularities at the following twelve points:

(07 )02 *( 170);

1), 0
1), A2 = (=2,0), B2 = (1,0);
E,=(-1,2), 723 :(0,2) B, ( 1,-1), Zg (0,—1).
3.2. Investigate the exterior Tricomi and Frankl problems in a multiply
connected mixed domain.
3.3. Establish “well-posedness” of solutions for the exterior Tricomi and
Frankl problems, in the sense that there is at most one quasi-regular solu-
tion and a weak solution exists.
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3.4. Solve the n-dimensional Tricomi and Frankl problems in a multiply
connected mixed domain.

3.5. Establish the extremum principle for the exterior Tricomi problem:
“A solution of the exterior Tricomi (or Frankl) problem, vanishing on the
exterior boundary of the considered mized domain, achieves neither a posi-
tive maximum nor a negative minimum on open arcs of the type-degeneracy
curves.”

3.6. Solve the Tricomi problem for PDE of second order:

3.6.1 K(y—a™ —a™)ugy + tuyy +r(z,y)u = f(z,y);

3.6.2 uUgy + Mz —y™ —y")uyy + 1z, y)u= f(z,y);

3.6.3 K(@™+y" — Dugs + uyy + r(z,y)u = f(z,y),

for example m =n =2 or =2/3;

364 K((y—a™)(y—2") e + uyy + (@, y)u = f(z,y);

8.6.5 Ky — 0" + M@ — y™ gy +r(z,y)u = f(z,y);

3.6.6 K(yF —a™ 2™ )ug, + M(zP — y™ £ y™)uyy + r(z,9)u = f(2,y);
3.6.7 K(y™(y— 2"))uge + M (2™ (x — y™))uyy + r(z,y)u = f(z,y);

3.6.8 K((y—2™)(y—a"))use+M ((x—y*)(x—y"))uyy+r(z,y)u = f(z,y).
3.7. Solve the Tricomi problem for PDE of fourth order:

2 2

a n n7na
5 +tsgn(z —y")|r —y"|

l|k -~
ox? oy?

(sgn(y—xl)|y—x +r)2u: f

3.8. Solve the 3-dimensional Tricomi problem for mixed type PDE of
second order:

sgn(2)|2]* (uzs £ uyy) +sgn(ay) |z |y usz + ru = f.

Acknowledgment. I am grateful to Professor Guochun Wen for his invi-
tation to the 3rd International Conference, in Beijing, China.
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1. Formulation of the Riemann-Hilbert Problem for Degenerate
Elliptic Complex Equations

Let D be a domain in the upper half-plane with the boundary 9D, which
consists of y ={—-1<z<1,§=y—2? =0} and a curve I'(e CL,0 < a <
1) with the end points —1,1 in the upper half-plane: —co < x < oo, § =
y — 2% > 0}. We consider the linear degenerate elliptic equation of first

order

in

H(§)uz — vy = aru+biv+ 1
{ ! D, (1)

H(9)vy + uy = asu + bav + c2
where § =y — 2%, H(§)=\/K(9), G()=[) H(t)dt, G'(§)=H(9), K(j) =
§™h(y) is continuous in D, here m is a positive number and h(7) is a
continuously differentiable positive function in D, and aj,b;,¢; (j = 1,2)

are functions of z (€ D). The following degenerate elliptic system is a
special case of system (1) with H(g) = 7™/
™ 2y — vy =a1u+b1v 4
in D. (2)
gm/2vx + Uy = agu + bov + o

For convenience, we mainly discuss equation (2), and equation (1) can be
similarly discussed. From the elliptic condition of system (1), namely

J=4K K, — (Ky + K3)? = 4H?*(§) > 0 in D\y, (3)

IThis research is supported by NSFC (No.10971224)
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in which K;(j =1, ...,4) are as stated in Chapter II, [1] and Chapter I, [3],
and J =0 on v ={-1 <z <1,j=y—a? = 0}, hence system (1) or (2) is
elliptic system of first order equations in D with the parabolic degenerate
line v = (—1,1) on the z-axis. Setting Y = G(9) = fog H(t)dt, Z =x+iY
in D, if H(g) = g™/, Y = [ H(t)dt = 25™D/2 /(m 4 2), then its inverse
function is § = [(m + 2)Y/2]?/(m+2) = Jy2/(m+2)_ Denote

[H(Q)wm + Zwy] =

DN =

w(z) =u+iv, wy =

- @ [we +iwy ]| =H (§)we—iy = H(§)w,

then the system (1.1) can be written in the complex form

wr = H(J)wy = A1(2)w + Az(2)w + Az(2) = g(Z) in D,

z

5
A1 = i[al +ia2 77:b1 +bg], A2 = i[al +ia2 +’Lb1 71)2], Ag = % [Cl +i62], ( )
in which Dy is the image domain of D with respect to the mapping Z =
Z(z) = x +1iY = x4+ iG(j) in D. For the equation (5), we can give
a conformal mapping ¢ = ((Z), which maps the domain Dz onto D,
such that v and boundary points —1,1 in Z = z + ig-plane are mapped
onto themselves, and the boundary D \y(€ C1) is a curve with the form
Re¢ = G(Im¢) — 1 and Re¢ = 1 — G(Im() near the points ( = —1,1
respectively. Denote by Z = Z(¢) the inverse function of ¢ = ((Z), thus
equation (5) is reduced to

we = gl Z( Q1 Z(Q/H ), ie.
we=[Ay (2)w+As (2)+ A3 ()| Z'(C)/H(3) in D.

(6)

In this article, there is no harm in assuming that the boundary I' is a
curve with the form = G(§) — 1 and = 1 — G(§) near the points
z =+ iy = —1,1 respectively.

Suppose that equation (5) satisfies the following conditions:
Condition C. The coefficients A;[2(Z)] (j = 1,2,3) in (5) satisfy

LOO[AJ(Z(Z))VDZ] < ko, j=1,2 LOO[A3(Z(Z))7DZ] < ki1, (7)

where 2(Z) is the inverse function of Z(z), and ko, k1 are non-negative
constants.

Now we formulate the Riemann-Hilbert boundary value problem as fol-
lows:
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Problem A. Find a solution w(z) of (5) in D, which is continuous in
D* = D\{—1,1} and satisfies the boundary conditions

Re[A(2)w(z)]=7(z) on dD*=0D\{—1,1}, Im[A(z0)w(z0)]=bo,  (8)

where A(z) = a(z) + ib(z) (|A(2)| = 1), bo is a real constants, zo (€ I'\
{-=1,1}) is a point, and A(z), r(z), by satisfy the conditions

CalA(2),T] < ko, CalA(2),7] < ko,

9)
Calr(2), T <kz, Calr(z) 7] <ka, [bo| <ka,
where a (0 < « < 1), ko, ko are non-negative constants. In particular, if
A(z) = a(x) 4+ ib(x) = 1, then Problem A is the Dirichlet boundary value
problem, which will be called Problem D. Denote by A(z; —0) and A(z; +0)
the left limit and right limit of A\(2) as z — z;(j = 1,2) on 0D*, and

eid’j:m’%:i n M :ﬁ_Kj7
A(z;+0) i A(z;+0) ™ (10)
K;= {¢]]+J], Ji=0or 1, j=12,
in which 2, = 2y = 1,20 = 2 = 1,0 < v < 1 when J; = 0, and

—1<v; <0when J;=1,;5=1,2, and

l\')\»—l
Mw

K = (K 1+ K») = ? — ]

j=1
is called the index of Problem A. If A(z) on 9D is continuous, then K =
Ararg A(z)/2m is a unique integer. If the function A(z) on 9D is not
continuous, we can choose J; = 0 or 1 (j=1,2), hence the index K is not
unique. We shall only discuss the case K = 0 later on, and the other cases
for instance K = —1/2, the last point condition in (8) should be cancelled,

we can similarly discussed.

2. Representations and Estimates of Solutions of the Riemann-
Hilbert Problem for Elliptic Complex Equations

It is clear that the complex equation
w5 =01in Dy (11)

is a special case of equation (5). On the basis of Theorem 1.3, Chapter I,
[3], we can find a unique solution of Problem A for equation (11) in Dg.
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Now we consider the function g(Z) € Lo (Dz), and first extend the
function g(Z) to the exterior of Dy in C, i.e. set g(Z)=0 in C\ Dy, hence
we can only discuss the domain Dy = {|z|<Rp} N {ImY > 0} D Dy, here
Z = x +1Y, Ry is a positive number. In the following we shall verify that

the integral
HI t)
V(Z)=Tg/H=-= // / gW/HImt) o Dy,
Do

Lwl9(Z), Do) < ks,

(12)

satisfies the estimate (13) below, where H(j) = §™/2, m ia a positive num-
ber. It is clear that the function g(Z)/H(y) belongs to the space L1(Dy)
and in general is not belonging to the space L,(Dy) (p > 2, m > 2), and
the integral W(Zj) is definite when ImZy > 0. If Zy € Dy and ImZ, = 0,
we can define the integral ¥(Z) as the limit of the corresponding integral
over Do N {|Ret — ReZy| > ¢} N {|Imt — ImZy| > €} as ¢ — 0, where ¢ is
a sufficiently small positive number. The Holder continuity of the integral
can be proved by the method similar to Lemma 2.1, Chapter I, [3].

Lemma 1. If the function g(Z) in Dy satisfies the condition in (12),
and H(§) = 4™/, where m is a positive number, then the integral in (12)
satisfies the estimate

Cs[¥(2), Dz] < My, (13)

where B = 2/(m + 2) — 0, ¢ is a sufficiently small positive constant, and
M, = My (B, ks, H, D) is a positive constant.

Remark 1. If the condition H(§) = ¢™/? in Lemma 1 is replaced by
H(§) = ¢, herein 7 is a positive constant satisfying the inequality n <
(m+2)/2, then by the same method we can prove that the integral ¥(Z) =
T(g/H) satisfies the estimate

C3l¥(Z),Dyz] < M,

where 8 = 1—2n/(m+2)—4, J is a sufficiently small positive constant, and
My = My(B, ks, H, D) is a positive constant. In particular if H(§) = ¢,
i.e. n =1, then we can choose  =m/(m +2) — 4, 0 is a sufficiently small
positive constant.

Now we give two representation theorems of solutions of Problem A for
system (2) or equation (5).

Theorem 2. Suppose that the equation (5) satisfies Condition C. Then
any solution of Problem A for (5) can be expressed as

w[z(Z)] = [®(Z) + $(2)]e?® in Dy, (14)
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where )(Z), $(Z) possess the form

&(Z):Tﬁ:—l// B(t)Zdot in Dy,

s t
1 wlz(Z)]
B(Z) _)am {A1]2(Z2)]+A2]2(2)] wie(2)]

0 if w[z(Z)] =0, ZeDZ, or Z€Dy\Dz,

i@ =rj= [ [ 1o jay=2 o,

in which Dy is as stated before, ¢(Z), Iﬁ(Z)~ satisfy the estimate similar to
that in (13), Z = x +1iY = 2 +iG(9), and ®(Z) is an analytic function in
Dy satisfying the estimate

}if w[z(Z)]#£0,Z€ Dy,

Cs[X(2)®(Z), Dz < Mo, (15)

where X(Z) = |Z — t1|™|Z — ta|", here n; = max(—4v;,0) + 86, j = 1,2,
v; (j = 1,2) are as stated in (10), and t; = —1,to = 1, 0 is a sufficiently
small positive constant, k = (ko,k1,k2), and My = My(6,k,H,Dz) is a
non-negative constant.

Proof. On the basis of Lemma 1, we see that ¢(Z),¢(Z) in Dy satisty
the similar estimate as in (13). Next it is easy to derive that

b= [wy—w(Ay +AgW/w)/H— As/Hle~*?) =0 in Dy,

namely @(Z ) is an analytic function in Dz, which satisfies the boundary
conditions

Re[A(2(2))e? D (2)] =r[2(Z)] - Re[A(2(2))e? @) Z)] on DY,

o o (16)
Im[A(20)e? %) ®(Z))] = by — Im[A(z)e? )4 (Z)),

in which z(Z) is the inverse function of Z(z), Zog = Z(z0), 0D = 0Dz\

{=1,1}, and the index of A[z(Z)]exp[¢(Z)] on dDz is K = 0. Hence
according to the proof of Theorems 1.1 and 1.8, Chapter IV, [1], we can
derive that ®(Z) in Dy satisfies the estimate (15). This completes the
proof.

Theorem 3. Suppose that the equation (5) satisfies Condition C. Then
any solution of Problem A for (5) can be expressed as

w(z(Z)] = ®(2)e??) +4(Z) in Dy, (17)
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where Y(Z), ¢(Z) possess the form

$(Z)=Tf=—1 // I o, L [1(2)H (). D7) < 0

o h(t) .
d)(Z)—Th——ﬂ_/\/;o ﬁd@'t m DZ,

0 if W(Z)=0, Z€ Dz U{Do\Dz},

in which Y(Z), ¢(Z) satisfy the estimate (13), W(Z) = w(z(Z)] — ¥ (2),
Z =z +iY =24+ iG(Y), and ®[2(Z)] is an analytic function in Dy.
Proof. First of all, by using the method of parameter extension as stated

in the proof of Theorem 5 below, or Theorem 3.3, Chapter II, [1], we can
find a solution of equation (5) in the form

w2)= -2 [ i H@)(2) € LuD2)

T Jp, t— 2

On the basis of Theorem 2, the solution of (5) in Dz can be expressed by
W(Z) = ¥(Z)e??), where

&(Z):Tiz:—l//D gd@ in Dy,

v(2)

- 7{A1[Z(Z)]+A2[Z(Z)]M

1
hMZ)=<{ H(y)
0 if ¢(Z) =0, Z € Dy,

i@=ri=L [[ 1o =z

}if $(Z)#0, Z € D,

it is clear that the functions ¢(Z), 1) (Z) satisfy the estimate similar to (13).
Next let w(z) be a solution of Problem A for equation (5), it is clear
that W (Z) = ®(2)e??) = w[2(Z)] — ¢(Z) is a solution of the complex
equation
W7 = A]W(Z) + AQW(Z) in D27

where 1(Z) is as stated in (17), and we can verify that the function ®(Z2)
is an analytic function in Dyz. Finally applying the result as in [2], we can
find an analytic function ®(Z) in Dy satisfying the boundary conditions
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Re(A(Z))e ™2 8(2)] = {r[2(2)] ~Re(\=(Z))b(2)] e~ o0
on 0D Tm[A(z0)e ™4 40)( Zo)] = (b —m(N(z0) i (Zo)] e~ 2¢%0)

herein Zy = Z(z), hence the function w[z(Z)] = ®(Z)e® %) +4(Z) in (17)
is just the solution of Problem A in Dz for equation (5).

On the basis of Lemma 1 and the above discussion, we can obtain the
estimates of solutions of Problem A for equation (5), namely

Theorem 4. Any solution w[z(Z)] of Problem A for equation (5) satisfies
the estimates

Cslw(z),D]=Cs[X (Z2)w(2(2)),D7] < Mz, Cs[w(2), D] < Ma(kr +k2), (19)

in which X(Z) = |Z —t1|™|Z —t2|", here n; = max(—4v,,0)+80, j = 1,2,
v;(7 = 1,2) are as stated in (10), and t1 = —1,t2 = 1, § is a sufficiently
small positive constant, k = (ko, k1, k), and Ms = Ms(,k, H,D), My =
My (8, ko, H, D) are non-negative constants.

18)

Proof. Noticing the condition (7), and using Lemma 1 and Theorem 3,
we see that the functions ¢(Z), ¢(Z) in (17) satisfy the estimates

where § = 2/(m+2)—¢, ¢ is a sufficiently small positive constant, and M5 =
M5(6,k, H, D) is a non-negative constant. Due to the analytic function
®(Z) satisfies the boundary condition (18), and from (15) and Theorem 3,
we can get the representation and estimate of the analytic function ®(Z2)
in Dz similar to those in (17) and (15), thus the first estimate of (19) is
derived. Moreover we verify the second estimate in (19). If k = k1 + ks > 0,
then the function w*(z) = u*(z) + iv*(z) = u(z)/k + iv(z)/k is a solution
of Problem A for equation

9(Z) .

T kH(p) H(p)

By the proof of the first estimate in (19), we can derive the estimate of the
solution w*(z):

— A
wy=g"(2).9"(2) [Arw’ +4,07+57] in Dz, (21)

Cslw*(2), D] < My = My(B3, ko, H, D). (22)

From the above estimate it follows that the second estimate of (19) holds
with £ > 0. If kK = 0, we can choose any positive number ¢ to replace k = 0.
By using the same proof as before, we have

Cslw(z), D] < Mye.

Let € — 0, it is obvious that the second estimate in (19) with k = 0 is
derived.
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3. Solvability of the Riemann-Hilbert Problem for Degenerate
Elliptic Complex Equations

Theorem 5.  Suppose that equation (2) satisfies Condition C. Then Prob-
lem A for (5) has a unique solution in D.

Proof. We first verify the uniqueness of the solution of Problem A for
system (2) or equation (5). Let wy(z),w2(z) be any two solutions of Prob-
lem A for (5). It is easy to see that w(z) = wi(z) — wa(z) satisfies the
homogeneous equation and boundary conditions

wy = [Ayw + Ayw]/H(j) in Dy,

N (23)
Re[A((Z2))w(2(Z))]=0 in 0D* Im[\(29)®(Zy)]=0.

Due to the solution w[z(Z)] possesses the expression (17), but (Z) = 0 in
Dz, and the index K = 0 of A\[2(Z)] on 0Dz, from the second estimate in
(19) with k; = ko = 0, it is easy to derive that w(z) = w1(z) — wa(z) =0
in D.

As for the existence of solutions of Problem A for equation (5), we can
prove by using the method of parameter extension. In fact, the complex
equation (5) can be rewritten as

wgz = F(Z,w),

A (D) w4 As 2 (2)][T+As[2(2)]} in Dy 24
G : : '

In order to find a solution w(z) of Problem A in D, we can express w(z) in
the form (17), and consider the equation with the parameter ¢ € [0, 1]:

F(Z,w)=

wy — tF(z,w) = S(z) in Dy, (25)
in which the function S(z) satisfies the condition
H(y)X(2)S(2) € Leo(Dz), (26)

where X (Z) is as stated in (15). This problem is called Problem A;.
When ¢ = 0, the complex equation (25) becomes the equation

w5 = S(z) in Dy. (27)

It is clear that the unique solution of Problem Ay, i.e. Problem A for
wy = S(z) can be found, namely X (Z)w[z(Z)] = ®(Z) +TXS. Suppose
that when t = t( (0 < tg < 1), Problem Ay, is solvable, i.e. Problem A, for
(25) has a solution wo(z) (wo(z) € C(D), hence X[Z(2)]wo(z) € C(D)).
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We can find a neighborhood T, = {|t —tg| < &,0<t < 1}(0<e < 1) of
to such that for every t € T, Problem A, is solvable. In fact, Problem A,
can be written in the form

wy — toF(z,w) = (to — t)F(z,w) + S(z) in Dy. (28)

Replacing wy(z) into the right-hand side of (28) by a function wy(z) €
C(D)), especially, we select wo(z) = 0 and substitute it into the right-hand
side of (28), it is obvious that the boundary value problem for such equation
in (28) then has a solution wi(z) € C(D). Using successive iteration, we
obtain a sequence of solutions wy,(z) (w,(z) € C(D), n = 1,2,...), which
satisfy the equations

W, 117 — toF (2, wn1) = (t —to) F(2,w,) + S(2) in D,

Re[A(z)wp41(2)]=7(2) on OD*, Im[A(20)wn+1(20)] = bo.
From the above formulas, it follows that
[wn1—wn]z—to[F (2, wni1) — F(z, wy)]
= (t — to)[F(z,wn) — F(z,wn—1)] in D,

Re[A(2)(wn41(2) — wn(2))] = 0 on D*,
Im[A(20) (wn+1(20) — wn(20))] = 0.

Noting that
Loo[H(§) X (Z)(F(z,wp)—F(z,wp_1)),Dz] < 2koClwn —wn_1,Dz),
and then by Theorem 4, we can derive
C’[wnH —wy, Dz] <2/t — t0|M4C’[wn —wyp_1,Dg],

where the constant My = My (S, ko, H, D) is as stated in (19). Choosing
the constant ¢ so small such that 2e My < 1/2 and [t — o] < €, it follows
that

N — N J— 14 J—
C[wn—i-l _wruDZ] S25M4C[wn_wn—17DZ] S ic[wn_wn—lyDZ]a
and when n,m > Ny + 1 (N is a positive integer),

Clwnir —wy, Dy SZ‘NOZZ_jC’[wl —wo, D7) <27 Nt Clwy —wo, D).
=0
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Hence {wy,(z)} is a Cauchy sequence. According to the completeness of
the Banach space C(Dy), there exists a function w,(z) € C(Dz), so that
Clw, — wy,Dz] — 0 as n — oo, we can see that w,(z) is a solution of
Problem A; for every ¢t € T, = {|t — to| < €}. Because the constant ¢ is
independent of o (0 < tg < 1), therefore from the solvability of Problem
Ay, when to = 0, we can derive the solvability of Problem A; when t =
g,2¢,...,[1/ele, 1, where [1/¢] means the integer part of 1/e. In particular,
when ¢t = 1 and S(z) = 0, Problem A;, namely Problem A for (5) in D has

a solution w(z).
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In [1-4], the authors posed and discussed the Tricomi problem of second order
equations of mixed type, and in [6], the author discussed the oblique derivative
problems of second order equations of mixed type without parabolic degen-
eracy. The present paper deals with some discontinuous oblique derivative
problems for second order linear equations of mixed (elliptic-hyperbolic) type
with parabolic degeneracy. Firstly, we give the formulation and representa-
tion of solutions of the above boundary value problems, and then prove the
existence of solutions for the problems, in which we use the complex analytic
method, namely the complex functions in the elliptic domain and the hyper-
bolic complex functions in hyperbolic domain are used (see [5,6]).
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1. Formulation of Discontinuous Oblique Derivative Problems
for Second Order Mixed Equations

Let D be a simply connected bounded domain in the complex plane C with
the boundary D = TUL, where I' (C {y > 0}) € C2 (0 < a < 1) is a curve
with the end points z = 0,2, without loss of generality, we may assume
that the boundary I' possesses the form z = —1 + G(y) and = = 1 — G(y)
including line segments z = 0 and x = 2 near 0 and 2 respectively, and

L =L U Ly, where
y
Ly ={z +/ VIK@®)|dt =0, z € 0,1]},
0
y
Lo = {x —/ VKDt =2, « € [1,2]},
0

where K (y) = sgny|y|™h(y) is continuous in D, possesses the derivative
K'(y) and yK(y) >0 on y # 0, K(0) = 0, here m is a positive number,
h(y) is a continuously differentiable function on |y| > 0, and 2 is the
intersection point of Ly and Ly. Denote D¥ = Dn{y > 0}, D~ =
D n{y < 0}. Consider second order linear equation of mixed type with
parabolic degeneracy

(1)

Lu=K (y)uze +uyy+a(x, y)u, +0(z,y)uy, + c(z, y)u=—d(z,y) in D, (2)
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where a = b = ¢ =d = 0 in D, then (2) is so-called Chaplygin equation
in gas dynamics. Suppose that the coefficients of (2) satisfy the following
conditions, namely

Condition C. The coefficients a, b, ¢, d satisfy
ioo[Thﬁ]:Loo[naﬁ]JrL [nw ﬁ]<k’0,77:a b Ci’ [d F]Skla

Cln, D~ = [0, D~] + C[ne, D7) < ko,n = a,b,¢,Cld, D] <k,
¢ <0 in DF, Ja(e, sl —/2=0(1) in D=, m > 2,

3)
where ko (> max[2+/h(y),1//h(y),1]), k1 (> ko) are two positive con-
stants. There exist n pomts zZ1 = a1 = 0 29 = A2,y cery Zp_1 = Gn_1,2n =
an, = 2 on I' arranged according to the oppositive direction successively.

The discontinuous oblique derivative problems for equation (2) may be
formulated as follows:

Problem P. Find a continuous solution u(z) of equation (2) in D, where
H(y)uz, u, satisfy the boundary conditions

39 = WRe [AM(#)uz] = Re[A(2)uz] =7(2), 2 €T"U Ly, "
1 -
mIm[A(z)ugﬂzzzg =cp, u(ar) = c1, ula,) = ca,

where [ is the vector of I'* U Ly, T'* = T'\{aq,a2,...,a,}, I is a vector at
every point on I', A(z) = cos(l,x) —icos(l,y), z € T*, A(z) = cos(l,z) +
jeos(l,y), z € Ly, co,c1,co are real constants, and A(z), r(z), co,c1,cC2
satisfy the conditions

CLIN(z),T*] < ko, CL[r(2),T*] < ko, CL[N(x), L1] < ko,
CLr(z), L1] <k, cos(l,n) > 0on T*UL4, (5)

1
leols |exl, |e2| < ke, WAX s < ko
Ly |a(z) = b(z)|
where n is the outward normal vector on I', a (0 < «a < 1), ko, ko are
positive constants. Here we mention that if ¢ = 0 in equation (1), then we
can cancel the condition cos(l,n) > 0 on I'*, and the last condition in (4)
can be replaced by

lw(zp41) = Im[A(2)uz]|=2, ., = H(Imz,41)co = ¢, (6)

where 2,11 is a fixed point at I'*, such that ¢z is a real constant satisfying
the condition |cs| <ky. Later on we shall use the notation {w(zy+1) in some
formulas below. The above boundary value problem is called Problem Q.



84 Ke-Ming Xu, Guang-Wu Yang and Sheng-Xun Li

In particular, for the Tricomi problem with the boundary conditions
u(z) = ¢(z) on T, u(z) = ¢(z) on Ly, (7)
in which ¢(2), ¥ (z) satisfy the conditions
C2[p(2),T] < ko, C2[¢p(2), L1] < ko, (8)

where ks is as stated before.

If the boundary I" near z = 0, 2 possesses the form z = G(y) or z = 2—
G(y) respectively, we find the derivative for (7) according to the parameter
s =Rez =y on I, and obtain

Ug = Upy + Uy = H(y)uy +uy = ¢'(y) on T near z = 0,
Us = UpTy + Uy = —H (y)uz + uy/H(y) = ¢'(y) on T near z=2,
us:umxy+uy:_H(y)um+uy:¢l(y) on Ly,

in which H(y) = G'(y) on T, H(y) = |K(y)|'/?, if H(y) = |y|™?, then
x = G(y) = 2|y|™+?/2/(m+2), and its inverse function is |y| = G~ (z) =
[(m + 2)2/22/(m+2) = Jg2/(m+2) and H(y) = [(m + 2)x/2]™/(m+2) =
Jm/2gm/(m+2) on ;. Tt is clear that the complex form of above conditions
is as follows

Re[A(z)(U+iV)] = Re[A(2)(H (y)ug —iuy)]/2=R(z) on T,
Re[A(2)(U+;V)]=Re[A(2)(H (y)u, —juy)] /2= R(z) on Ly,
Im[@u;]\zﬂ = H (Imzg)co = ¢y, u(0) = c1,u(2) = cq,

where U = H(y)U,/2,V = —uy /2, c1 = ¢(0), ca = ¢#(2), A(2) = a+ib on
T, A\(z) =a+jbon L, and

—i on I, if =, = H(y) at 0, ¢y/2 on T at 0,
i onT, if z,=—H(y) at 2, —¢y/2 on T' at 2,
A(z)= ’ R(z)=
i on Ly, —uy/2 on Ly,
1—j on Ly, if z, = —H(y), —1y/2 on Ly,
and by = Im[(1 + jluz(0)] = —vy/2[:=0, where Ly = {0 <z <2,y =
O}ny|z:0 = G/(y)‘zzo = H(y)|z:0 = 0, and $y|z:2 = _Gl(y)|z:2 =

—H(y)|,=2 = 0. Thus the boundary condition of Problem T in D% can be
rewritten in the complex form
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Re[A(z)W(2)] = R(z), z €™ ULy,
Im[A(20)W (20)] =1, u(0) =co, u(2) =c,

in which Ry (x)=Jm/22™/(m+2)4)/(2)/24/2, and Ry(x) is an undetermined
function. We have

. )\(tlf()) i /i ] -7

igr . MUY Ti/2 7rz/2: i __ " _ _
e )\(t1+0) e e » V1 . Kl 0, K1 1,
o Ata—0) o . omi

ipn n _ pmi/2-mif2 _ 0mi _ _ — —
e 7)\(tn+0) (& € sy Tn p Kn 0; Kn 07

Aty —0
oy S R K= o 1=

where t; = a1 = 0,ty = ag,...,tn = an, AN(t) = €™/ on Lo, A\(t; + 0) =
Atn,—0) =exp(in/2), -1 <y <1, l=1,...,n—1, and Ky, Ko, ..., K,, are
chosen, such that the index of Problem P in Dt is K = (K1+---+K,)/2 =
0 or —1/2 and the other requirements of Problem P.

Noting that the conditions in (5), we find two twice continuously dif-
ferentiable functions ui(z) in D, for instance, which are the solutions
of the discontinuous oblique derivative problem with the boundary condi-
tion on I'* U Ly in (4) for harmonic equations in D*, thus the functions
v(z) = vF(2) = u(z) —ui(2) in D¥ is the solution of the following equation

K (Y)vaatvyy+a(@,y)va+b(2, y)vy+e(@, y)v+d(z,y) =0 in D (9)

satisfying the corresponding boundary conditions

Re[A(z)W(2)]=R(2) on I ULy, Im[A(2)W (2)], = cf, »
v(0) = c1, v(2) = 2 or lw(zn41) = ¢,

where d = d + LuZ () in D*, W(2) = U +iV = v in D¥, W(z) =
U+3jV =v; in D=, R(z) =0 on I'* ULy and ¢y = ¢y = 0, and under
certain conditions, the coefficients of (9) satisfy the conditions similar to
Condition C', hence later on we only discuss the homogeneous boundary
value problem (Problem P) for equation (2) with the boundary condition
(10) and the case of index K = 0. Other cases can be similarly discussed.
From v(z2) = v¥(2) = u(z) — uZ (2) in DE, we have u(z) = v~ (2) + ug (2)
in D=, u(z) = vt(2) +uf (2) in DT, vF(2) = v (2) — uf (2) + ug (2),
uy, = v+ u(i,, vf = vy —ud, +ug, = 2Ry (z), and v, = 2Ro(z) on
Lo = DN {y =0}, where Ry(z), R(z) are undetermined functions.
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2. Representation of Solutions for Discontinuous Oblique
Derivative Problems for Second Order Mixed Equations

Denote
W(z)=U+iV = %[H(y)um iuy| = uz= H;y [uz—iuy] =H(y)uz,
z=[H(y)We +iW,]/2 = H(y)[W, + iWy]/2 = H(y)W in DT,
W) =045V = S (s ) = us = ", juy] = H(y)uz,

we have

H(y)Wy =Ws = Hey(U + V), + Hea(U = V), =

:%{[%+%—b}(U+V)+[%+%+b](U—v)+w+d}

47{[————b](U+V)+[%—%+b](U—V)+cu+d}7
HU+V),=~ [—+——b](U+V)+[%+%+b](U—V)+cu+d},

HU-V), =~ ****b](UH/)H%f%+b}(UfV)+cu+d} in D,
(11)

in which Z = z +iG(y) in D¥, and Z = = + jG(y) in D~, thus from (11)
and the formula in [7], we have

Ws = Ay (2)W + Ag(2)W + Az(2)u + Ay(2) in D, (12)
where

1 a iHy, 1. a tHy,
gt gt T

A= ) , Ay= ) -

a jH, . a  jH, .

bl ) S Y 1)
gt g g
-5, - w DF,

A3: A4:

C d_i_
1’ ZlnD.
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The boundary value problem for equations (12) with the boundary condi-
tion (4), (5) or (7) (W(z) = uz) and the relation

* ReW(z) . . =
2Re/ —————= +iImW(2)]dz + by in DT,

ZReW(z)i,m N s
2Re/0[ Hr) — W ()= + by in D=,

u(z) = (13)

will be called Problem B.
The representation of solutions of Problem P for equation (2) is as
follows.

Theorem 1. Suppose that equation (2) satisfies Condition C and u(z) is
any solution of Problem P for equation (2) in D. Then the solution u(z)
can be expressed as follows

ReW ) D+
— 2 V(z)dy+ 2R/ A VW dz+bo i ,
/ Ydy+u(z [ o (_j) mW]dz+bg in (D‘)

W(2)=0(2)+W(2)=3(Z2)+V(Z), ®(Z) :T(Z)+T(Z),
W(2)=T(2)-T(Z), T /
W(z2) = ¢(2) + ¥(2) = £(2)er +n(2)e2 in D

€6 =C+ [y = [ oy / o)y,
91(2)= A (U4V)+B(U~V)+20,U+Dyu+Ey, 2 € s,
n2=0)+ [t = [ wei [ e

92(2)=Ao(U+V )4 By (U =V )+2CoU+ Dyu+FEs, z € 59,

dat in D}',

—~

D+t—

(14)
in which
f(Z) = g(Z)/Hv U= Hum/Qav = 7uy/27

and &(z fs g1(2)dy, 0(z) = C(a: + G(y)) on D™, and s1,82 are two
famzlzes of characteristics in D™ :

‘jT;: K () :H@),SQ:%? KWl=-Hy) (1)

St

passing through z = x + jy € D™, Sy is the characteristic curves from the
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points on Ly to the corresponding points on Ly respectively, and

W(z) = U(z) +jV(z) = %Hux - %uy

(2) =Rey(2)+Imy(2), n(2) =Rey(z) —Imy(2),
Al—éz—%(%—b)»gz—31—%(% )76'12%4-%7
Co —%-F%,Dl —[72=%,E1_—~2 g,

in which we choose H(y) = [|y|™h(y)]"/2, h(y) is a positive continuously
differentiable function and

dpu=dx + G(y)|=2H (y)dy on s1, dv=d[z—G(y)]=—2H (y)dy on ss.

Proof. From (11) we see that [Tflz = f(Z), [Tflz = 0, [¥]7 = 0,
(], = 0 in D}, and equation (2) in D~ can be reduced to the system
of integral equations (14).

3. Solvability of Discontinuous Oblique Derivative Problems
for Second Order Mixed Equations

In this section, we prove the existence of solutions of Problems P for equa-
tion (12). Firstly we discuss the complex equation

W; = A1(2)W + A2(2)W + As(2)u + As(z) in D, (16)
with the relation (13) and the boundary conditions
Re[A(2)W (2)] = R(2) on T*ULy, Im[A(2)W (2)]|., = co,
v(0) = ¢1, v(2) = ¢ or lw(zp41) = b,

is called Problem B, where A(z), R(z),¢; (I =0, 1,2) are as stated in (4)—(6)
and (9)-(10). The above boundary value problem about W (z) = vy is called
Problem B. It is not difficult to see that Problem B can be divided into
Problem B; for equation (16), (13) in D" with the boundary conditions

Re[A(2)W (2)] = R(z) =0 on T, Re[—iW (z)] = —Ro(x) on Ly,  (18)

(17)

and Problem Bs for equation (16),(13) in D~ with the boundary conditions
ReAGIW(2) = () =0 on L,
Re[(—j)W (z)] = Ro(z) on Lo, (19)
Im[A(z0)W (20)] = ¢4 = 0,
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noting ReW (z) = H(y)v, = 0 on Ly. From the result in [7], we know that
Problem Bj for equation (16), (13) has a unique solution W (z). Hence we
only prove the unique solvability of Problem By for (16), (13) in D~.

Theorem 2. If equation (2) satisfies Condition C, then there exists a
solution [W(z),v(z)] of Problem Bz for (16), (13).

Proof. Denote Dy = {0 < z < 2 —9p,—0 < y < 0}, and s1, 2
are the characteristics of families (15) emanating from any points (bg, 0),
(b1,0) (6o = bo < by = 2 — §p), respectively, which intersect at a point
(2',y") € D™, where g, 0 are sufficiently small positive numbers.

We may only discuss the case of K(y) = —|y|™h(y), because otherwise
we can similarly discuss. In order to find a solution of the system of integral
equations (14), from (2), we have the condition

a(x
PEE = o1, e )] =l m =2 (20)
in which e(y) — 0 as y(€ D~) — 0. It is clear that for two character-
istics s1, so passing through a point z = = + jy € D~ and x1, x5 are the
intersection points with the axis y = 0 respectively, for any two points
Z1 =21+ )Y € S1,22 = To + JjY € S3, we have

~ ~ Y 2k m
‘$1—w2‘§‘$1—$2|:2‘/ _K(t)dt|§ 0 ‘y|l+ /2
0 m+2

m + 2
4kq

(21)

< My|™/2+L [y|m/2 < |21 — 2],

in which M (> max[4+/h(y)/(m+2),1]) is a positive constant. From (3), we
can assume that the coefficients of (14) possess continuously differentiable
with respect to x € Ly and satisfy the conditions

hy
7 h — )

~ ~ ~ - - ~ - ~ 1
VAl el Bl 1Bl | Dl | Dral, | Bl | Bra] 2V, M

(22)

zeD—,1=1,2.

According to the method in [6], it is sufficient to find a solution of Problem
B, for arbitrary segment —§ < y < 0, where § is a sufficiently small positive
number. We can choose vy = 0,&y = 0,779 = 0 and substitute them into
the corresponding positions of v,&,n in the right-hand sides of (14), and
by the successive iteration, we can find the sequences of functions {vy},
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{&}, {nx }, which satisfy the relations

Y Y
vkt1(2) = Uk+1(fv)—2/ Vi(2)dy = Uk+1(x)+/ (e — &k)dy,
0 0
v _ _ _ _
§k+1(z)=Ck+1(2)+/ [A1&k+B1ini+C1 (& +m1) +D1up +E4 |dy, 2 € s1,
0
vy . - - - -
ﬂk+1(z):9k+1(2)+/ [A2&k +Bang +C2 (§ +11) +D2up +E1 |dy, 2 € s2,
0

k=0,1,2,...
(23)
Setting that
J=9—1i1, t =t =91, Oes1(2) = vpp1(2) — vi(2),
or1(2) =Er1(2) =&k (2), Tint1(2) =mr1(2) —m(2),
o1 (2) = Cur1(2) = Cu(2), Org1(2)=0r41(2)—Ok(2),

we shall prove that {ox}, {€x}, {7k}, {Ck}, {0k} in Dy satisfy the estimates

|81 (2) =Bk ()], [0 (2) = G (2)], |70 (2) = O (2) | < M'A* g =2, 9] <6,
[k ()], 177k (2)| < M (Mo|g))* "/ (k = 1)L, § <=6, or M'4*74[g] <3,
|6k (21) =& (22) = Crl21) = (22)], [ (21) = (22) =0k (21) O (22)
<MY oy = @ol 0 o o — 2ol 1917), (9] < 6, [Tk(21) =T (22)],
|6k (21) =€k (22) |,k (21) =7k (22)| M (Mo |E]) = g =o' =7/ (k—1)!,
§< =0, or My Mwy — wol 70 4 [y — w2 [T, [€r(2) + 7k (2)
—Cu(2) = On(2)], [6k(2) +iik (2)| < M'AF oy — a2 P[], |

[k (2) + 70 (2)] < M(Molgl)F~ary — 2|7/ (k = 1)L, §

g §57
S _67

(24)
where z = x + j§, 2 = x + jt is the intersection point of s1,s2 in (15)
passing through z1,29, 8/ = (1 + m/2)(1 — 33), § is a sufficiently small
positive constant, such that (2 +m)8 < 1, and My, M, M’ are sufficiently
large positive constants. On the basis of the above estimates, we can derive

that {vi}, {&}, {Mx} in Dy uniformly converge to v., &, n. satisfying the
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system of integral equations
y y
v =uta)-2 [ Vedy=v.(@)+ [ . —€)a,
0 0
- y o . _ N .
62)=E)+ [ 1A+ Bun+Cr(64n)+ Dru+ Exldy, 21,
0
L ~ ~ ~ -
77*(2):77*(2)+/ [AQ&*+BQ77*+02(£*+77*)+D2U*+E2]dy,26827
0

and the function [v.(z)]z = W*(z) satisfies equation (16) and boundary
condition (19), this shows that Problem By in Dy has a solution for equation
(16). Hence a solution of Problem B, for (16) in D~ is obtained. From
the above discussion, we can see that the solution of Problem Bj for (16)
in D~ is unique.
From the above result, we have the following theorem.

Theorem 3. Let equation (2) satisfy Condition C. Then the discontinu-
ous oblique derivative problems (Problem P) for (2) has a unique solution.
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In this paper, we prove a local well-posedness of the Cauchy problem for the
fourth order nonlinear Schrédinger equation in one demension.
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AMS No: 35Q55.

1. Introduction

In this paper, we mainly consider the following equation (4NLS)
i0pu = Opu + 0, (u®), u(0,7) = p(z), t,x €R, (1.1)
(1.1) is invariant under the scaling u — uy = A%/ 2u(\*, Az) and moreover,

||UAHH5(R”) = X"HJu(o, ')”HS(R")' (1.2)

From this point of view, we say that s = —1 is the critical regularity index
of (1.1).

A large amount of interesting work has been devoted to the study of the
Cauchy problem for this equations. One can see [1,2,5-7] and references
cited therein. Our main result is as following:

Theorem 1.1. For any s > 0, p(x) € H?, there exists a T(||¢(z)||m:),
such that (1.1) has an unique solution in C([0,T]; H®).

2. Notation and Definitions

For z,y € R, z < y means that there exist C' > 0 such that |z| < Cly|
and z ~ y means that there exist C7,Cy > 0 such that C1|z| < |y| < Ca|z|.
For f € &’ we denote by ]? or F(f) the Fourier transform of f for both
spatial and time variables. Denote by F, the the Fourier transform on
spatial variable and if there is no confusion, we still write F = F,. Let
Z and N be the sets of integers and natural numbers, respectively. For
convenience, let Z; = N|J{0}. For k € Z, let I}, = {¢ : |¢| € [2F~1,2kF1] 1.
ForkeZ,, let I, = [-2,2] if k = 0 and I, = I if k > 1. We use fxg will
stand for the convolution on time and spatial variables.

IThis research is supported by the Science Research Startup Foundation of North
China University of Technology.The authors would like to express their thanks to Doctor
Zihua Guo for his valuable suggestions.
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Let ng : R — [0,1] denote an even smooth function supported in
[-8/5, 8/5] and equal to 1 in [—5/4, 5/4]. For k € N, let nx(£) = no(&/2%)

—no(f/Qkfl). For k € Z, let x1(§) = ﬂo(f/Qk) _ no(gmkﬂ).
We introduce the Banach spaces used in [3]. For k € Z,, we define the

dyadic X®*-type spaces X}, = X;(R?),
X ={f € L*(R?):

o0

f(&,7) is supported in I xR and Hf”Xk:Z 2j/2|\77]-(7'—§4) “fllz2}-
3=0

This kind of spaces were introduced, for instance, in [8] and [9] for the BO
equation. For s > 0, we define the following spaces:

={uecS'®R): [Jullf. = Y 22Fn(OF W)k, < oo},
’CGZ+
No={ue SR :|[jullje =D 22|(i+ 7 — &) () F(w)|k, <oo}.
k€Zy

For T' > 0, we can also define the time-localized spaces F'*(T") and N*(T).
Proposition 2.1. ([3]) If s € R, T € (0,1], and u € F*(T), then

sup |[u(t)|[ms <
t€[0,T]

3. Proof of the Trilinear Estimate

According to the standard fixed point argument, we will need the fol-
lowing trilinear estimate.

Lemma 3.1. If s > 0, then exists C' > 0, such that for any u,v,w € F*,

|10z (wow)|| s < C([[u]

e[l po|wl] po
F [l [[ullpolwl| po + [[w][ps[[v]] o[l po).
For £1,&5,63 € R and w : R — R defined as w(¢) = . Let
Q(&1,62,83) = w(&1) +w(ée) +w(&s) —w(& +&+&).  (3.1)

For compactly supported functions f, g, h,u € L*(R x R), let

J(faga h7u) = /]RG f(glaﬂl)g(£27ﬂ2)h(§3vﬂ3)

w(éy + &o + &3, pa + p2 4 ps + Q&L &2, €3))dE1dEadEzd i dpadps.



94 Hua Zhang and Hong-Feng Wu

Simple changes of variables in the integration and the observation that the
function w is an even function, we have

[J(f: 9, o)l = [ (g, f, hou)| = [J(f, b, g, u)l.

Therefore, we can only assume k1 < ky < k3 in this paper. Comparing with
w is odd function case (see [4,9]), we have less symmetry. Therefore, we
need to consider the magnitude of quantity k4 compare with kq, ko and k3
in later proof. According to the methods in [4] and [11], it suffices to prove
the following symmetric estimate. Similar ideas for the bilinear estimates
can be found in [9].

Lemma 3.2. Assume ki, kg, k3, ky € Z, k1 < ky < k3, j1,J2,73,J4 € Zy
and fr, j, € L*(R xR) are nonnegative functions supported in I, x I;, (i =
1,2,3,4). For simplicity we write J = |J(fry j1» fra,jo> fhs,js> fha,ja)|-

(a) For any k1 < ko < k3 and ju, j2, ja, ja € Zy,

4
J < C2Umintitna)/29(kmintkena)/2 H | frsgollz2- (3.2)
i=1
(b)  If ktha < ksee — 5 and 3 i € {1,2,3,4}, such that (k;,j;) =
(kthdajmax)7

4
J < Uiz +is+ia) /29~ jmax /29— 2B okina /2 H | sl L2 (3.3)

=1

else, we have

4
J < U +iatia+ia) /29 —max /29— 25 ghunin /2 H | frigillz2- (3.4)
=1
(C) For any k17k2’k3’k4 €Z and j17j2aj3aj4 S ZJ,—,
4
J < 02U tiatistia)/29=jmax/29~ (kmin+ktnatksee)/3 H Wfwgille.  (3.5)
=1
(d) If kmin S kmax - 10, then
8k 4
J < CUrtiatiatia)/2g— g H e lloe. (3.6)

i=1

Here we use kmax, ksec, ktha and kmin denote the mazimum, the second mazx-
imum, the third maximum number and the minimum of numbers k1, ko, k3
and ky. The notations jmax, jsecs Jthd GNA jmin 6T€ Similar.
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Proof. Let Ay, (€) = [fy i, (€10/2dulE, i = 1,2,3,4. Then ||y, ||z =
||fk7i7ji

erties of the functions fy, j,,

‘J(fklyjl’kaJZ’ fks,jen fk47j4)|

Lz, Using the Cauchy-Schwartz inequality and the support prop-
N

3
< Catmtina [ A (6 + 0+ &) [] Avi ()6
R? i=1

4
S CQ(kmin+kthd)/22(jmin+jthd)/2 H ||Ak L2,

i=1
which is part (a), as desired.
For part (b), by examining the supports of the functions

J(fklvjl’fk27j27fk37j3’ fk47j4) =0,

unless
kmax < kgsee + 10. (3.7)

We give the proof according to magnitude of quantity k4 compare with
ki, ko and k3. Firstly, we assume that ky = kj,q,. Under this assumption,
we first consider that jo # jmaz and jg = Jmaz, then we will prove that if
gi : R — R, are L? nonnegative functions supported in I, (i = 1,2,3) and

g:R? — R, is an L? function supported in I, x I;,, then

/RB 91(61)92(€2)93(83)9(&1 + &a + &3, (&1, €2, €3) )dE1d€adSs
(3.8)

3
3kmas )
S27 E 2k 2 T |gal| 219 2
=1

This suffices for (3.3). To prove (3.8), we have [&5 + &| ~ |&3], since
ko < ks — 5. By change of variables & = &1, &, = &, & = &2 + &3, we get
that the left side of (3.8) is dominated by

/ 91(61)92(€2)93(65 — £2) (81 +&5, (&L, &3, §5 — €2)) € d€5dEs.
€7 1~2%1 |65 ~2k2 |g5]~2N3 (3.9)

Note that in the integration area, we have
0
|§ [Q(&1, 6,65 — &) | = [w'(&) — W' (& — )| ~ 2%m=, (3.10)
2
where we use the fact (&) ~ |€]> and ko < k3 — 5. So, we have

k3

|lg(&] + &4, Q€L &b, &5 — fé))\ng,z =277 g€ + €3, m2)llzz, -
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By change of variable s = (&1, &5, &5 — &), we get that (3.9) is dominated
by
_3ky PRI B 2
27> /lEIN2k191(€:,l)||g2||L2||93||L2|g||L2d£1 S277 20 H9||L2H lgillzz-
1 s
If j3 = jmax, it suffices to prove g;: R* — R are L? nonnegative functions
supported in Iy, x I;, (i =1,2,3,4), then

3

/ 9a(&1 + &+ &, + 1o+ 75+ Q& &2, &) [ [ 96(& i) d&adr
RS i
3k 4 1
<27 3 gkmin/2 H l|g3l| L2
i=1
(3.12)
By change of variables £ = —&;, 71 = —71,8, = —&2,, 75 = —T0, & = &

+&o +537T§ =7+ T2+ 73+ 9(51752763), the left side of (312) is
[ €+ 6+ 6ri 475 - -6~ + &+ )
R

xga(&4,74) [ 9i(—€). —7))deldesdehdr]drydrs.

i=1,2
Note that in the integration area, we have
0
[y (€L 6.6 4 &+ )] [ =1 (6) + /(6 + &+ gy~ 2.
2
So, we have

lgs(€1 + & + 85,1 + 75+ 75 — U=E1, —6, 8 + & + )E:'),))lng,2

7& ! ! !
=272 [[g(&§) + & +537N2)||Lﬁ2~

By change of variable ps = Q(—¢&1,—&5, &1 + & + &), we get (3.12), as
desired. The case j; = jumax is similar to j3 = jax, We omit it.

We assume now that jo = jmax, it suffices to prove g;: R? — R, are L?
nonnegative functions supported in Iy, X fj (t=1,2,3,4), then

3
/RG 9a(&1 + &+ &, + 1o+ 75+ Q& &2, &) [ [ 96(& i) dadr
i=1
4

5 9- Skrgax 2kthd/2 H | |g'L| |L2 :
i=1

(3.13)
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By change of variables &, = & + & + &3, 7 = 71 + 7 + 13 +
Q(&1,62,&), & = =&, 11 = —11, & = =&, T4, = —74 and notice that

0 rog! / ! / 1ot ’ / 1ot
|$ [Q(=&1,& + & + &3, —fg)} | = W' (& + & + &) — W' (&) ~ 93kmax

2

in the integration area, we easily get (3.13).

Secondly, we consider the case k3 = kpax and ky = kgee. In view of
(3.7), we easily get the desired result, as above.

Thirdly, we consider the case ky = kipqg- Under this assumption, we
firstly consider the case that j; = jimax. In this case, we have (k4,74) =
(Kthd, jmax)- Therefore, it suffices to prove that (3.13) also hold under this
assumption. By change of variables £ = &1, 71 =11, & = &, 75 = 70, & =
&+ & + &3, Té =71 +7170+7173+ 9(61,62753) and notice that

0
\@ (€1, €5 — & — €D)] | = |o'(& — & — &) — /()] ~ 2% (3.14)

in the integration area, we easily get (3.13).

The other cases can be treated similarly, we omit them.

For part (c), we first consider the case k4 = kmax and jgs = jmax. The
proof is parallel to [11], we omit it. we can treat other cases just by change
of variables. For example, if js = jmax, let § = =&, 71 = —1, & =
Lo, Ty = —To, §5 =&+ o + &3, T3 = 11 4 T2 + T3 + Q(61,&2,&3). So, we
can treat this case as the first case.

For part (d), we need to consider two cases: & - & > 0 or & - & < 0.
The former case is easier to handle. When & - & > 0 and k4 = kpax,
kmin < kmax — 10, we have

(61, &2, E3)| > 2M22Re 92k Qhat3hs, (3.15)

If kipag < ksee — 5, similar to (3.7), by examining the supports of func-
tions, we have jmax > ko + 3ks — 20, part (d) holds by part (b).

If kipg > ksec — D, observing —k1+k32+k3 ~ —k1+32k3 and owning to
Jmax = ko + 3ks — 20, part (d) holds by part (c).

If ky = Kksee, in view of (3.7), we have [Q(&1,82,&3)| = |(&1 + &) (&1 +
6+ 265) (6 + E])] ~ 2Phoeca s ks

Whether ky = kipg or ky = kmin, it is easy to see that |Q(&1,&2,&3)] ~
24kmax - Which goes back to (3.15).

We assume now &7 - & < 0. Firstly, we assume that ky = kpax. Now we
should consider serval cases according to j; = jmax- If j4 = Jmax, it suffices
to prove that if A; is L? nonnegative functions supported in I, (i = 1,2, 3)
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and B is a L? nonnegative function supported in Iy, x I;,, then

3

/ B(& + & + &, &1, &2, 83)) [ [ Ai(&)dérdéades
R3N{€1-€2<0} i=1 3 16)
5 .

< 294227 |B| 2 T 1144 e

=1

By localizing |¢; + &| ~ 2! for | € Z, we get that the right-hand side of
(3.16) is dominated by

3

> /}R3 Xl +&)B(6 + &+ &6, &.6)) [AiG)ds. (3.17)
l

i=1

From the support properties of the functions A;, B and the fact that in the
integration area

(&1, &2, 63)] = (61 + &2) (61 + & +283) (67 + &3)| ~ 2113,

We get that
jmax Z l + 3k3 - 20. (318)

By change of variables & = & + &a, & = &2, & = &1 + &3, we obtain that
(3.17) is dominated by

> Jrs erpata e pugpa L ED A (EL ) 42(8)A0(6 + 65— &)
B(& + &5, Q& — 3,65, &5 + &5 — &€7))dE1dEydEs.
(3.19)

Since in the integration area
| 8851 (61—, &3, &5+ 6] | = 1w/ (61 &) —w' (& +& — &) ~2°%, (3.20)
then we get from (3.20) that (3.19) is dominated by
Z/ (€)1 Al 221451
|| A2(85) B(&2 + &5, Q&1 — 5,62, 65 + &5 — fi))HLz, ,dﬁi

s Z2l/2z—*||B||Lz T A4l < 22255 Bl T Ao

i=1 i=1
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where we used (3.18) in the last inequality. When j3 = jnax, by change of
variables £ = =&, 71 = —71, &, = —&o, T4 = —To, & =&+ & + &5, Th =
71+ 72 + 73 + Q(&1, &2, &3) and notice that

0
|$ (=€, —&, & + &+ &) | = W/ (€]) + W' (& + & + &)| ~ 2%Fme

in the integration area, which can be treated as before. In other cases, we
always have a condition like (3.15) or (3.10), so we can treat them similarly.

4. Local Well-Posedness for 4NLS Equation
From Duhamel’s principle, (1.1) is equivalent to the following equation
t
w=S(t)o+ / St — #)(D () ()t (4.1)
0

We will mainly work on the following truncated version
t
w= v SO0 +0(0) [ SOOI, (@2)

where S(t) = €27 (t) = no(t) is a smooth cut-off function. Then we easily
see that if w is a solution to (4.2) on R, then u solves (4.1) on t € [—1,1].
Our first proposition is on the estimate for the linear solution.

Proposition 4.1. Ifs >0 and ¢ € H®, then

|9 (t) - (S(t)9)]

pe < Cllgl 1. (4.3)

Proof. Noticing that F[o(t) - (S(t)¢)](€,7) = (&)U (T — £*). In view of
definition, it suffices to prove that if k € Z, then

Ik (€)B(E)D(T — €Y x, < ClIm(€)D(E)]| L2 (4.4)

Indeed, from definition we have

k()€ (r — €)]x, < C Y 27 [ni(€)P(E)|| e Ins (7)o (7)] | e

Jj=0

< Cllnke(§) (&)l 22,

which is (4.4), as desired.
The second proposition is on the estimate for the retarded linear term.
These estimates were also used in [9] and [4].
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Proposition 4.2. Ifl;s >0 and u € S(R X R), then
[|v(¢) / S(t — s)(u(s))ds||ps < C||ul|n--
Proof. A straightforward computation shows that
# [ot)- [ stt-s)utsnas) 6.7

D(r —7') — P(r — &
:c/}"(u)(f,T’)w( 7‘)’—?4( ¢ )dT’
R

For k € Z, let fu(&,7") = F(u)(&,7)xe(€)(7 — &€ +4)~L. For fi € Xy,

let
_ _ ¢4
fk? f? / fk? T TT) _ 2/)4(7— g )(T/ - 54 + i)dT/

In view of the definitions, it suffices to prove that

[|IT)x,—x, <C uniformly in k€ Z,,

which follows from the proof of Lemma 4.2 in [9].
Now we prove Theorem 1.1. Define the operator

By(u) = B(1)S(1)6 + (1) / S(t — ) (B ((t')u)*)(t') ),

and we will show that when s > 0, ®4(-) is a contraction mapping from
D ={u€ F*:||u||ps < 2cr} into itself.

From (1.2), it suffices to construct uy on the time interval [—1,1]. Ob-
serving that for s > 0, |Jux||gs = AF|p||ms, so we can choose 0 < A
= A|e||ms) < 1, such that ||uy||gs < r. The choice of the parameter r
will be made later. For simplicity, we still denote u) by « in later without
confusion. From Propositions 4.1, 4.2 and Lemma 3.1, we get if u € D,
then

@ (w)

pe < cllllme + (2 /St—t () ()
< or + el (Wt ) -

< er+c||ul|3s < er+c(2er)? < 2er,

provided that r satisfies 8¢3r? < 1/2. Similarly, for u,v € D

@4 () =Py (v)[[ e < CII¢(t)/OS(t—t’)az(¢3(T)(u3(T)—03(7)))dt’||Fs

< 83r?||ju—vl||ps < 3
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Thus ®,(-) is a contraction. Therefore, there exists a unique u € D solves
the integral equation (4.2) in the time interval [0,1]. Noticing that Propo-
sition 2.1, we have the solution in C([0,1]; H®). Moreover, we can use the
same method in [3] extend the uniqueness to the whole space F*. Un-
raveling the scaling, we can get the solution exists on the time interval

[0, A4].
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This paper mainly concerns calibrating volatility from a jump diffusion model
to a finite set of observed option pricing. We proposed a regularization algo-
rithm based on Cont and Tankov’s relative entropy regularization to solve this
problem. We determine the regularization parameter using quasi-optimality
criterion with original data error level unknown. Iteratively Guass-Newton
method is developed for solving the unconstrained optimization problem. Fi-
nally, the theoretical results are illustrated by numerical experiments.
Keywords: Gauss-Newton method, jump diffusion model, relative entropy,
regularization, volatility.
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1. Introduction

It is well known that the constant volatility assumption made in Black-
Scholes model framework for option pricing is not valid in real market.
Obtaining estimation of the volatility is major challenge for market finance.
Unlike historical estimates of the volatility, calibration rely on the anticipa-
tion of the trading agents reflected in the prices of traded option products
derived from the stock price S. We consider in this paper a widely studied
inverse problem in mathematical finance, that of calibrating a volatility
function from a given set of option prices in a jump-diffusion model.

This calibration problem has received intensive study in the past ten
years. In this paper, we shall focus on the regularization method based
on minimal relative entropy, following an approach introduced by R. Cont
and P. Tankov in 2004 (see [2]). In our paper, inspired by the results in
[2], we attempt to present a new algorithm to calibrate implied volatility
in jump-diffusion option pricing models.

In a jump-diffusion model with a deterministic volatility function, con-
sider a stock S affected by two sources of uncertainty: a standard Brownian
motion W; and a Poisson counting process 179 with the deterministic jump
intensity A®. The risk-neutral evolution of the underlying asset price S(t)

1This research is supported by NSFC (No.10971224), Beijing Talents Foundation and
College of Art & Science of Beijing Union University
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is given by

dS(t)
S—)

= (r —q— KD dt + o(S(t—), )dW2 + (J — 1)n2, (1.1)

where t-denotes the instant immediately before time ¢, r is the risk free
rate, ¢ is the dividend yield, and o(S,t) is a deterministic volatility func-
tion. The superscript Q denotes the pricing measure. In addition, J is a
random variable representing the jump amplitude with % = EQ[J — 1].
For simplicity, log J is assumed to be normally distributed with constant
mean p@ and standard deviation Y2, We will refer to the process (1.1),
with a constant volatility ¢ and a lognormal jump density as Merton’s
jump-diffusion model.

In our terminology a jump-diffusion is a 1évy process with finite jump
activity. In this paper, we use the term “jump-diffusion” to denote a lévy
process with a finite activity of jumps, that is, a linear combination of a
Brownian motion and a compound Poisson jump process. We assume that
dynamic of log price under risk-neutral measure Q is a lévy process.

2. Volatility Calibration of Exponential Iévy Model Using
a Relative Entropy Regularization Method

General reference works on 1évy process are by J. Bertoin(1996) and Ap-
plobanm(2003) (see Chapter V, [1]). Here we give some necessary theoret-
ical background of 1évy process.

A 1évy process is a stochastic process (X;);>¢ with statianary indepen-
dent increments satisfying Xo = 0. The characteristic function of X; satis-
fies the following lévy-Khintchine formula E[e?*Xt] = ®,(2) = exp[t¥(z)],
and

+oo
U(z) = ivz — %0222 +/ (€™ =1 —izzlyzcy)v(dn),  (2.1)

—0o0

where v € R, ¢ > 0 and v is a positive measure on R. If the measure v(dz)
admit a density with respect to the Lebesgue measure, we will call it 1évy
density of X and denote it by v(z). In the case where A = [v(dz) < +o0,
the 1évy process is said to be of finite activity, and the measure v can
then be normalized to define a probability measure p on R, which can be
interpreted as the distribution of jump sizes: u(x) = @.

The exponential of 1évy process: S; = e"+X¢ where X is a lévy process
with characteristic triplet (o,v,7) and the interest rate r. Since the dis-
counted price process e~ "*S; = eX* is a martingale, this gives a constraint
on the triplet (o, v,7):
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o2

1=low) = =% = [(@ = 1=yt cen)

Different exponential 1évy models (i.e. compound Poisson models and infi-
nite activity models) proposed in the financial modeling literature simply
correspond to different parameterization of the lévy process.

The calibration problem consist of identifying the 1évy measure v and
a volatility o from a set of observations of call option prices described as
below:

Calibration Problem 1: S; = exp X; where X; is a 1évy process defined
by the characteristic function (o, ). Given the (observed) market prices
Ci(T;, K;) (i=1,...n) for a set of call options, find a constant o > 0 and
a lévy measure v such that C%"(T;, K;) = Ci{(T;, K;), where C7 is the
option price computed for the 1évy process with triplet(o, v, v(o,v)).

If we know call option prices for all maturities and all strikes, we could
deduce o and v in the following way:

1. Compute the option price. We can compute call option price in
exponential 1évy model using fast Fourier transform (Carr and Madan,
1998, [3]). For a European call option with log strike k = log K,

Cp(K)=e""TE?|(s7 — K)*]

+oo
—eTER(e T — ) =T [ (e Fan(s)is,
where sy is the terminal log price with density g7 (s), gr(k) = e *{C" (k) —
C' (k)}. The characteristic function of this density is defined by ¢r(u) =
fj;o e™qr(s). On the other hand, the characteristic function of the log
price is given by lévy-Khintchine formula:

+oo
Op(u) = exp{T(féazu2 + y(v)u +/ (€™ — Dv(x)dr)}.

—o0
The key idea of FFT is to instead compute the Fourier transform of the
(modified) time value of the option, that is, the function

2r(k) = e TE[(e*T — e)*] - (1 — =1 T)", (2.2)
&r(v) denote the Fourier transform of the time value
+oo —rT ; wvrT
ik e " or(v—i)—e
= k)dk = . 2.3
er(v) /_oo ¢"F 2 (k) iat (2.3)

2. Deduce ¢ and v from ®7. First, the volatility of Gaussian component
_ 21In &p(u)

ToT Denote

o can be found as follows 02 = limy_, o

U(u) =In Pr(w) + 102u2

T 2 ’
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it has been proved that v can be uniquely determined from ¥ by Fourier
inversion (see [7]).

Despite its simple form, Problem 1 is an ill-posed inverse problem: there
may exist no solution at all or an infinite number of solutions. To obtain a
unique solution of this ill-posed problem in a stable manner, we must use
a regularization method.

Many choices are possible for the penalization term. In this paper,
following Cont and Tankov (2004), we use a calibration regularized based
on the relative entropy with respect to a prior model. The relative entropy
of probability measure Q with respect to Qq is defined as:

_ go d@}: o {d@ d@}
Q) = & [mon B ag, ™ a0 |

If Q and Qg correspond to exponential 1évy model, the relative entropy can
be expressed in terms of the corresponding 1évy measure. Namely,

+oo
Q) = 55l [ (€ = D= )@y’

oo dy dv dv
+T[oo (dl/ol (dVO)Jrlfd—VO)VO(d:E) H(v,v9) = H(v).

And then Problem 1 becomes:

Calibration Problem 2: Given a prior the exponential 1évy model Qg
with characteristics (09, 0), find a parameter vector v which minimizes

Z (CY(So, Ty, K;) — Co(Ts, Ky))? + 20H (v). (2.4)
=1

The function (2.4) consists two parts: the relative entropy function,
which is convex in its argument v, and the quadratic pricing error, which
measures the precision of calibration.

For solving Problem 2, we represent the calibrated 1évy measure v by
discretizing it on a grid. The grid must be uniform for the FFT algorithm
to be used for option pricing. We localize v one some bounded interval
[-M, M] and then choosing a partition, 7 = (-M =21 < ... < xny = M).
Define L, as a set of 1évy measure with support in :

Ly ={>_a(x)é,,a € (R")"},

where §, is a measure that affects unit mass to point x, 7 is a finite set of
points, we implicitly assume v is finite.
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The discretized calibration problem becomes

min J(v), (2.5)

where v corresponds to the entire 1évy measure discretized on a grid, (2.5)
always has a finite solution that depends continuously on the input prices
and converges to the least square solution with minimal entropy when o
goes to zero. Moreover, the use of entropy penalization could make our
(discretized) problem well-posed which has been proved in [2].

Now we need present a numerical implementation algorithm for solving
the discretized (2.5). First, we make the additional hypothesis that both
the prior and the calibrated lévy process have finite jump activity. Below
we propose a numerical algorithm for solving (2.5) different from Cont and
Tankov’s.

3. Choice of the Regularization Parameter

The regularization parameter « of (2.5) determines the tradeoff between
the accuracy of calibration and the numerical stability of the results with
respect to the input option prices. The principle of choose o make that a
posterior error (calibration error) has the same level as the a prior error
(error on input prices). Parameter choice methods can roughly be divided
into two classes depending on their assumptions about data error level.
The two classes can be characterized as follows:

1. Methods based on knowledge, or a good estimate of data error.
When data error level is known, then it is crucial to make use of this
information. The most widespread method is the discrepancy principle,
usually attributed to Morozov (1966), Cont and Tankov used this method.

2. Methods that do not require data error level, but instead seek to
exact this information from the given right-hand side.

Due to it is difficult to estimate original data error level in finance, we
consider this class method to determine the regularization parameter. In
this paper, we choose the parameter by using quasi-optimality criterion [4].
Now let (o, v4) be the solution of (2.5) for a given regularization parameter
a > 0. The fundamental idea of this approach is to find a good balance
between perturbation error and regularization errors in v,. This method is,
strictly speaking, only defined for regularization parameter o and according
. dv,,
oc>10{ do } (31)

Qopt = 11N Ozda

to determine the parameter a.
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Denote Q() = [[a%=|2, a > 0, in the linear case Az = b, Q(a) could
be calculated from formula

dz,,

== —a[A* A+ o] 'z, (3.2)

For nonlinear problems, we will now shown in a more heuristic way how
the parameter choice may be generalized to the nonlinear case. We will
assume that C' is twice continuously Fréchet-differential. Denote

N
n(v) = Z(C(V) = Co),
then (2.5) becomes
J(v) = 2aH (v) + (n(v))* (3.3)

Since v, is the minimizer of (3.3), it satisfies the first order necessary
condition
n/(Va)*n(Va) + aHI(Va) =0.

A formal differentiation of this equation with respect to « yields

dvg,

dv dv,
1 * o «
(e 10)

+ n/(Va)*nl(Va)T; + aH”(Va)% = _H/(Va)'
If we neglect the second derivative term in this equation, we obtain the
approximation

d

0=~ —ali (va)y (va) + ol (va)] " H' (va). (3.4)
The right-hand side of (3.4) is a differentiable function of «, so the solu-
tion can be obtained with few iterations, for example, by gradient descent
method. In this case, all integrals in H(r) become finite sums and the
relative entropy taking the following form:

v

T N N
H(u):@{Z(em —D)(vi—vo(z:))’+T > {viln mm)(xi)—ui},
i=1 i=1 ¢

where we denote v; = v(x;). The first and the second term of H(v) are all
continuous for v; > 0, Vi. Of course we can compute the derivative of H(v)
with respect to v simply. The method for calculating the derivative C'(v,,)
will be described in the next section. We notice that in finite dimensional
cases there always have Q(0) = 0, hence in practice we should make initial
value g slightly bigger.
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4. Method for Minimizing J(v)

In order to solve the minimal problem (2.5), Cont and Tankov choose a
L-BFGS-B gradient descent method. This method use a BFGS matrix
to approximate the Hessian of objective function J(v). In this paper, we
consider another idea to solve this nonlinear optimization problems.

Review the Tikhonov regularization methods for nonlinear system F'(z)
=y, one of them is iteratively regularized Guass-Newton method, iterative
process is

T = — T [G (2) G (wi) + i d) T G (1) Gag) +ag(zp =), (4.1)

where £ = x( is an initial guess for the true solution, 74, and «y are a
sequence of positive number, G(z) = F(x) —y. Then the approximate
solution xj41 minimizes the Tikhonov functional

I (2) = ylI” + arllz — o], (4.2)

where the nonlinear function F' is linearized around xy.

Back to our problem min J(v). We rewrite J(v) of (2.5) into (3.3) in
Section 3. According to the definition of relative entropy, €(Q|Qo) is a
convex non-negative functional of Q for fixed Qq, equal to zero if and only
if % = 1. Namely, H(v) = H(v,1p) = 0 if and only if v = 1. We
could find that feature of function H(v) is similar to the second term of
Tikhonov functional (4.2). Namely, the minimization problem J(v) could
be regard as minimization of Tikhonov functional (4.2). So the methods for
solving (4.2) could be used to solve (2.5). We present a iteratively Gauss-
Newton method, arising from A. Bakushinsky and A. Goncharsky (see [5])
for solving min J(v).

For solving (2.5), we give the iterative process as below:

Vi1 =ve— [0 () 0" (vi) + e H" ()]~ (vi) “n(ve) + arH' (v, o), (4.3)

in which ay, is the regularization parameter obtained by quasi-optimal cri-
terion n(v) = YN, (C(v) — Cy).

In order to minimize the function (2.5) using a Gauss-Newton iterative
formula (4.3), the essential step is the computation of the gradient of the
calibration function with respect to the discretized values of the 1évy mea-
sure. We represent the calibrated 1évy measure v by discretizing it on a grid
(z;,i=1,...N), where z; = x¢ + i A z,v = ©¥ ,1;6(z;). This means that
we effective allow a fixed (but large) number of jump sizes and calibrate the
intensities of these jumps. The lévy process is then represented as a sum of
independent standard Poisson processes with different intensities. The grid
must be uniform in order to use the FFT algorithm for option pricing. This
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means that we effectively allow a fixed (but large) number of jump sizes
and calibrate the intensities of these jumps. The lévy process is then repre-
sented as a weighted sum of independent standard Poisson processes with
different intensities. The prior lévy measure vy must also be discretized on

vitar vo(dz) for the

the same grid, namely, using the formula vo(z;) = o A

points x;, ..., TN_1.

The main step is to compute the variational derivative of option price,
DCr(K)[v]. Let k = log K, computing the derivative of option price is
equal to the derivative of time value, zr(k)[v], defined by formula (2.3).
The function which maps v into the time value zr(k)[v] is a superposition
of the 1évy-Khinchin formula (2.1) and equation (2.2). Direct computation
show that

2r 14+
+ e’ [CT(]{ — Ij) — CT(]{J)]

“+oo s
DZr (k)] = T(1,6xj)efrTi/ ok Pr(v=1)

Therefore, the gradient may be represented in terms of the option price and
one auxiliary function. Since we are using FFT to compute option prices
for the whole price sheet, we already know these prices for the whole range
of strikes.

5. Numerical Algorithm

As explained in Section 2, we tackle the ill-posedness of the initial calibra-
tion problem by transforming it into an optimization problem (2.5). Based
on our discussion in sections 3 and 4, we now describe a numerical algo-
rithm for solving this problem. Here is the final algorithm as implemented
in the examples below.

1. Obtain an estimate of volatility oy and a candidate for the prior lévy
measure vy based on historical estimation or calibration a simple auxiliary
jump-diffusion model. Here, the prior does not contain any additional
information and is only used to regularize the problem.

2. Use quasi-optimality criterion as explained in Section 3 to determine
optimal regularization parameter op,¢. Choose an initial value o, minimize
J(v) in step 3 with ap and obtain the next 1évy measure ;. Then back to
(3.1) and (3.4), the optimal ¢ is found by running the gradient descent
method with line search by Armijo’s rule.

3. Solve variational problem for J(v) with a,p: by iteratively Gauss-
Newton method which introduced in section 4, we just need to compute
the first derivatives of calibration function with respect to the discretized
lévy measure v.
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6. Numerical Results

In this section, we describe two computational experiments with our pro-
posed algorithm for calibration from Index call options.

In the first test, option prices were generated using Merton jump-
diffusion model (see [8]), and a lévy measure given by

We set § = 0.15, u = 0.1, A = 1. Estimation based on historical was used
as the prior.

In the second test, option prices were generated using double exponen-
tial model (Kou, 2002, [7]) and a lévy measure given by

v(z) = (6.1)

v(z) = poare 1,50 + (1 fp)a267°‘2|m‘1m<0, (6.2)

ap = ﬁ, ay = ﬁ, and p = 0.35 was chosen to have the jump intensity
equal to 1. The results of Merton jump-diffusion model in the first test
was used as the prior in this test. The option prices were computed using
fast Fourier transform (FFT, [7]) method in both tests. We will apply our
regularized algorithm to empirical data sets of index options and examine
the implied lévy measures thus obtained.

The left graph in Figure 1 compares the calibration of 1évy measure to
the true Merton jump-diffusion measure, which is known to be of the form
(6.2). The right compares calibration of measure and true double expo-
nential (Kou) measure. The main features of true measure are successfully
calibrated with our algorithm. Figure 2 presents the results of calibration
of implied volatility surface in Kou’s model.

7. Conclusion

In this paper, we investigate the problem of calibrating the implied volatil-
ity surface in jump-diffusion option pricing models. Jump-diffusion is a
lévy process with finite jump activity. Based on the relative entropy reg-
ularization method (Cont and Tankov), we have presented a numerical
algorithm to solve this inverse problem. In particular, according to it is
difficult to estimate the error levels in financial data, we developed a quasi-
optimality criterion to determine the regularization parameter. And we use
a iterative Gauss-Newton method to solve the unconstraint optimization
problem. Our numerical tests indicate how this algorithm can be used in
an efficient calibration to market quoted option prices. Further theoretical
and numerical developments in this problem are left to future research.
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Figure 1: Left: Implied lévy measure calibrated to option prices simulated
from Merton’s model. Right: Implied 1évy measure calibrated to option
prices simulated from Kou’s model.
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Figure 2: Market implied volatility surface
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Based on the model of steady-state heat and moisture transfer through tex-
tiles, we propose inverse problems of single layer textile material design under
low temperature, for example the thickness design or type design. Adopting
the idea of regularization method, solving the inverse problems can be for-
mulated into function minimization problems. Combining the finite difference
method for ordinary differential equations with direct search method of one-
dimensional minimization problems, we derive some iteration algorithms of
regularized solution for the inverse design problems. Numerical simulation is
achieved in order to verify the validity of proposed methods.

Keywords: Textiles, heat and moisture transfer, inverse problems, thickness
design, type design, regularization method, numerical solution.
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1. Background for Textile Material Design

Simultaneous heat and moisture transfer in porous media is of growing
interest in a wide range of science and engineering fields, such as civil en-
gineering, safety analysis of dam, meteorology, energy storage and energy
conservation, functional clothing design. As for functional clothing design,
there are many requirements on human body comfort, healthier and safer
textile and so on. As for the human body comfort textiles, it is hoped that
the textiles are of fast decalescence, fast heat radiation, soft or stand-up
apparel. Of course, clothing should be light and keeps body warm under
low temperature, meanwhile sweat vaporizes fast and body feels cool un-
der high temperature. Specially for industrial textile products, people need
special materials which possess radiation-proof and keep the body in stable
pressure. People usually seek greener and healthier textiles. According to
above requirements, we should choose/determine material texture (such as
cotton, tingle, feather, terylene, upgraded materials or composite materi-
als), thickness of textiles (such as light-thin textiles, medium thick textiles
or thick-heavy textiles) and physical structure of textiles (such as single
layer or multi-layer textiles; parallel pore textiles or pellet-accumulated
textiles).

IThis research is supported by NSFC (No. 11071221 and 10561001)
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In practical applications, modeling becomes much more interesting and
important, since it provides an efficient way for evaluating new designs or
testing new materials. The mathematical modeling and numerical simu-
lation can be helpful to study heat and moisture transfer characteristics
in textiles. The researchers usually focus on the characteristics of textile
materials (such as moisture absorption, condensation characteristics, etc.)
and textile structural features (such as porous media, multi-layer struc-
ture, etc.). Some mathematical models [9-12] have given predictions on
the properties of heat and moisture transfer through different textiles and
have shown effective in clothing design.

But to our knowledge, we have not seen the mathematical formulation
of inverse problems of textile materials design on heat and moisture transfer
properties. Therefore, in this paper, we propose the formulation of inverse
problems of textile material design, such as inverse problem of thickness
design, and inverse problem of type design, which are both based on the
steady-state model of coupled heat and moisture transfer through parallel
pore textiles [1]. The inverse problem of textile material design is of highly
theoretical advantages, since it can predict/guide the textile design and
clothing equipment design scientifically.

2. Mathematical Model of Heat and Mass Transfer

Textile material design is a kind of inverse problems in mathematical physics
fields. In this paper, we consider inverse problems of thickness design and
type design based on a new well-posed steady-state model of heat and mois-
ture transfer through parallel pore textiles under low temperature condi-
tions. The model of steady-state heat and moisture transfer through par-
allel pore textiles can be described as a mixed problem of coupled ordinary
differential equations [1]:

klfiﬂ(cg(@ b C;p” +my(z) =0, (1)
N (2)
“le? + Al(z) =0, (3)

_ —koe(x)r(x) 1

and
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T(0) =Tr,

T(L) = Tk,

My, (0) = my,0, 5)
pv(o) = Dv,0,

where 0 < = < L, L represents the thickness of textile material. T'(z)
is temperature(K); m,(r) is mass flux of water vapor(kg/m? - s); p, is
water vapor pressure(pa); I'(z) is the rate of condensation(kg/m? - s). The
saturation vapor pressure within the parallel pore is given as follows [2]:

4030
(T —273.16) + 235 (©)

k1 and ko are both constants which are related with molecular weight and
gas constant; e(x) is porosity of textile surface; r(x) is radius of cylindrical
pore(m); 7(x) is effective tortuosity of the textile; X is latent heat of sorp-
tion and condensation of water vapor(J/kg);  is thermal conductivity of
textiles(W/m - K); Let k3 = §.

T(0) and T'(L) are the temperatures of inner fabric and outside fabric
respectively; m, o is mass flux of water vapor of inner side of fabric; p, o is
water vapor pressure of inner side of fabric.

The above mixed problem (2.1)—(2.5) of coupled ordinary differential
equations is usually called a direct problem (DP).

Psat(T) = 100 - exp[18.956 —

3. Inverse Problems of Textile Material Design

In this section, we propose the formulation of inverse problems of textile
material design and take the textile thickness design and textile type design
as two examples.

4. Thickness Design of Textile Materials Under Low
Temperature

We consider an inverse problem of thickness design for single layer textile
material [3].

Suppose that the environmental temperature and relative humidity are
given as follows:

(Ta RH) S [Tmznv Tma:v] X [Hmwu Hmaa:]a

where Tp,;n and Th,4, are minimum average temperature and maximum
average temperature at a specific place during a specific time period respec-
tively. Similarly H,,;, and H,,,,; are minimum average relative humidity
and maximum average relative humidity respectively.
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Suppose that the structure and type of single layer textile are known.
The structure of textile includes the radius of pore, porosity of textile sur-
face and effective tortuosity of the textile.

The literatures on clothing thermal comfort have indicated that the com-
fort indices in the clothing microclimate, which is located between the skin
surface and the inner surface of fabric, are given as follows [8] : temperature
(32 +£1)°C, relative humidity (50% + 10%), wind speed (25 + 15)cm/s.

According to the requirements of clothing thermal comfort, we intend
to determine the fabric thickness L. Thus, the inverse problem of thickness
design can be formulated as follows:

IP 1 (Inverse Problem 1). Given the environmental temperature and
relative humidity and the above comfort indices, according to the boundary
value conditions

(7)

Do (L) = Pu,R,

we need determine the thickness L of fabric through the model of ODEs
(2.1)-(2.4), where p, g is related with the temperature and relative humidity
of environment.

5. Regularized Solution of the IP 1

In order to obtain the regularized solution, we discretize the combination
of environmental temperature and humidity as (7;,RH;) (i = 1,2,--- , k;
j=1,2,---,m). Let RH; ;o(z) is relative humidity of inner fabric, which
will be solved by coupled ordinary differential equations. Suppose that
RH; is experience value of relative humidity in comfortable state.

We can attribute the inverse problem to the following least squared
problem:

k m
1nZZ (RH, jo(x) — RHY)?.

Since above least squared problem doesn’t exist unique solution or the so-
lutions are unstable, we adopt regularized idea to improve the least squared
method.

In this respect, we define the following function:

kK m
J(z) =a-2® + Z Z(RHZ-J-Q(QC) — RH})?.

i=1 j=1



Inverse Problems of Textile Material Design 117

This function is different from the least squared function, as it is added a
penalty term on the least squared function, where a (> 0) is a regularization
parameter. Set M = [0, L], which is called the permissible solution set. If
Treg satisfies

I(reg) = min J (),
then it is called the regularized solution of the inverse problem, or the
generalized solution.

6. Iteration Algorithms of the Regularized Solution

Step 1. Numerical computation of the DP
We decouple the ODES(2.1)-(2.4), and use the finite difference method
to discretize the differential equation as follows:

i =210 + T k
T - 1+ 2:—2A(:ci)

h? ks
[Psat \/pv (zn)+23 0 e 7}34?.[/@3 TeTs L or)h
i=2- N1,
VT - Tn — 2T1\;L_21 +IN-—2 _ %A(I'N) [Dsat (TN) — po(z2)],

3/2 =y N
\/pvR—i—QZj ; 7]91 YCry 'Tjil'[k?)'%‘i‘cﬂ'ha
1=0,1,2,--- ,N -1,

where h = ¢, C} = my 0 — k3 - Li-To
Hence, we can obtain the relatlve humidity of inner side of fabric:

3/2 Tj41—T; ¥ Tp
\/pvR+22j =0 % A(acj+1) T4 - ks - 4+ O] - 5

DPv,0
J’O( ) psat(TO)
3/2 Tj11—T; *] . Tn
\/Pu R+227 =0 "W A LJH) Tj+/1 ks SO
100 - exp[18.956 — r—sr 230 ] '

(To—273.16)1235

Step 2. Search method of one-dimensional minimization
problems

The optimization problem involved in this paper is a single variable
problem. As we know, RH; jo(x) is relative humidity of inner fabric which
is a numerical solution calculated by coupled ordinary differential equations,
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and it is difficult to obtain the derivative of RH; j o(z), hence we must use
the direct search method. Taking this actual situation into account, we can
use Hooke-Jeeves pattern search algorithm [4,8], direct search algorithm
by Cai [5] and 0.618 method [6] to solve the above optimization problem.
We use Hooke-Jeeves pattern search algorithm to solve above optimization
problem as an example.

Hooke-Jeeves pattern search algorithm (1961)

Step 1. x; is given. Set initial step A; > 0, acceleration factor v > 1,
reduced rate § € (0,1), permissible error € > 0, search direction e; =
1, e0=—1. set y1 =x1,1=1.

Step 2. If J(y1 + A1 -e1) < J(y1), then

Y2 =91+ A1 €1

carry out Step 4; otherwise, carry out Step 3.
Step 3. If J(yl + Aq - 62) < J(yl), then

Y2 =y1 + A1 - e2
carry out Step 4; otherwise, if J(y; + Ay - e3) > J(y1), then

Y2 = Y1,

carry out Step 4.

Step 4. If J(y2) < J(z;), carry out Step 5; otherwise, if J(yz) > J(x;),
carry out Step 6.

Step 5. ;11 = 24591 = Tit1 + Y(®ip1 — x;);i =i+ 1; go to Step 2.

Step 6. If Ay < g, then stop,z* = x;; otherwise, Ay = 8- Aq;y1 =
Ti;Tiv1 = X380 =1+ 1; go to Step 2.

7. Type Design of Textile Materials Under Low Temperature

In this section, we consider an inverse problem of type design for single
layer textile material [7].

IP 2 (Inverse Problem 2). Given the combinations of environmental
temperature and relative humidity and the above comfort indices in 3.1,
according to the boundary value conditions

T(0) =Ty,

T(L) = Tk,

my (0) = My,0,

pU(L) = Pv,R,
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we need to determine the thermal conductivity of textile x through the
model of ODEs (2.1)—(2.4), as it represents the type of textiles. Where the
thickness of textile L is known, and p, g is related with the temperature
and relative humidity of environment.

8. Regularized Solution of the Inverse Problem

We define the following function:
kK m
J(k) = k*+ Y Y (RH; jo(k) — RH).
i=1j=1

This function is different from the least squared function, as it is added a
penalty term on the least squared function, where o > 0 is a regularization
parameter. Set M = [0, K], which is called the permissible solution set. If
K* satisfies
J(k*) = min J
(k%) = min J(x),

then it is called the regularized solution of the inverse problem, or the
generalized solution.

9. Iteration Algorithms of the Regularized Solution

Step 1. Numerical computation of the DP

Decoupling the ODES (2.1)-(2.4), and adopting the finite difference
method to discretize the differential equation, we obtain the relative hu-
midity of inner side of fabric:

Pv,0
RHz iolkp) = _
7170( ) psat(TO)
N—-1
3/2 Tjt1=T; *
\/pi,RH ZO e T ks - BEE 4 Cp] - &
j:
a 100 - exp[18.956 — 4030 ] )

(To—273.16)+235

where h = %,Cf =My — k3 - Tl;TD,k‘g =

K
X

Step 2. Search method of one-dimensional minimization prob-
lems

We can also use direct search methods of one-dimensional minimization

problem mentioned in 3.1.
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10. Numerical Solution

Numerical simulations are carried out to verify the validity of above nu-
merical method for inverse problems of thickness design and type de-
sign. Suppose that the initial mass flux of water vapor is m,(0) =
3.3084 x 10~°kg/m? - s. The temperature of the inner side of fabric is as-
sumed to be 32°C' to guarantee that temperature in microclimate is in the
comfort index interval, that is T(0) = 305.16 K. In the model, k; = 0.00006,
k2 = 0.00007.

We choose four different environmental conditions under low temper-
ature for simulation. Environmental condition 1: T € [-10°C,0°C],
RH € [40%,90%]; Environmental condition 2: T € [0°C,10°C],
RH € [30%,85%]; Environmental condition 3: T € [-15°C,0°C],
RH € [40%,90%]; Environmental condition 4: T € [0°C,15°C], RH €
[30%, 85%).

Example 1. The inverse problem of thickness design

Table 1. Numerical results of thickness design for wool under
environmental condition 1

Initial values | Thickness of wool
(m) (cm)
0.0005 0.7875
0.001 0.7888
0.007 0.7938
0.01 0.795

Table 2. Numerical results of thickness design for wool under

environmental condition 2

Initial values | Thickness of wool
(m) (cm)
0.0005 0.7525
0.001 0.74625
0.007 0.74625
0.01 0.74625

Example 2. The inverse problem of type design

Table 3. Numerical solution of thermal conductivity of textile under
environmental condition 3

Numerical heat conductivity
0.017273
0.019396

thickness of textile (mm)
5.5
6.5
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Table 4. Numerical solution of thermal conductivity of textile under
environmental condition 4

thickness of textile (mm) | Numerical heat conductivity
6.5 0.027926
7.5 0.044988
8.0 0.051447

According to the above numerical results, we conclude that the numerical
results under low temperature conditions are reasonable and acceptable,
as the thickness of textile under low temperature is between 0.5mm and
10mm and the heat conductivity of textiles lies in reasonable empirical mea-
surement interval. Hence the formulation of mathematical model is correct
and the proposed numerical algorithm is efficient. Subsequently we have
provided theoretical explanation for textile material design in engineering.
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The present paper mainly concerns the inverse problem for linear elliptic com-
plex equations of first order with Riemann-Hilbert type map in simply con-
nected domains. Firstly the formulation and the complex form of the problem
for the equations are given, and then the existence of solutions for the above
problem is proved by a new complex analytic method, where the advantage
of the other methods is absorbed, and the used method in this paper is more
simple and the obtained result is more general. As an application of the above
results, we can derive the corresponding results of the inverse problem for sec-
ond order elliptic equations from Dirichlet to Neumann map.
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1. Formulation of Inverse Problem for Elliptic Complex
Equations of First Order

In [1-4], the authors posed and discussed the inverse problem of second or-
der elliptic equations. In this paper, the existence of solutions of the inverse
problem for linear elliptic systems of first order equations with Riemann-
Hilbert type map is considered. By using the complex analytic method, we
first formulate the inverse problem for elliptic complex equations of first or-
der in simply connected domains and give some properties of its solutions,
and then discuss the existence of solutions of the inverse problem for the
above elliptic complex equations of first order.

Let D be a simply connected domain in the complex plane C with the
boundary D =T € C}(0 < p < 1). There is no harm in assuming that a
point ag € I' with argag = 0 and z = 0 € D. Consider the linear elliptic
system of first order equations

Uy —Vy +au+bv=0, vy +uy+cu+dv=0 in D, (1.1)

IThis research is supported by NSFC (No.10971224)
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where a = a(2),b = b(z),c = ¢(z),d = d(z) are real measurable functions of
z = x + iy (€ D) with the conditions a,b,c,d € L,(D), p (> 2) is a positive
constant. The above conditions will be called Condition C.

Denote
1 1
W) =utiv, We = [Wo+iW,] = [ua—vy+i(ve +uy)] in D, (12)

where z = x + iy, we can get

i

1 1
Ws = i[WT +1iW,] = —E[au + bv] 5 [cu + dv)

- —i[a(W—&—W)—H’b(W— W) - i[ic(W—i— W)—d-wy  (13)
= —A(2)W — B(2)W in D.
Here A(¢) = [a+d—ib+ic]/4, B(¢) = [a—d+ib+ic]/4, and assume that

the coefficients A(z), B(z) € L,(D), p(> 2) is a positive number. In this
paper the notations are the same as those in [5] or [7].
Introduce the Riemann-Hilbert boundary condition for the complex

equation (1.3) as follows:

Re[M(2)W (2)] = r(2) +g(2) = hi(2), z € T,

- (1.4)
Im[Aa;)W(a;)] =bj, j=1,..,2K+1, K >0,
where
0, K>0,
9(z) = ! o . (1.5)
go+Re D> (g +igm)[C(2)]™, K <0.
m=1

Herein A(z) (# 0), r(z) € Co(T'), a(< (p — 2)/p) is a positive constant,
g0, gi (m=1,..,—K—1,K < 0) are unknown real constants to be deter-
mined appropriately, a;(€ T', j = 1,..2K + 1, K > 0) are distinct points,
and bj(j = 1,...,2K +1) are all real constants, in which K = 5=Ap arg A(z)
is called the index of A(z) on I', and z = 2(() is a conformal mapping from
the unit disk |{] < 1 onto D. The above Riemann-Hilbert boundary value
problem is called Problem RH for equation (1.3). From (5.114) and (5.115),
Chapter VI, [5], we see that Problem RH of equation (1.3) possesses the
important application to the shell and elasticity. Under Condition C, the
solution W(z) of Problem RH for (1.3) in D can be found. It is clear
that the above solution W (z) satisfies the following Riemann-Hilbert type
boundary condition for the equation (1.4):

Im[A(z)W (2)] = ha(z) on T, (1.6)
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and then the boundary conditions of Riemann-Hilbert to Riemann-Hilbert
type map can be written as follows

A2)W(2)=h1(2) + the(z) = h(2) on T ie. wn

W(z)) = H(z) = h(z)/A(z) on T,

which will be called Problem RR for the complex equation (1.3) (or (1.1)),
where h(z)(€ Cy(T")) is a complex function. Thus we can define the
Riemann-Hilbert to Riemann-Hilbert type map A : Co(I')—Cqy(T), ie.
hl(z)—>h2(2) by Ah1 = hz.

Our inverse problem is to determine the real coefficients a(z), b(z),
¢(z), d(z) of the equation (1.1) (or the complex coefficients A(z), B(z) of
the complex equation (1.3)) from the map A. Obviously the function h(z)
is corresponding to the function H(z) one by one. Denote by R, and Ry
the sets of {h(z)} and {H(z)} respectively. It is clear that for any function
hi(z) of the set Cy(T') in the Riemann-Hilbert boundary condition (1.4),
there is a set {ha(z)} of the functions of Riemann-Hilbert type bound-
ary condition (1.6), where R, = {h(z)} is corresponding to the complex
equation (1.3). Inversely from the set R, = {h(z)} or Ry = {H(2)}, one
complex equation in (1.3) can be determined, which will be verified later
on.

2. Existence of Solutions of Inverse Problem for Elliptic
Complex Equations of First Order

According to [5], introduce the notations

Tf(z) = 7%//0 g(_g)zdgc,

in which f(z2) € L,(D), p > 2. Obviously (Tf)z = f(z) in D. We consider
the complex equation

g:+Ag+Bg=0, ie. W;+AW+BW =0 in D, (2.1)

where g(z) = W(z). On the basis of the Pompeiu formula (see Chapters I
and III, [5]), the corresponding integral equation of the complex equation
(2.1) is as follows

g(z)T[Ag+Bg]—23m,/Fg(_CidC in D. (2.2)

For simplicity we can only consider the following integral equation

g(z) —T[Ag+Bg]=1 or i in D (2.3)
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later on.

We first prove the following lemma by the similar way as in [2,3] and
[6].
Lemma 2.1. The function g(z) is a unique solution of one of the integral
equations

1
9(z)+ TAg+TBg = { .

Z,

Hi(2),

in D, g(z) = {H2(2)7 on I (2.4)

)

with the condition g(z) = H;(z) (H;(2) € Ry,z € I',j = 1,2) if and only
if H1(z), Ha(z) are the solutions of the integral equations

1 R I(ONS Y £ IO
29(Z)+2M/FC_ZdC—{Z,’ g(()—{Hz@, e.

M), 1 [HQ,_ TG 1 [
2 2mi Jr (—= 2 2mi Jp (—=

(2.5)

d¢=1,

d(=1 on T,

respectively.

Proof. It is obvious that we can only discuss the case of Hy. If g(z) is
a solution of the first equation in (2.4), then gz = —AJg — BJg. On the
basis of the Pompeiu formula

9= [ 2ac-TigOle= 5 [ 8 ag-Tlg+ B D (20

2w JpC—=2 2mt Jp(—=z
(see Chapters I and III, [5]), we have

N Y (9
9(2) +TAg+TBg=1= 57 F@dc in D, (2.7)

where g(¢) = Hy(¢) onT'. Moreover by using the Plemelj-Sokhotzki formula
for Cauchy type integrals (see [5,7])

1 1
~ 2 ;- Cg(_ozdc‘*‘ 59(2)7 g(¢) = Hy(¢) on T,

this is the first formula in (2.5).

Inversely if the first formula in (2.5) is true, noting that there exists a
unique solution of the equation g = —AJg — BJg in D with the boundary
value g(¢) = H1(¢) onT', we have

9(z) + TAg + TBg = ZLm : Cg(_oz

d¢ in D,
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where the integral 27” fr c C)d( in D is analytic, whose boundary value on
T'is
- L[99 1 / 9(¢)
1 o aC=7 — d¢c=1
z'(eD)IElz(eF)Zm'/Fsz’ ¢ 2 9(z )+2 mi Jr(—2 (=1
hence

! - 9(¢) d¢=1 in D,
2mi r¢—=z

and the first equation in (2.4) is true. Now we furthermore explain the
uniqueness of the solutions of the first equation in (2.4), and can assume
that the equation possesses the form g = R(z2) (€ Lo(D)) in D, it is
easy to see that there exists a solution g;(z) of the equation in D with the
boundary condition ¢;(z) = Hi(z) on I'. If we have the another solution
g2(2) of the equation in D with the same boundary condition, then g;(2) —
g2(z) satisfies the equation [g1(z) — ¢2(2)]z = 0 with the homogeneous
boundary condition g;(z) — g2(2) = 0 on I', and then ¢1 () — g2(2) = 0, i.e.
01(2) = g2(2) in D.

Lemma 2.2. Under the above conditions, the functions H;(z), Ha(z) as
stated in (1.7) are the solutions of the system of integral equations

SO —iS)H =1, J(1-iS)H, =i,

1 H(Q) H(¢)
SHl—;/FC_ZdC,SHQ—— =25 4¢.

r¢—=z

(2.8)

Proof. From the theory of integral equations (see [6,8]), we can derive
the solutions H;(z) and Hy(z) of (2.4). In fact, on the basis of Lemma 2.1
we can find the solutions of the following integral equations

N / JAW1+BW1]dUC7

z e
/ / AW2 +BW2] JAW, + B,

By using the Pompeiu formula, the above equations can be rewritten as

(2.9)

Wl(z)zi // AW1+BW]d o,
2mi t -z »eD, (2.10)
1 Wt AW2 + BWQ] T
Wa(z)= 2mi Jp t— z // EEa—

and Wy(z) = Hy (z) and Ws(z) = Ha(z) on I‘, the functions

1 H(

——2dt(j=1,2
2mi Jp t—z G 2)
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are analytic in D. According to the Plemelj-Sokhotzki formula for Cauchy
type integrals, we immediately obtain the formulas in (2.8).

Theorem 2.3. For the inverse problem of Problem RR for equation
(1.3) with Condition C, we can reconstruct the convective coefficients
a(z),b(z),c(z) and d(z) of the system (1.1).

Proof. On the basis of Lemma 2.2, we can find two solutions ¢(z) =
Wi (z) and ¢2(z) = Wa(z) of complex equation

[¢]: + A(z)¢ + B(z)¢ =0 in D, (2.11)

and the above solutions ¢1(z) = F(z), ¢2(2) = G(z) are also the solutions
of integral equations

F(z)+T{AF+BF}=1, _
B in D, (2.12)
G(z) + T{AG + BG} =1,

and we can require that the above solutions satisfy the boundary conditions
F(z) = H1(z), G(z) = H2(z) on T, (2.13)

where Hy(z), Hz(z) € Ry. From Lemma 2.4 below, we can verify that

Im[F(2)G(z)] = [F(2)G(z) — F(2)G(2)]/2{ # 0 in D.
In addition, noting that F'(z), G(z) satisfy the complex equations
F; + AF + BF =0,
B in D, (2.14)
Gz + AG + BG =0,

we can determine the coefficients A and B as follows

—M _BEG-GE L (2.15)
FG-FG FG-FG

From the above formulas, the coefficients a(z),b(2),c(z) and d(z) of the
system (1.1) can be obtained, namely

a(z) +ic(z) = 2[A(z) + B(z)], d(z) —ib(z) = 2[A(z) — B(#)] in D. (2.16)

Theorem 2.4. For the solutions [F(z), G(z)] of equations in (2.12), we
have

2%Im[F(2)G(2)] = F(2)G(z) — F(2)G(z) # 0 in D. (2.17)
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7) is not true, then there exists a point zy € D
0, namely

Proof. Suppose that (2.17
such that Im[F(z)G(z0)] =

ReF(z) ImF'(zg)
ReG(z0) ImG(zp)

=0.

Thus we have two real constants ci, ¢y, which are not all equal to 0, such
that ¢1 F(z0) + c2G(z9) = 0.

In the following, we prove that the equality of ¢1F(z0) + c2G(z0) = 0
is not true. If W(zp) = ¢1 F(20) + c2G(20) = 0, then W (2) = ®(2)e?®) =
(z — 20)®1(2)e?*) | where ®(z), ®1(z) are analytic functions in D, and

2 e (2)
(z—20)@1(2)e?) + // (C—20) ¢C[_AZ+BW( W 45,

=y + ics.

Letting z — 2¢, one has

[/@l DA+ BW(Q)/W(CQ)do = c1 + ica,

and then
c1+icy = (2 — 20)®1(2)e?®)
e <<>e¢<z>[A+BW< SIS
= (2—20)[®1(2)e?® 4 = // <I>1 e¢(z A+BW( W(()/W(¢ )]dod

//@1 A + BW(O)/W(C)]doe.

The above equality implies

et 1 L // Qe A+BW( )/W (¢ )]dUC — 0D,

—Z

and the above homogeneous integral equation only have the trivial solution,
namely ®;(z) = 0 in D, thus W(2) = ®(2)e?(®) = (2 — 2)®;(2)e?*) = 0
in D. This is impossible.

From the above discussion, we can see that four real coefficients a(z),
b(2), ¢(z), d(z) of the system (1.1) or two complex coefficients A(z), B(z) of
the complex equation (1.3) can be determined by two boundary functions
H,(z), H2(z) in the set Ry.
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3. Inverse Problem for Second Order Elliptic Equations
from Dirichlet to Neumann Map

Let D be a simply connected bounded domain in the complex plane C with
the boundary 0D =T (e C7, 0 < p < 1). There is no harm in assuming
that a point ayp € I' with argag = 0 and z = 0 € D. Consider the linear
elliptic equation of second order

Ugz + Uyy + aUz +buy =0 in D, (3.1)

where a = a(z), b = b(z) are real functions of z = z + iy(€ D) with the
conditions a,b € L,(D), where p (> 2) is a positive constant. The above
conditions will be called Condition C'.

Similarly to Section 1, denote

1
W(z) =U+iV = i[uz — iUy = us,

) . (3.2)
W: = §[W1+2Wy] Uz = Z[“zx+“yy] in D,
we can get
1 . 1
uyz = Wz = §[Wx +iW,] = _Z[Cm’” + buy]
1 — — 1 S77a
=~ a(V+TT) +ibW=T)] =~ ¢ (i) W+ (a—ityT]  (B3)

= —A(z)W — B(2)W = —2Re[A(2)W] in D,

in which A = A(z) = B(z) = B = [a + ib]/4, and A(z) € L,(D), p (> 2) is
a positive constant.
Introduce the Dirichlet boundary condition for the equation (3.1) as

follows:

u=f(z) onT, ie.u=f(z) onT, (3.4)
where f(z) € CL(T), f(z) € CLT), a(0 < a < (p —2)/p) is a positive
constant, which is called Problem D for equation (3.1). If we find the

derivative of positive tangent direction with respect to the unit arc length
parameter s of the boundary I" with s(0) = arg(ag+0) = 0, where ag € Ty,

then 9 (2)
z
fo= =5,
It is clear that the equivalent boundary value problem is found a solution
[W(z),u(z)] of the complex equation (3.3) with the boundary conditions
[s

Re[A(z)w(z)]=Re[zsw(z)] = 5. 2€l, u(ao) = f(ao) =bo, (3.6)

= u,zs + uzZs = 2Re[zsu,] on T. (3.5)
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and the relation
u(z) = 2Re/ w(z)dz + by in D, (3.7
ao
in which A(2) = Z;, z € I'. Taking into account the index K =
Ararg[A(z)] = —1, obviously this is a special case of the Riemann-Hilbert
boundary value problem (Problem RM) as stated in Sections 1 and 2.
Under the above condition, the corresponding Neumann boundary con-
dition is
Uy = a—u =UyzpntusZ, =u,z +uzz = 2Im[zsu.]=g(z) on T, (3.8)
n
where n is the unit outwards normal vector of I'. The boundary value prob-
lem (3.1)(or (3.3)), (3.8) will be called Problem N. Hence the boundary
conditions of Dirichlet and Neumann problems can be written as follows

us+iun, = Relzsu,] + 2ilm[zsu,] = 2z,w(z), 2 €T, ie. (39)
3.9
w(z) = h(z)=hi1(2)+iha(z) = [us+iu,]/2z2s, z €T,

which will be called Problem DN for the complex equation (3.3) (or (3.1))
with the relation (3.7), where h(z) € C,(T') is a complex function satisfying
the condition [ Re[z]Ju.ds = 0. For any function f(z) of the set C}(T')
in the Dirichlet boundary condition (3.4), there is a set {g(z)} of the func-
tions of Neumann boundary condition (3.8), which is called the Dirichlet
to Neumann map. Moreover we see that the set {h(z)} is corresponding to
the set {fs + iun,} one by one, which can be determined the coefficients of
equation (3.1). We denote the set of functions {h(z)} by Ry, and h(z) is
as stated in (3.9).

According to the method as stated in Section 2, we can only consider
the following integral equations

g(z) —T[Ag+ Bg]=1 or ¢ in D, (3.10)
and can prove a lemma similar to Lemma 2.1. Finally we can obtain the
following result.

Theorem 3.1. For the inverse problem of Problem DN for complex
equation (3.1) with Condition C, we can reconstruct the convective co-
efficients a(z) and b(z) of equation (3.1).

Proof. On the basis of Lemma 3.1, we can find two solutions ¢1(z) =
F(z) and ¢2(z) = G(z) of integral equations

F(2) + T{AF + AF} =1,
{ G(z) + T{AG + AG} =1,

in D,
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and we can require that the above solutions satisfy the boundary conditions
F(z) = hi(2), G(2) = ha(z) on T,

where hq(z), ha(z) € Ry. It is obvious that the above solutions ¢1(z) =
F(z), ¢2(z) = G(z) are also the solutions of complex equation

[¢]z + {A(2)¢ + A(2)]¢} = 0 in D.

We can verify that

Im[F(2)G(2)] = [F(2)G(z) — F(2)G(2)]/2i # 0 in D,
thus the complex coefficients of the equation (3.3):

A:_FEG—GEF Z:FEG—GEF D

FG-FG’ FG-FG

can be determined. From the above formulas, we immediately get the real
coefficients a(z), b(z) of the system (3.1), namely

a(z) = 2[A(2) + A(2)], b(z) = —2i[A(z) — A(z)] in D.
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In this paper we obtain the numerical inversion formula of the exponential
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numerical inversion formula.
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1. Introduction

The Radon transform was derived by Radon in his paper published in
1917. And he discussed the problem how to get a function f from its
line integrals. After that, much literature did their research about Radon
transform not only in theory but also in application, see [4,9]. A summary
result of Radon transform and generalized Radon transform, which has
a general weighted function in the integral, was given in [3]. With the
first brain scanner developed, people began to investigate the exponential
Radon transform which is a special kind generalized Radon transform, for
it is the foundation of mathematics of the single-photon emission computer
tomograph. They also gave the inverse formula of the exponential Radon
transform in two dimension case within [3]. Our results are obtained on the
base of this formula, with the Chebyshev polynomials and the character of
Hilbert transform.

The exponential Radon transform 7T}, f(,s), 0 < 8 < 2w, —0o < 5 < 00,
of a function f € C§°(R?) with the variable © = (z1,x2), where § is the
unit disk in the R? plane, is defined by

o0

T,f(6,s) = / el f(sug + tvg)dt, (1)

— 00

where up = (cosf,sinf) and v = ugyr/2 = (—sinf,cosd). An inversion
formula is an expression for f(z) in terms of T),f, which had been solved
by Bellini et al in theory and C. E. Metz together with X. Pan gave the
algorithm in practical. There are many such expressions involving various

1This research is supported by the NSFC (No. 60872095), and Ningbo Natural Sci-
ence Foundation (2008A610018, 2009B21003, 2010A610100).
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hypotheses on the function f, see [1-3, 8]. One reason such transform is
of interest is due to applications in computed tomography; several such
applications are described in [5-7].

This paper is organized as follows. First, some preliminaries are given
in Section 2. The numerical inversion method is developed in Section 3. In
Section 4 the algorithm on the numerical inversion is established.

2. Some Preliminaries

We use the Cartesian coordinate system to denote one point in the R? plane
by (z1,22), or by the polar system (r,0). Then we have (z1,x2) = re*?,
21 =7cosp, To = rsine. Then we can express one line in the R? plane as

s=x1c080 + xo8inf = x - ug = rcos(p — 0), (2)

where ug just as above and &= (21, x2), 0 < r < 1, with “.” denote the inner
product of two vectors in the R? plane. So we also have x-vy = rsin(p—0).
For the sake of discussing simply, we assume feCg§°(€2), and define the n-
dimensions Fourier transform as:

f(o) = (2m)~™/? f(z)e ™™ %dx, o € R", n > 2. (3)
R’I’L
Next we define the Hilbert transform of functions in C§°(R?) as

LS,

R2 L —Y

Hf(z) = (4)
Lemma 1. For f € C§°(R?), the Hilbert transform defined above, we have
H{(0) = —isgn(0) (o).

Proof.

TF(o) = \/%w t_sd/ i

11 Cite —iso i / 1
— - s)e ’Lo'e ’LSU’e’LSUdS
—TM/RJ"() [ =
1 1 ) 1 .
— - —iso g —1(t—s)a’dt
= [ reeas [ e (5)
=i 1/f )i ds / sin (uo) sin (uo)
V2r T U

_ ‘72%) / ) 4y~ —isgn(o)f (o).

dt
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where we make use of the formula:

© gin(t 00
/ sin(to) dt = —sgn(a)/ S g = —sgn(a)g.
0 0

t U

Then we can use the Fourier transform relation between the derivative of
function f and itself to obtain

—

(Hf) (o) = osgn(o)f(o). (6)
3. Numerical Inversion

Lemma 2. If f satisfies the above hypothesis and g = T, f is the expo-
nential Radon transform of f, then the following result holds:

_ 2m . 1 !
f 1 / e_/”*s1n(tp—9) / Ldsd@ (7>
0 _

re) 1 8—rcos(p—0)

Proof. We can follow the inversion formula of the exponential radon trans-

form ([3])
1
_ f -1
f - ET—HIIU. g9,
where g =T, f and T}i is the adjoint operator of T),. Here the operator 1, !
is the Risze potential satisfies:

— { 0, if o] < |yl

8
015(0), i o] > |ul- (8)

—_— -

From the first lemma and (6), we have I,,'g(c) = (Hg)'(c). Then by the
inverse Fourier theory, it holds: I, 'g(c) = (Hg)'(0). Following this and
suppf C €2, we obtain

1
_ t -1
f = ET—MIH 9
1
_ —px-u /
=3 L e "(Hg) (ug, s)dug 9)
27 1
_ i efursin(gof@)/ Ldsd@,
a2 _1rcos(p—0)—s

with alternative of the sign can give the result.
As we all know from the Fourier theory, any function can be expressed
by the Fourier series. So we will utilize this fact to derive our result. If
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we assume the Fourier series of function f is f(x) = f(r,¢) = Gi(r)e’'¥ or
the linear combination of this form. As the exponential radon transform
of f by g(0,s) = gi(s)e’? or the linear combination of this form, then the
following theorem holds:

Theorem 1. For the above f and g, we have

_ 1
T on2p

Gilr) = 5o [ oW (10)

where

1
VVI(;):/,1(1._;)71111(‘%)(1_1'2)7%((_1)leurm+€7”7‘@)dm7

and Ty(z)is the first Chebyshev polynomial.

Proof. Take the first order derivative of g(f,s) = g;(s)e? with s and use
Lemma 2, we have

f(x) = f(r, )

2m 1
_ ;1/ e—prsin(ap—e) / Ldsd@
1 _1 8—rcos(p—0)

o 1 il0 1
_ ;1 efln’sin(tpfa) / L@dee ( )
-
X 5(t — rcos(p — 0))dt.
—T
Next we set
27
J = / e Hrsin(e=0) il 5t _ 1 cos(p — 0))d6, (12)
0
then -
J— / e Hrsin(e=0)¢ild 5t _ rcos(p — 60))db
0
27 . .
+/ e T sln(%*e)elwd(t —r COS(QO - 0))d9
i (13)

= / e Hrsin(e=0) il 5t _ rcos(p — 60))do
0

+(=1)! / eHrsin(e=0)gil0 51 4 1 cos(p — 6))do,
0

we make the substitute x =cos(p—0), then p—6=arccos(z), so (13) can be
transformed into
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cos 1 s
J = / e—;u'\/l—w ezl(go—arccos(z))é(t _ r:v)dx
—cosp V1 —1x?

cos ¢ 1

—cosp V1 —2?

with the character of § function and 0 <7 < 1,0 < f <1.
We have

+(_1)l etV 1—22 eil(ap—arccos(z))é(t + Tl‘)d.’lf,

. . t
= e TOl)) (a4 T, (19
—

following the Euler formula and the concern conclusion of the first or second
kind Chebyshev polynomial, we get

o by t t2
J=eN(-) —iUa(-)y/1 - =]
1T T r (16)
X e (= 1)l et /72 — 12 4 VT8

4/,,«2 —t2

where Tj(x) is the first kind Chebyshev polynomial and U;(z) is the second.
Then (11) is changed into

o r 1
f(r, ) = Gy(r)e? = il iclt/ g’ (s)ds. (17)
1

dr2 J_, s—t

From the expression of J, we know

-1 [t Tl
Gl(r):rﬁ/lgl(s)ds/ P

x[]}(;)(ﬁ o t2)—% - Z-Ul_l(;)r—l] (18)

x((=1)tet\/r2 — 12 4 eV gy,

lett=rz,—-1<z<1,

_ 1 1 )
Gi(r) = 1[ 91’(s)d3/ @) (1~ ) — iU (@)

42 |, 1 S—TI

% ((_1)leur\/l—z2 + e—ur\/l—xQ)dx

1 1
— i | 0@ [ @3 B0yt @)

2
4m2r 1 1

% ((_1)le/n“\/1—9c2 + e—ur\/l—xQ)dx

= Il +I27
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in which I; is the first one in the above sum and I, is the second. As the
character of the second kind Chebyshev polynomial and substitute —z, —s
into x, s respectively, we know the following formula is identical to zero:

1 1 ! S
I, — / _ 231
2= [ o's [ @=2) 0
X [—iU;_q (x)]((—1)lerrv 1=a® 4 o—pry 1_I2)dx,

then (19) is left I; to calculate. We write W;(2) in I; as follows

1
Wih)= [ o3 i) 1-a?) H (e e i T )
—1
Moreover from (19), we have
1 1
Gir) = o [ 9 W), 22)
1

s
42y r

To find (22), we take (21) into account and separate (21) into two parts:
one is when || < 1, the other is when |2| > 1. Then (22) becomes

)=t [ [ [ [atomnas ey

Substituting —z, —s into x, s respectively, we know

Wi(—) = (D),

r

and noticing that

ls) = ) ) = (1)l s),

then the following equalities hold:

[ atemicias = [ attmicas

-1

0 s r s (24)
| atewiias = [ arwias
So we obtain )
1 s
Gilr) = 3z [ (W), (25)

which is the expected result.
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4. Algorithm

From the above result, we have the algorithm as follows:

Step 1. Get the Radon data for each 6;, T),f(0;,s1), | = —p,---p, where
i=—q,q

Step 2. For each 6;, using interpolation to get the radon data (T}, f)'(6:, s1),
with respect to s,

Step 3. Use a quadrature rule in (21) to obtain (%), and take another
quadrature rule in the formula (10) to get the fourier coefficient G;(r), so
as to obtain function f in each ; direction.

Step 4. Reconstruct the activity image f(r, ) in polar coordinates with
fz) = fr,) = Gi(r)e's.

Remark 1. We use x; = cos(p; — 6;) to acquire ¢; according to 6; with
z; in the quadrature rule of (21) in Step 4. And (T},f)(6;, ;) in Step 2 is
acquired by Mid-point differential formula (see below) with respect to s

Tuf(0iss141) — T f (0i,81-1)

(T f) (i, 1) = 2(s; — 51-1)

. (26)

5. Numerical Simulation

The left figure is the Shepp-Logan phantom and the right is the exponential
radon transform graphic

The left figure is the derivative of the exponential radon transform and
the right one is the numerical inversion graphic of the exponential radon
transform according to (25).

From above we can see that while the numerical inversion graphic has an
error contrast to the phantom, it is more convenient to realize in computer.

Remark 2. All the graphics above are produced by Matlab when the
parameter p = 0.
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UNIQUENESS AND STABILITY ESTIMATES FOR A
SEMILINEARLY PARABOLIC BACKWARD PROBLEM!
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Hangzhou 310018, P. R. China
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The problem of finding the temperature u satisfying
Ut = Ugy + Uyy + f(ua VU), (.CE, y»t) € RQ X [O,T),

from the final data u(z,y,T) = ¢(z,y), is discussed. Due to non-
linear ill-posedness for the inverse problem, the Fourier transforms
was used to derive a nonlinear integral equation, from which a reg-
ularized solution was deduced by perturbing directly the integral
equation. It was also mentioned that one should give the appro-
priate choice of the time T, after which the solution u(x,y,t) will
blow up. For the backward parabolic problem, the uniqueness and
stability estimates are achieved for the proposed algorithm.
Keywords: Backward parabolic problem, blow-up time, contrac-
tion principle, nonlinearity, ill-posed problem, unique solution, sta-
bility estimate.

AMS No: 35R30, 656M32, 42B99.

1. Introduction

We consider the following nonlinear inverse problem (NIP):

NIP: Find the initial distribution u(z,y,0) = ¢(x,y) or intermediate dis-
tribution u(x,y,t) |¢c(,r) such that

Ut = Ugg + Uyy + [(u, V), (2,y,t) € R? x [0,7] (1.1)

by the final measurements u(z,y,T) = ¢(x,y), here the function f(-) is
known, T is a fixed positive number.

The inverse problem (NIP) is usually called the nonlinearly backward
parabolic problem. The function f(-,-) is often nonlinear in practical situa-
tions. For the different expressions of f(u, Vu), the parabolic equation (1.1)
describes different kinds of physical phenomena, which can be formulated
mathematically to be the well-known parabolic equations (see, for exam-
ple, [1-5]). The equation (1.1) is, respectively, the well-known chemical

IThis research is Supported by the NSFC (No. 10561001 and 11071221), the Science
Foundation of Zhejiang Sci-Tech University (ZSTU)(0613263).
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reaction equation when f(u, Vu) = u™(n € N*); Fisher equation in popu-
lation model when f(u, Vu) = u — u?; Cahan-Allen equation in the biology
chemistry when f(u, Vu) = u — u?; the simple exothermic reaction model
when f(u, Vu) = AeTrew & Ae* (here € > 0 is very small); the generalized
Burger’s equation when f(u, Vu) = u? +u? ta- Vu (p,q > 1,a € R?); the
population dynamics model when f(u, Vu) = uP — u|Vu|? (p,q > 1, u > 0).

As well known, the problem is severely ill-posed, more precisely, its so-
lution does not always uniquely exist. Even though in the case of unique
existence, the solution does not dependent continuously on the given obser-
vation data (see, for example, [6]). Moreover it is significantly important for
the inverse problem that the terminal time 7' should be chosen before the
blow-up time T*. With respect to the blow-up properties for the nonlinear
parabolic equations with unbounded domains, we can refer to some articles
(see [7-11]). Of course the blow-up properties for the nonlinear parabolic
equations with bounded domains can be found in more research papers (see
[12-15]).

Once we know the “blow-up time”, we may reasonably choose the ter-
minal time 7". At this time the measurements u(z,y,T) must be given for
the inverse problems. Let 0 < T < T™, we consider the problem of finding
the temperature u(z,y,t), (z,y,t) € R? x [0,T).

There are so many works on the backward problems for linear parabolic
equations in the one-dimensional cases (see, for example, [16-18]). But
only a little literature has been concerning with the nonlinear case or multi-
dimensional case. Recently some new numerical methods are proposed to
solve the nonlinear backward problems both in 1-D case and in 2-D cases,
for example in [19-22], but the uniqueness and stability results were not
achieved.

In this paper we will adopted the regularization method proposed in
[6] for the problem (NIP). We generalized the method for the 1-D case
with absence of Vu in [6] to the 2-D case with the term Vu, which is
more difficult to be theoretically discussed and has much more practical
background in physics and engineering. Moreover, comparing with [6], the
given assumptions in the paper are more reasonable and natural, and the
results are much more applicable to various nonlinear parabolic equations.

From now on, we consider the (NIP) under following assumptions.

(A1) Let T be less than the blow-up time 7*. So there exists a positive
number H > 0 such that for all (z,y,t) € R? x [0, 7],

of of of
|u(z,y,t)| < H, |6u < H, |8uw|<Hand |auy|<H.

(A2) f(-) € L=((—H, H)?). Meanwhile there are constants ki, ko, k3 >
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0 independent of w, v, such that
‘f(W,wmawy)ff(vavmvy” < ki|w — o] + ka|wy —ve| + k3|wyfvy|~

(A3) ¢ € L?(R?). Let ¢. € L?(R?) be a measured data such that
llpe — ¢l < €, here the error level € is very small.

2. The Regularization Method and Main Results

Let us denote the Fourier transform §(p1,p2) for any 2-D functions g(z,y)
by

~ 1 e e —i(p1z
g(p1,p2) = F(g) = g/ / g(z, y)e " ProtPv) dady, (2.1)

while its inverse can be given as follows

—+oo +oo
g(z,y) = F1(9) = o / / G(pr, p2)e’ PP dp dpy.  (2.2)

Using the Fourier transform we can rewrite the above nonlinear inverse
problem (NIP) as the following nonlinear integral equation (NIE):

NIE:

a(plap% t) = 6<T7t)(p%+p§)¢(p17p2)
(2.3)

T
_/ e_(t_s)(p%J“pg)f(u,Vu)ds, 0<t<T.
¢

It is well known that the problem (NIP), or the integral equation (NIE),
is severely ill-posed. A regularization method should be adopted to derive
the solution in a stable way. We approximate the problem (NIE) by the
following integral equation with a small perturbation (IEP):

IEP:
e—t(P1+p3)

e _
(% (plap2at) - cte —T(Pl-‘rp ) (plapQ) (2 4)
T —t(p1+p2) Y R ’
— <t <
/t pEY f(u®,Vu)ds, 0 <t <T,
or
+ et
x et o) (Pi+p3) (p1 p2) z(p1L+I)2y)dp1dp2
’ 27‘(‘ —co € + e_T(pl"l‘P ) ’

400 p+oo —t(p1+p2) R ( tpay)
/ / es/T e—8(1)1+p§)f<u6’v“8)@z pretreldsdpy dps,

0<t<T,
(2.5)
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here the number € > 0 is very small.

Theorem 1. (The well-posedness of (IEP)) Let ¢, f satisfy the assumptions
Ay — As. Then the problem (IEP) has a unique solution u® € C([0,T];
HY(R?)). The solution depends continuously on ¢ in C([0,T]; H*(R?)).

Theorem 2. (Uniqueness of (NIP)) Let o, f satisfy the assumptions A;—
As. Then the problem (NIP) has at most one solution u € C([0,T]; H*(R?))
NL*(0, 75 H*(R?)) N CH((0,T); H'(R?)).

We further assume that

(Aq) €704 P(py, py) € L2 (R?),

(45) —t( t(p1+p2)u(p1,p2, t)) € L*(R? x [0,T)), that is

—+o00 —+00 6
/ / / t(p1+p2) (p1,p2,t))|2dp1dp2dt < 4o0.

Theorem 3. (Stability Estimate with exact data @) Let ¢, f satisfy the
assumptions A1—Ay4, and the problem (NIE) has a solution u € C([0,T7;
H'(R?)), satisfying As. Then for any t € (0,T),

El_t/T—l

3
sy ) =u (o ) < (L) VMET 4+ SR T (1 e1)* (=)

where
+oo +oo 7 2, 2) A )
M=3 le” P1TP2) G (py, po)|“dprdps

+oo +oo a
+3T/ / / p1+p2) (p17p275))|2dp1dp2d5~

Remark 1. Since

(2.6)

lft/T -1

li t/T | -1 _
Jim /T ()T =0,

then we have

1 _El—t/T
Ini 7

n
€

||u(’ "t) - ue('v '7t)||§{1 <24
where u° is the unique solution of the problem (IEP), and

A =max{(1+¢;)VM, gmﬂu +e1)?) (2.7)



144 Ding-Hua Xu and Hai-Li Zhang

Theorem 4. Let , f satisfy the assumptions A1 —-A4 and the problem (NIE)
has a solution ue C([0,T); H(R?)) satisfying uy € L?([0,T]; H*(R?)) and
As. Then for all € € (0,1) there exists a te > 0 such that

1.1
Hu(v '70) - us('v '7t6)HH1 < 2M2(ln g)igv

where

M, = max{2\/(1 + c1)N(M,T)%, ?sz(l +e1)}, (2.8)

T
- Ut(+y -y S 2 S, 2.9
N ¢A|< )2d (2.9)

M, =+M/N. (2.10)

Theorem 5. (Stability Estimate with nonexact data ¢.) Let ¢, f sat-
isfy the assumptions A1-Ay4 and the problem (NIE) has a solution u €
C([0,T); HY(R?)), satisfying u; € H([0,T]; L3(R?)) and As. Then from
Ye we can construct a function u® satisfying

1— 1-t/T
1671]%, 0<t<T,
ni

€

[ul, ) = u (- )3 < 2Ms]
for every e € (0,1) and
4 ,0) = s O)l s < 5Ma(In 1), £ =0,
where
B = max{v2(1 4 ¢1),k*T?*(1 + ¢1)?}, M3 = max{v24,v2B}. (2.11)
3. The Proof of Theorems

Lemma 1. For any functions u(x,y) € H*(R?), there exists a positive
constant ¢1 such that

| Vu[[fagey< er [l w2,
hence when || u ||L2®2)< 1, we have
Il 1 g2y < (L) | ulzaee) -

The proof of the Lemma 1 can easily be implemented by means of the
Green’s formula and the Holder inequality.
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Lemma 2. Let the functions u(t), v(t) be locally integrable, non-negative
functions on [0,T], the constant K > 0, to € [0,T]. Then the following
inequality

t

u(t) < K+/ v(s)u?(s)ds, te[0,T]
to

implies that

ult) < (K +;/tv(s)ds)2, te[0,7).

to

The Lemma 2 is a special case of the general Gronwall’s inequality in
[23]. The result can be derived straightforwardly from the Theorem 2 in
[23].

Lemma 3. For any positive integer m, there exist a constant K, which is
independent of n, m and ng > 0, such that

KA (et vy —vn)[3 2 A" 0l3 1A vy 13 +[A7" " 0ll3

for every v € pr={u(z,y,t) | u(z,y,t) € C([0, T|;H*(R?))NL*(0,T;H*(R?))
N CH(0,T); HY(R?)), u(x,y,t) =0 on R2 x {t = T}, R2x{t = 0}}, 0 <
n<nouA=t—T-—n.

The result can be obtained from the Lemma 1 in [6].
Proof of Theorem 1. The proof is divided into two steps.

Step 1. The existence and the uniqueness of solution of (IEP).

Define a nonlinear integral operator G: for any w € C([0, T]; H*(R?)),

G(w)(z,,1) = 56 (2,11

+oo p+too p1+p2) . ’ . :
/ / ES/T + e~ S P1+p2 f(w7 vw)e - P2y depldp27

where

+oo e—t(P1+p3) i(prtpay)
p1ix 2
(@9, / /Oo o Ty PP p)e dp1dps.

From the Lipschitz property of f(w, Vw) with respect to w, Vw, it fol-
lows that G(w) € C([0,T]; H?(R?)). Then by the mathematical induction
principle, for every w,v € C([0,T]; H*(R?)), m > 1, we have

@) 1)~ Gl < (Cpn T 0y e, @)



146 Ding-Hua Xu and Hai-Li Zhang

where ¢ = max{T, 1}, || - is the norm in L? and ||| - ||| is the sup norm in
C([0,T); H?(R?)). Subsequently, we get

Tm2

I6™w) - 6™ )] < (2=

Ver|lw — o

for all w,v € C([0,T]; H*(R?)).

m/2 . .. .
Since hmmﬁw(s)mT V™ = 0, there exists a positive integer num-

ber mg such that G™ is a contraction in C([0,T); H?(R?)). It follows that
the equation G™°(w) = w has a unique solution u¢ € C([0,T]; H*(R?)).

We claim that G(u®) = u®. In fact, one has G(G™° (u®)) = G(u®).
Hence G™°(G(u®)) = G(u®) by the uniqueness of the fixed point of G™°,
one has G(u®) = uf, i.e, the equation G(w) = w has a unique solution
u® € C([0,T); H*(R?)).

Step 2. The solution of the problem (IEP) depends continuously on
¢ € L*(R?).

Let u and v be two solutions of (IEP) corresponding to the final function
¢ and @, respectively. From (2.4) and (2.5) we have

Hu(a 'at) - U(' ' )HQ

+oo +°° e—t(PI+p3) R )
<2/ / o TeD P ¢(p1,p2) — D(p1,p2)|"dp1dps

+oo p+oo _t(l 2) X R
+2/ / /t e e () = f (v, 7)) ds P dpdps.

55/T +e_9(P1+p2

One has for s >t and a > 0

e—t(PHP3) e—t(P1+p3)
= <
a4 e 5P (e s@iTP))t/s (e s(PrHPR))1-t/s — «

t/s—1

2, .2
e~ t(PT+pr3)

t/T—1 : _ /T
o TGTD <e . Letting o = ¢%/*

Letting aa =¢, s =T, we get

2, 2
e~ t(PT+r3)

es/T pe—s(PT+P3)

() = 0(c, -, )17 <22 TV|p — @) + 2T — 1)/ Tk

T
X/ [E_QS/TH'U('? '73) - ’U(~, "S)H%Q + || \Y% u('7 '75) - VU(', "S)H%Q]ds
t
So, we have

e (-, t) = v(:, -, )][F2 <2676 — ff72

T
L ORA(T — p)e— /T / 2/ (-, 8) — v(-, -, 8) |2 )ds.
t

we get < et/T=s/T Hence, it follows that
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Using Lemma 1, we can get

1
||U(, *y t) - U('a '7t)HL2(]R2) > HHU(’ at) - U('7 '7t)||§{1(R2)'

Hence
(E_Bt/THU('7 ) t) - ’U('7 R t)||%11)2

< 27 T2(1 4 ¢1)?]|@ — D12,

T
+2]€2T(1 + 01)2874t/T / SS/T . 8—33/T|‘u(.7 %y 8) - U('v N 8)||?—Ild$'

t
And using Gronwall’s inequality, we have the following inequality

glft/Tfl
luCy s ) =0 (s s Ol <V2(1+en)e T o=@ AT (1401)*——,
which shows the continuous dependence of the solution once || — ®| is

sufficiently small. This completes the proof of Theorem 1.

Proof of Theorem 2. Let u; and us be two solution of the problem
(NIP) such that uy, uo satisfy the assumptions A;-Ay. Put w(x,y,t) =
uy(z,y,t) —us(x,y,t), then w satisfies the equation

wt(x7y7t) - wacx('ra:%t) - wyy(xa:%t)

= f(u1, Vur) = f(uz, Vu)
= %(a(x,y,t))w(x,y,t) +

2y, )y .1
Yy

L e el

< H(w + wy + wy)

for some 1(x, y, t). It follows that (wi(x,y,t) — wae (T, Yy, t) —wyy (z,y, ) <
3H?(w? 4+ w2 + w?), then w(z,y,t) = 0, (z,y,t) € R* x [0, T]. Put

/ . 1 1 ’
= min [ O] = T = )
o {no 7 TK} n= e Mo

then 7y, 0 > 0 and 3(u + 19)>KH? = 1. Now, we shall suppose that 0 <

n <mny <mno, T <min{y, T*}. Then remainder of the proof is divided into
two cases:

Case 1. T < p. Let 0 < t; <ty < T and & € C*(R) satisfy £(t) = 0,
when 0 < ¢t < t1; £(t) = 1, when 5 < t < T. Then function v = {w belongs
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148
to Pr and therefore by Lemma 3 and in view of the inequality (w; — wg, —
wyy)? < 3H?(w? 4w} + w?/), we have
T +oo +oo
/ / / ()\_m_lw)zdazdydt
ta —o00 — 00
< AT og |13 4+ ATy lI3 + (AT )13
+oo +oo
= K/ / / " (Vg + Oy — v7))2ddydt
ty
— wy)) dxdydt

+oo +oo

+C>O +oo
= 5/ / / AT (0 4 0F + v} dadydt
t1 —o0 —00
1 T p+oo p+oo
*/t / / AT (w? 4wl + w))dadydt.
2

(1)
1 ta +oo +o00
5 / / / (AT (0 + 02 + v )dedydt # 0,
t1 —o00 —o00
1 T r+oo 400
*/ / / AT 2 (w? + wl + w))dadydt # 0,
2 ta J—o0 —0o0
we have
ta +o0 +o0
K/ / / (/\_m(vma: + Vyy — 'Ut))2dl'dydt
+oo +oo
+K / / / " (Wag + Wy — wy)) dadydt
to 400 +oo
< k/ / / (A2 (0% + 0 + v )dadydt,
t1 —oo
where

1 to +o00 +o00
5/ / / AT (0 0l 4o )dwdydt
t1

+oo +o0
: / [T o s u wddedyan,
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Hence
to +o0 “+o0
k/t / / (AT (02 + 02 + vy )dadydt
1 —0o0 —0o0

T +oo +oo
> / / / A" rw) 2 dxdydt.
to —0o0 —o0

This inequality implies, for any to < t3 < T,

to —+oo —+o0
k/t / / (T+n—ty) 2™ 20 + 02 + Ui)dxdydt

T —+00 “+00
> (T +n—t3)"2m 2 / / / wdxdydt.
t3 —00 —00

Because (T +n —t2)/(T +n—t3))"2™ — 0 as m — oo, we have w = 0
for z € R, t3 <t < T. Since t3 can be taken arbitrarily small, w = 0 in
R? x [0, 7).

(2) If

1 T e oo —m—1\2 2 2 2
2/tz /W /m (A 12 (w2 4 w? 4 w?)drdydt = 0,

1 S Rl I
5 (A )2 (07 + vy + vy, )dzdydt
t1 —00 —00

T “+oo “+o0
> / / / (A" rw) 2 dedydt.
to —0o0 —0o0

It can be proved as above.
(3) It

1 ta +oo +oo
3 / / / (AT (0 4 02 4 v )dedydt = 0,
t1 —00 —00

L el 2 2
2/t2 /_Oo /_OO (A )2 (w* 4wy + wy)drdydt # 0.

we get

Let 0 < t; < ty < T, which satisfies i :12 _+:OO j;o()\’mfl)z(vQ +v2 +
v2)dadydt # 0 (t, is always exist) and £ € C?(R) satisfy £(t) = 0, when
0 <t <ty &) =1, when ty < t < T. Then function v = éw belongs to
Pr. Then the proof can be finished similarly as (1).

Case 2. T > u. We can also prove that w = 0in R x [T — u, T], then in
R X [T — 2u, T — ], etc. From above cases, we know that w is identically
equal to zero, i.e., u; = us. This completes the proof of Theorem 2.
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Proof of Theorem 3. First we mention that
Hu(’ ) t) - ug('a Bl t)H2

+oo +oo )
= / / [i(p1,p2,t) — us(p1,p2,t)|*dp1dps
— 00 —0o0

+oo  ptoo Cia o e—t(pf-{-pg) )
B /—oo /_oo |(6(T nirer) - W)‘P(?l,m)

T
_ / == F(y, Tu)ds
t

T e—t(Pi+p3) . R
+/t ES/T—l—e*S(PfﬁLp%)f(u , Vu®)ds|“dp1dps

+oo  pt+oo -
< 382t/T/ / e WP B (py, po)|*dpydps
— 0o — 00
T
+3k32€2t/TT/ 72T |lus (-, -, 8) —ul-, -, 8)||%ds
t

ot /T T p+oo ptoo B 5 9 )
w77 [0 O it o) Papudpads.
0 —o0 J —00

Therefore
E_Gt/THuE('7 Bl t) - u(-, E t)”?ﬂ

T
< M€74t/T + 3k2T€74t/T/ 572S/T”UE('3 " 5) - u('a " S)H%Ilds
t

Using Gronwall’s inequality, we get

61_t/T—1

3
s )=, )3 < (L e) VM T4 SR (L en) (—

where M is defined in (2.6). This completes the proof of Theorem 3.

Proof of Theorem 4. From wu(z,y,t) — u(z,y,0) = fot ue(z,y, s)ds, we
have

t
Jus0) = ul D <t [ funtee,)|Pds = N2,
0
Using Lemma 1, we have

(-, 0) =l Ol < [(1+ ex)? N2V
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Using Theorem 3, we get
||u('7'70) —u5(~,~,t)||H1
< ||U(, 70) - ’LL(', 7t)HH1 + ||u(7 7t) - us(_, at)”Hl

< (14 PN+ (1 e VRIS + ST+ ) (o)

e
For every ¢ € (0,1), there exists uniquely a positive number ¢. such that
[(1+ 1) 2Nt = [(1+ er)VMet=/T)2, (3.2)
ie.,
Ve = Myet/T.
Using inequality Int > —(1/t) for every ¢t > 0, we get

M, T
lné

te < ( )%.

Hence
||u(’ * 0) - ug(U "t)HH1
< 2[(1+¢1)2N2t]3 + LOkT(1 4+ ¢1)(In k)2

<2/ +C1)N(M1T)é(1n§)_é 4

1
< 2My(In =)~s
S

)

where My, M2, N is defined as in (2.10), (2.8) and (2.9). This completes
the proof of Theorem 4.

Proof of Theorem 5. Let v be the solution of the problem (IEP) corre-
sponding to ¢ and let w® be the solution of the problem (IEP) corresponding
to ., where ¢, @, are in the right-hand side of (2.5). Let ¢ be the unique
solution of

\/t::MlgtE/T' (33)

From Theorem 4, we have
1.1
llu(sy+,0) —us (-, )| g < 2Ma(ln g)_g. (3.4)

Put
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Using Theorem 3 and Step 2 in Theorem 1, we get

||u6('7 '7t) - u('7 '7t)||H1

< we(yout) =05 (- )| + [0Sy - ) — uls, - 8|

< V201 + e1)et/T + K2T2(1 + ¢;)2 £ =L
1-t/T _ 1

< 2M3[° B

Ine
for every t € (0,7"). From (3.3) and (3.4), and Step 2 in Theorem 1, we

have
||u6('a B 0) - u('v 70)||H1
”we('a ~,t€) - UE('? '7t8)|| + ”UE('? 'vte) - u('v '70)”

1
5M2(1ng)’é,

IN

IN

where A, B, M3 is defined as in (2.7) and (2.11). This completes the proof
of Theorem 5.
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This paper investigates the inverse problem of calibrating the volatility func-
tion from given option price data. This is an ill-posed problem because of
at least one of three well-posed conditions violating. We start with a simpli-
fied model of pure price-dependent volatility to gather insight on the nature
of ill-posedness of the problem. We formulate the problem by the operator
equations and establish a Tikhonov regularization model. Projected gradient
methods are developed for solving the regularizing problem.

Key Words: Option pricing problems, volatility function, ill-posed, regular-
ization, projective gradient methods.
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1. Introduction

Option pricing models are used in practice to price derivative securities
given knowledge of the volatility and other market variables. Volatility is a
measure of the amount of fluctuation in the asset prices; a measure of the
randomness. Volatility is subject to a tremendous amount of uncertainty
due not only to the quality of available data, but also on the modeling
of the financial instrument and the underlying assets under consideration.
The constant-volatility Black-Scholes model (see [1]) is the most often used
option pricing model in practice. Based on the assumption of constant
volatility, Black-Scholes formula can be used to evaluate European options
simply and quickly by using the estimated or forecast volatility constant as
an input. In many situations, we invert the Black-Scholes formula to deter-
mine the volatility from the market option price, this is implied volatility.
Implied Black-Scholes volatilities vary with strikes and time to maturity,
which are respectively known as the smile effect and the term structure.
In this survey, we are dealt with a specific ill-posed inverse problem that
arises in the course of determining the volatility from quoted data by using
the Black-Scholes formula. We assume that the relative changes in stock
prices (the returns) follow Brownian motion with drift. We suppose that
in an infinitesimal time dt, the stock price S changes S + d.S, S follows a

1This research is supported by NSFC (No.10971224), Beijing Talents Foundation and
College of Art & Science of Beijing Union University
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general diffusion of the form % = pdt+odZ, where p is the drift rate, o is
the stock volatility, and dZ is the increment of a standard Wiener process.
The European call option premium u = u(S, t; K, T) satisfies the following
pricing model, the Black-Scholes partial differential equation

By ﬁ—(—)s@— —0, (S,t) € R x[0,T)
ot T27 % g5z T T WPpg TN )

u(0,t) = 0, (1)
uw(S,T) = (S — K)* :=max {S — K,0},

here : = means “defined as”, K > 0 is the strike, T" is the maturity, r > 0
is the risk-free interest rate, ¢ is the dividend yield on the stock and o (S, )
is the only parameter in the pricing model that is not directly observable.
Similar to the implied volatility in the constant volatility model, one pos-
sible idea is to imply this local volatility function from the market option
price data. The inverse problem was first considered by Dupire in [2]. He
showed that option prices given for all possible strikes and maturities com-
pletely determine the local volatility and Bouchouev and Isakov in [5,6]
obtained a nonlinear Fredholm equation for volatility and solved the ap-
proximate problem iteratively. Unfortunately, the market European option
prices are typically limited to a relatively few different strikes and matu-
rities. Therefore the problem of determining the local volatility function
can be regarded as a function approximation problem from a finite data
set with an observation functional. Due to insufficient market option price
data, this is a well known ill-posed problem. With the derivation of a dual
problem, the problem (1) can be reduced to a standard parabolic equation
with new variables, it was found by Dupire [2] and rigorously justified

7_,K202ﬁ+(7,_ gu — + 5 Rt
q)KaK—i-qu—O, (K,7) € R"xRT,

Uulg=o = e~ 785, (2)

where 7 =T — t is times remaining to maturity, which is varying between
zero and the upper time limit 7. Here, we focus on the case of volatility
that independent of time and use only option prices with different strikes
and a fixed maturity date. That is to say, we find o(K) such that the
solution of (2) satisfies

w(S* K )| pere = u* (K,

where 7* = T — t* and uv*(K) is the current market price of options for
different K > 0 at current time t* with stock price S*.
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To remove the singularity at K = 0, we make the logarithmic substitu-
tion y = log %, v = £e?"u, which transforms (see [3,4]) the problem and

the additional market data into the following Cauchy problem

ov 0%v  Ov ov
o7 a(y)(@ - 87) +(r—a)4-

U‘TZO = (1 - ey)Jr’

9y =0, (y,7) € R x (0,7"], 3

where v(y,7) = $e?u(K,T), aly) = 10*(K).

Regularization is a must for solving inverse problems. The essence of
the regularization lies in that approximate the original ill-posed problems
by a family of well-posed problems, and solve the well-posed problems to
get the approximate solution. After using regularization methods, the ill-
posed problem is replaced by a stabilized problem. In this paper, we use
Tikhonov regularization model to find a(y) such that the solution of (3)
satisfies

(Y, T)r=r- = 0" (y),

where v*(y) = %eqT*u*(K). The structure of the paper is organized as
follows: Section 2 addresses the regularization method, which incorporates
both regularization parameter and smoothness constraint. Both the regu-
larization parameter and the smoothness constraint can be considered as
a priori information. Then, we solve the regularization model by an effi-
cient gradient method. Details about implementation of the method are
addressed. Numerical results for the market data are given in Section 3.
In Section 4, some concluding remarks are given.

2. The Gradient Regularization Method

Both the discrete and continuous calibration problems are ill-posed. This
is the case in the continuous calibration problem, because the solution de-
pends upon the data in an unstable manner, and in the discrete calibration
problem because the full surface a(y) = 30%(K) is simply under deter-
mined by the discrete data. It is then necessary to introduce stabilizing
procedures in the reconstruction method for the local volatility function.
One of these is known as the Tikhonov regularization method (see [5-8]).
The idea is to tackle the calibration problem as a minimization problem
see [9]), where the cost criterion to be minimized is

. 1 y . @
min J(a) := 5””(3/’7' ya) = 0|2 + §||La||%2(R)- (4)

In which, a € A := {a € L*(R)| 0 < ap < a(y) < a1}, ap, a1 are the lower
and upper bounds of a(y), « is the regularization parameter, and L is the
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weight of the function a. We assume that [}, |[v*(y) — H(—y)[*dy < 4o,
H(.) is the Heaviside function, for any given a € A, there is a unique solu-
tion v(y, 7) to the Cauchy problem (3) by the known theory for parabolic
equations (see [10]).

Since the nonlinearity of the function J and the gradient can be easily
obtained, it is convenient to use gradient methods for the minimization
problem (4). In fact, the gradient of J can be evaluated as

1d

2d H’U(y,’l' a) —v ||L2 +OL(L La a)

g(a) =
In computer calculation, only the matrix-vector multiplication is per-
formed.
There have a special gradient method, which is known as the Landweber
iteration

Ak4+1 = Q) + WSk, (5)

where s, = —gk, gr = g(ag), the steplengths w > 0 is a constant in
each iteration. However, as is reported that this method is quite slow
in convergence and can not be used for practical problems (see [8]). We
consider nonmonotone gradient methods for solving (4), and projection
techniques for box constrained problems with adaptive stepsizes are also
developed in [9]. Tt is reported that the Barzilai and Borwein’s method is
a simple and efficient nonmonotone method (see [11]) and performs well
for ill-posed problems (see [12]). The key point of Barzilai and Borwein’s
method is the two choices of the stepsize wy

BB1 (Sk—1,8k-1)
w P 4' 3 6
F (Skflajkfl) ( )
and _
kaBQ — (Sk—lv.]k—l) (7)
(Jr—1,Jk-1)"

where ji = gk+1 — gk, Sk = ar+1 — ai. We adopt the recently developed
gradient method with adaptive stepsizes

wpBl, if rp > 1, @®
W =
waQ, otherwise,
. BB2
where r € (0,1) is a parameter close to 0.5 and r = Bm, which reflects

the deviation of the gradient search direction g to the transformed search
direction.
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3. Projection

In iterative process, negative point values may occur. To tackle this prob-
lem, we develop the projection technique in this paper. Note that the set
Q:={a:0<a < oo} is bounded below and convex, therefore, there exist
an orthogonal projection operator Ps onto S such that

Pg ‘RY - Q,
and
P} =Py, P3=Pq.

Therefore, we actually solve a constrained regularizing model
min J[a] := éHv(y,T*,a) —*|]? + %HLaHQ, s.t. a € Q, 9)
our choice of the projection Py is that
Py (z) = argmin, ||z — 2|,
the projection operator associated with a bounded domain @ is defined by

(Po(2))(t) = xo()=(t),

and xq(t) is the characteristic function of the domain (). This operator
projects onto the subspace of all functions, which are zero outside the
domain @. The i-th component of Pg(z) is

x;, if ;> 0,

[Po(z)]; = max(z;,0) = {

0, otherwise.

Assume that the current iterate ay, is feasible, then the next iteration point
can be obtained by

ap+1 = Po(ar — wigk)-

For computing method, the proper termination of the iterative process
is important. In our algorithm, the initial search direction is the negative
gradient direction. To be sure that the first step is a decreasing step, we use
the Wolfe inexact line search strategy. And, we use the following stopping
condition (see [12]) in our numerical tests:

1Gkll/llgall < e, (10)

where € is a preassigned tolerance, and gy is defined as

(G0); = { (9r)i, if (ag); >0,
e min{(gx):, 0}, if (ax); =0.
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For choosing the regularization parameter «, it is a delicate thing. It is
preassigned by users. Currently, we apply an a priori choice rule, i.e., we
set « to be a constant in each iteration but be limited in (0,1). It is clear
that « can not be large or typically small. Otherwise, over-regularization
or instability will occur.

We argue that other methods for supplying nonnegative constraints,
such as negative entropy (see [13]) and active set method (see [14]), may
be also applied. However, it is not so straightforward.

4. Numerical Experiments

To verify the feasibility of our inversion method, we have tested it by com-
puter simulations. The simulation consists of three steps. First, given the
market price of option v*(k) and the underlying S* at time t*, we would
then determine v*(y) by its definition v*(y) = %eq(T_t*)u*(K). Our task
is solving for a(y) from the equations (3). Finally, we would be able to get
the volatility function by o(S) = 1/2 * a(In(&)).

Now, given 7, v*(y), we solve a(y) using our developed gradient reg-

ularization method. In our simulation, we choose three cases of implicit
volatility functions: the constant volatility (o = 0.25), the smile volatility

(0 = W + 0.2) and the skew volatility (o = —W +0.2).

The computational results of the three cases are shown in Figures 1, 2 and
3, respectively. It is evident that our algorithm works stably for all tests.

5. Conclusion

In this paper, we investigate establishing regularization model and gradient
methods for retrieval of the local volatility function. The simulation results
show that the new developed methods are simple and suitable for recovering
the volatility function from the option pricing model. Hence it can be used
for practical applications.
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1. Introduction and Statement of Result

Let w be a locally integrable nonnegative function in R™. Then a Radon
measure y is canonically associated with the weight w,

u(E):[Ew(x)dx. (1.1)

Thus du(x) = w(x)dz, where dz is the n-dimensional Lebesgue measure.
In what follows the weight w and the measure u are identified via (1.1).

Definition 1!, Given a nonnegative locally integrable function w, we say
that w belongs to the A, class of Muckenhoupt, 1 < p < oo, if

1 / ) ( 1 / 1/(1-p) )p_l
sup | — [ wdx | | = [ w Pldx =A,(w) < o0, 1.2
o (137 f,v2) (51, () 2

where supremum is taken over all balls B of R”. When p = 1, replace the
inequality (1.2) with
Muw(z) < cw(z)

for some fixed constant ¢ and a.e. z € R™, in which M is the Hardy-
Littlewood maximal operator.

IThis research is supported by NSFC (No.10971224)
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It is well-known that A; C A, whenever p > 1, see [1]. We say that a
weight w is doubling, if there is a constant C' > 0 such that

w(2B) < Cu(B),

whenever B C 2B are concentric balls in R", where 2B is the ball with
the same center as B and with radius twice that of B. Given a measurable
subset E of R™, we will denote by LP(E,w), 1 < p < oo, the Banach space
of all measurable functions f defined on E for which

1

T ( / |f($)|pw(x)dx>p <

The weighted Sobolev class WP (E,w) consists of all functions f and its
first generalized derivatives belong to LP(E,w). The symbols LY (E,w)
and Wﬁ)’f (E,w) are self-explanatory.

If xg € Q and ¢ > 0, then B; denotes the ball of radius ¢ centered
at xo. For a function u(z) and k > 0, set Ay = {z € Q : |u(z)] > k},
Ay = A N By. Let Ty (u) be the usual truncation of u at level k > 0, that
is

Ty (u) = max{—k, min{k, u}}.

Let © be a bounded domain in R™, n > 2. We consider the second order
degenerate elliptic equation (also called A-harmonic equation or Leray-
Lions equation)

divA(z, Vu) =0, (1.3)
in which A(z,£) : Q@ x R® — R" is a Carathéodory function satisfying the
following assumptions:

L (A(z,£),§) = aw(z)[]7,

2. |A(z,§)| < pu(a)glr~,

where 0 < o < f < 00, w € Ap, 1 < p < 0o and w > 0. Suppose 7 is

any function in  with values in the extended reals [—oo, +00] and that
6 € WhP(Q,w). Let

’Ciﬁ = /CZﬂ(Q,w)
= {ve WHP(Qw):v>1, ae x€Qandv— 60 c WyP(Qw)}.
The function 1 is an obstacle and # determines the boundary values.

Definition 2!/, A weak solution to the /Ci g-obstacle problem is a function
u € K7, ,(Q, w) such that

/Q<A(x, Vu), V(v —u))dz >0, (1.4)
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whenever v € K ,(Q, w).

The local and global higher integrability of the derivatives in obstacle
problems with w(x) = 1 was first considered by Li and Martio [2] in 1994, by
using the so-called reverse Holder inequality. Gao and Tian [3] gave a local
regularity result for weak solutions to obstacle problems in 2004. Regularity
theory for very weak solutions of the .4-harmonic equations with w(z) =1
have been considered in [4] by Iwaniec and Sbordone, and the regularity
theory for very weak solutions to obstacle problems with w(z) = 1 have
been explored in [5] by Li and Gao. In this paper, we continue to consider
obstacle problems, and obtain a local regularity result for weak solutions
to obstacle problems with weight. The main result of this paper is the
following theorem.

Theorem 1. Suppose that ¥ € Wl’S(Q,w), s > p. A solution u to the

loc

ICZﬂ—obstacle problem belongs to L}, (9, w), where

pK . pK
K 1<K <2
. 5 70 if p <s<K,_1 and 1 < K <2,
o K
L, otherwise,
s — K(s—p)

where the value of K comes from Lemma 1, see Section 2 below.

2. Preliminary Lemmas
The following lemma comes from [6]. Chiarenza and Frasca gave a simpli-
fied proof in [7].

Lemma 1. Let B be any ball in R", w € Ay, 1 <p < oo and u € C§°(B).
Then there exist constants ¢ and 6* > 0 such that for all1 < k < K =
g+ 0%, we have

(u(tl?R) /BR IUI’“”duyp <cR (u(;a) /BR |V’u|pdﬂ) " (2.1)

Obviously (2.1) can be extended to functions u € W, *(Bg,w) by an
approximation argument.
The following lemma comes from [8], see also [9].

Lemma 2. Let f(t) be a nonnegative bounded function defined for 0 <
Ty <t <Ty. Suppose that for Ty <t < s < Ty, we have

f(t) < A(s —t)"" + B+0f(s),

where A, B, a, 0 are non-negative constants and 6 < 1. Then there exist a
constant ¢, depending only on o and 0, such that for every p, R, Ty < p <
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R < Ty, we have
f(p) < c[A(R—p)" "+ B].
We now state a key lemma, which will be used in the proof of the main
theorem.

Lemma 3. Let u € WEP(Q,w), ¢o € LI (Qw) and w € Ay, w(zx) > 0,

loc
where 1 < p < oo and r satisfies

1<r<

K-1

where K comes from Lemma 1. Assume that the following integral esti-
mates holds

/ |Du|pdu<co[ [ ot = [ |u|Pdu} (2.2)
Ak,'r Ak,t Ak,t

for every k € N and Ry < 7 <t < Ry, where ¢y is a positive constant
that depends only on n,p,r, Ro, Ry, 1t(Br,), K and ||, a is a real positive
constant. Then u € L] (Q,w) with

Kp

o 5 70 z'fK<T<K7 and 1< K <2,
- K
#(7”*1)7 otherwise .

Proof. The proof of this lemma is a little change of which in [10]. We
omit the details.
3. Proof of Theorem 1

Let u be a weak solution to the ICz) -obstacle problem. By Lemma 3, it
is sufficient to prove that u satisfies the inequality (2.2) with o = p. Let
Br, cC Qand 0 < Rp < 7 <t < Ry be arbitrarily fixed. Fix a cut-off
function ¢ € C§°(B;) such that

suppp C By,0< ¢ <1,¢=11n B, and |[V¢| < 2(t —7)*
Consider the function
v=u—Tg(u) — o (u— 1/),;"),

where T (u) is the usual truncation of u at level k& > 0 defined in Section 1
and ¢ = max{y, Ty (u)}. Now v € KT (u) 6— T, (wy- 1ndeed,

v— () —Tp(w) =u—0—¢"(u—1;) € Wol’p(Q,w),
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since ¢ € Cg°(€2) and
v= (= Ti(w) = (u—9) = ¢ (u =) > (1= ¢")(u—1) >0,
a.e. in Q. Since
Vo = V(u—Ti(u) = ¢"(Vu = Vi) — pg?~ Vo (u — ¢y),

and u — Ty (u) is a solution to the ICZka(u)ﬁka (u)—obstacle problem, we
have by definition that

| A Y0y, (Vu = V) + 9o Vo o ))do <0,
Akt
that is
/ (A(x,Vu), p*Vu)dx
Apt

< / <A<z,w>,¢pvw;>dx+/ (A, Vu), po? IV g(u—y )ydz )
Apt

At

< L + Lo

Now, we estimate the left-hand side and the right-hand side of (3.1) respec-
tively. Firstly

/AM<A(I,VU)7¢”Vu>de/ <A(I,VU),VU>dm2a/ \VulPdu. (3.2)

Akﬂ- Ak,r
Secondly, by Young’s inequality
’ 1 1
abéeap +62(551))1)177 7/+7 = 1a aab207 € 2 07p2 17
p p

we can derive that

0| = ‘/A (A(z, Vu), PV da

<o [ Vvl
At (3.3)
<ie [ [wupduspeen) [ 190Pde

At
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Finally, using Young’s inequality again we have

L) \ [ . ot~ v

206p -
P (3.4)
20p -1 .
< VP uldp
t—T Ak,t
< 261)5/ [VulPdu + 28pc(e p)/ ﬂdu.
B At ’ Ap.t (t - 7—)1)
Combining the inequalities (3.1)—(3.4) all together, we have
2p+1
/ VulPdu< w/ |Vu|pd,u+M/ IV [Pdu
Ak, o At o At (3 5)
+26p0(5;p>/ ‘ulpd ’
at =17 Ja,

Now we want to eliminate the first term on the right-hand side including
Vu. Choosing € small enough such that n = W < 1, and let p, R be
arbitrarily fixed with Ry < p < R < R;. Thus from (3.5) we deduce that
for every t and 7 such that p <7 <t < R, it results

Ry e
Ak, r Ape @ Ak,R

2
N ﬂPC(E,p)/ lufPdp.
Ak, R

alt—T)P

(3.6)

Applying Lemma 3 in (3.6), we conclude that

/ \VulPdyu < M/ IV [Pdu + M/ lu|Pdp.
Akp a Akr a(R=p)P Ja, n

Thus u satisfies inequality (2.2). The theorem follows from Lemma 3.
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This paper deals with the Beltrami system with two characteristic matrices
and variable coefficients

D'f(x)H(x)Df(z) = J(z, f)*"G(x),

where the matrices H(z), G(z) € S(n) satisfy some conditions. A homoge-
neous elliptic equation of divergence type

DivA(z,Df(z)) =0

is derived from the Beltrami system by using the energy and variational meth-
ods. A regularity property is obtained by using the Div-Curl fields.
Keywords: Beltrami system, elliptic equation of divergence type, energy func-
tional, regularity, div-curl field.

AMS No: 30C65, 35J20.

1. Introduction and Statement of Result

Throughout this paper we let 2 be a cube in R™, n > 2, and o2 a cube
of the same center as {2 but o times smaller than Q, for 0 < ¢ < 1.
Consider a mapping f = (f!, f2,---, f") : 2 — R™. The Jacobian matrix

Df = or € R™" and it’s determinant J(x, f) are defined

95 )i j=1,n

almost everywhere in Q. Denote by D!f(z) and D~!f(x) the transpose
and inverse matrices of Df(x), respectively. For X,Y € R"*", the inner
product of X and Y is defined by (X,Y) = Trace(X'Y) = Trace(Y'X).
The Hilbert-Schmidt norm of the matrix X is then |X| = (X, X)1/2? =
(TraceX*X)Y/2. A basic assumption in this paper is J(z, f) > 0, a.e. €,
that is, f is sense-preserving.

We consider the Beltrami system with two characteristic matrices and

1The first author is partially supported by NSFC (No.10971224) and the second
author is partially supported by NSFC (No.11071012).
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variable coefficients
D'f(x)H(z)Df(x) = J(z, f)*/"G(x), (1.1)

where H(x),G(z) are measurable functions valued in the space S(n) of
positive definite, symmetric matrices of determinant 1, and satisfy the fol-
lowing elliptic conditions

ai(2)[€]* < (H(2)E, €) < Pi(x)lE, (1.
(

az(z)[nl* < (G(x)n, n) < Ba(x)lnl?,

1.
for all £,m € R, in which 0 < ay(z) <1 < f1(x) < 00 and 0 < az(z)
1< fa(x) < 00, ae. Q.

If f is a generalized solution of (1.1), then it transforms the infinitesimal
ellipsoid at z with the characteristic G(z) into the infinitesimal ellipsoid at
f(x) with the characteristic H(x).

If H(z) = Id, the identity matrix, then (1.1) becomes to the following
Beltrami system

2)
3)
<

D'f(x)Df(z) = J(x, /)" G(a). (1.4)

Its generalized solutions are called mappings with finite distortion. If, more-
over, ag(z) > ag > 0 and fz(z) < (2 < o0, a.e. €, then the generalized
solutions of (1.4) are called quasiregular mappings. Quasiregular mappings
were first introduced and studied by Reshetnyak in a series of articles that
began to appear in 1966. He used the phrase mappings with bounded dis-
tortion for quasireqular mappings. See also the monograph [1] for details.
Quasiregular mappings are interesting not only because of the results ob-
tained about them, but also because of the many new ideas generated in
the course of the development of their theory. For other related works on
quasiregular mappings, see [2-5|.

If n = 2, then set 2 = x1 + izg and f(2) = f(x1,22) + if? (21, 22),
(1.4) and (1.1) reduce to the following Beltrami equation with one and two
characteristic functions in the plane

fE: ,U'(Z)fza (15)
and o
fz=m1(2) f2 + p2(2) £, (1.6)

respectively, where the complex coefficients u, 1 and po are given by

u(z) = G11 — Gag + 2iG1o
Gi1+Gaa +2

G111 — Ga +2iGy2

~ Gi1+ Gao + Hiy + Hop' Ha(2)

b

_ Hay — Hyy — 2iHy
G114+ Gaoa + Hiy + Hop

pa(z)
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By the conditions (1.2) and (1.3), one can derive
lu(2)] < ki <1, (1.7)

and
11 (2)] + |p2(2)] < ko < 1. (1.8)

The equations (1.5) and (1.6) which satisfy the conditions (1.7) and (1.8)
respectively have been studied widely, see [6-8].

Beltrami system is important in modern geometric function theory and
nonlinear analysis. In recent years, the properties and some applications to
other fields of the generalized solutions of (1.1) and (1.4) have been widely
studied, see, for example, [9-12]. The study for the properties of generalized
solutions of (1.1) and (1.4) is difficult, the main reason for which is that
they are non-linear, non-uniform and over-determined.

In the present paper, we will have a further study of the generalized
Beltrami system (1.1). The main result is the following regularity property.

Theorem 1.1. If f = (f1,---, f") € WHn(Q,R") is a generalized solution
of (1.1) with Df € L™log"/" L(Q,R™*") and

79; € Expan (), (1.9)

for some v > 1, then Df € L™log®™ L(c§2,R™*"™) for any a > 0 and 0 <
o<1
For the notations used in Theorem 1.1, see Section 2.

2. Some Notations

In this section, we give some notations used in this paper.
If B:Q—R"™ and F : Q — R™ ™ are matrix fields on €2 such that

DivB = (divBy,---,divB,) =0,

and
CurlE=(curlEy, - - -, curlE, ) =0

in the sense of distributions, then the scalar product (B, FE) is referred
to as a Div-Curl product. Where, as usual, for the vector fields B; =
(B},---,B") and E; = (E},---,E"), i = 1,---,n, the “div’ and “curl”
operators are defined by

" 9B’ Yo Fk
diVBl = 672 , CurlEi — ( a 1 L) .
O Oz Oxj /jk=1,mn

j=1
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We investigate a class of Div-Curl fields F = (B, E), which is coupled by
the distortion inequality
BIP |E1
1Bl + L2 < k(z)(B,E), ae. in Q, (2.1)
p q
where 1 < k(z) < oo is a measurable function in Q and 1 < p, ¢ < 0o are
conjugate Holder exponents, % + % = 1. We shall also assume that

(B,E) € L'(Q). (2.2)

A continuous strictly increasing function ¥: [0, co] — [0, co] with ¥(0)
=0 and ¥(co) = oo is called an Orlicz function. If, moreover, ¥ is convex,
then it is called a Young function. The Orlicz space LY (£2) consists of all
measurable functions h on 2 such that

/ T\ Hh(x)|)dr < oo
Q

for some A = A(h) > 0. The Luxemburg functional

Ihllo = [hle = inf{A >0: f wotn) < wa)},
Q

where fﬂ stands for the integral mean over €2, is a norm provided that ¥
is a Young function, but it need not to be if ¥ is only an Orlicz function.

For ®(t) = t? log*(e 4+ t), where 1 < p < 0o and « is a real number, the
spaces L® are called Zygmund spaces and denoted by LPlog® L. For p > 1
and o > 0 the non-linear functional

|| 1/p
(1) 2o oge 1. = [/ AP log® (e—i— H
Q [172]]

is comparable with the Luxemburg norm via constants depending only on
p and a and not on €. Denote by Exp, (£2) the Orlicz space defined by the
function ®(¢) = exp(t”) — 1, where v > 0 is a real number. A basic result
is the complementary to tlog/” (e 4 t), v > 0, is the function exp(t?) — 1.

3. Some Lemmas

In this section we give some preliminary lemmas used in the proof of The-
orem 1.1. The following lemma comes from Lemma 2.1 in [13].

Lemma 3.1. Suppose H,G € S(n). For any A € R™*", we have

n™?|det A| < (AG™Y, HA)"/2,
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Equality occurs if and only if A" HA = |det A|*/"G.

The next lemma can be found in [Lemma 4.7.2, 3|.
Lemma 3.2. If f,g € WL(Q,R") and f = g, x € 9Q in the Sobolev
sense (abbr. g € f 4+ Wy (Q,R™)), then

/Q Tz, g) dz = / J(x, f)dz.

Q

Lemma 3.3. Suppose f = (f1, f%,---, f") € WH(Q,R") be a generalized
solution of (1.1) with Df € L™log"/" L(Q, R™ ") and (1.9) holds for some

v > 1, then
divA(z,Df(x)) =0 (3.1)

in the distributional sense, where A(xz, A) : @ x R™*™ — R™ "™ s given by
Az, A) = (AG™H HA) =22 F AG™1,

and the operator A satisfies
(i) Lipschitz type condition

z)\"/?
A(z, 4) — Az, B)| < (n— 1) (fixi) (141 + [B))" 2|4~ B.

(ii) Monotonicity condition

o n ((01(T) "/ n—2 2
(Ao )= Al B).A-B) =227 () A+ B) 14— 57,

(iii) Homogeneous condition
Az, tA) = [t|" %t Az, A), Vt € R.
Proof. For any g € f + W(}’"(Q,R”) with J(z,9) > 0 and Dg €

Lnlog'/” (Q,R™*™), we define the stored energy function E(z, Dg), where
E(x,A): Q x R"*™ — R is given by

E(z,A) = (AG™', HA)"/?2.

Our nearest goal is to show that E(z, Dg) is integrable. To this end, notice
from the assumptions (1.2) and (1.3) that

. n/2
|E(z, Dg)| = <DgG‘17HD9>”/2‘ < (%) |Dgl".
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Since

_|Dg|™

Dgn :/ Dg"logl/v< dx
1Dg" 1ogrr . = | 1Dgl \||Dg| ||1
/ D] ||Dg||n

<“1”/ [Dg|" log""" (” D] )
n

= 0"V [|Dgl] o 1ogr/n 1, < 00,

then |Dg|" € Llog"/" L(Q,R). This implies that E(z, Dg) is integrable
3 n/2 8 3 n/2
due to the facts that (az($)) < (M) € Exp,(Q2) and the

1(w) ai(z)az(z)

complementary to tlog!/” (e + t) is the function exp(t7) — 1.
We define the energy functional of g by

S[g]:/QE(:L',Dg)d:E.

By Lemma 3.1, the energy £[g] of g is non-negative. In the following, we
prove that the generalized solution f of (1.1) takes the minimum value
under the same boundary conditions. In fact, (1.1) implies

(D'f(z)H(x)Df ()G (x), Id) = J(x, f)*"(1d, 1d).

Thus
(Df(x)G™! (), H(z)Df(@)"* = n"/2J(x, f). (3.2)
By (3.2), Lemmas 3.2 and 3.1, we have

E[f]:/Q<DfG*1,HDf>”/2dx:n"/2/QJ(x,f)dx

:n"/2/ J(x,g)dxé/<DgG‘17HDg>”/2dw=5[g]~
Q Q

For any ¢ € Wy (€, R") and ¢ € R, one has

Ef +te] > E[f].

Thus ¢t — E[f + ty] take its minimum value at ¢ = 0. Therefore

dEIf + ty)]

7 =0.

t=0
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An easy calculation yields

dE[f + ty)]
dt

:/<<DfG*1,HDf><"*2>/2HDfG*1, D) dz=0. (3.3)
t=0 Q

This is nothing but the definition of solutions of (3.1) in the distributional
sense.

In the following, we derive the conditions for the operator A(z, A). By
H = OiT%0:, G = 0iI'y0,, T = diag(y*(z),7*(x), -,y (x)), T2 =
diag(v1(z),72(), -, n(x)), (1.2) and (1.3), we know /a;(z) < 7i(x) <
VBi(x), /1/B2(z) < vi(z)™! < \/1/as(z), i = 1,2,---,n. By a basic

inequality, see [(35), 12]

IEP2E—|¢P2¢| < (p— 1) (JE+IC)P 2| ¢, V&, C € R™ T p > 2,

we can derive that
Az, 4) = Atz B)

= [(AG~Y, HA)"=22HAG~' — (BG~',HB)"~2/2HBG~!

- ﬁ(wmmw—wm@
—|\/FB\/F|"—2\/FB\/F>\/F
(n—1)/ iiz; <\/EA\/G1+|\/EB\/G1|>

n/2
<(n- 1)(ﬂl<x>az<x>) (IA]+ 1B/ - B|.

n—2

IN

VH(A-B)VG1

This is the Lipschitz type condition. By another basic inequality

(€ ~ 161G, €~ €) > S8l + e — 2, Va > 0, &, e R,

one can derive that

<A($,A) - .A(Jf, B)7 A— B>
= <<AG*1, HA>(”*2)/2HAG*1—<BG*1,HB>(”*2)/2HBG*1,A—B>
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(WHAVGT|"2VHAVGT
WHBVG|"2VHBVGT, VH(A - B)\/G—1>
L (WHAVG "2+ [VHBVGT"2 ) [VH(A-B)VG1P

Y

1 041(:17) n/2 n—2 n—2 2
> 1 (SN B 14 -
on [ 01(2) "2 n—21 4 _ n|2
> (SHE) (Al + B2l - B,

This is the monotonicity condition. By the definition of A(x, A), one can
easily derive the homogeneous condition. The proof of Lemma 3.3 has been
completed.

Lemma 3.4. Let F = (B,E) be a Div-Curl field verifying (2.1). If
k(xz) € Ezp,(Q) for some v > 1, then B € LPlog” L(c©Q,R"*") and
E € Lilog® L(eQ,R™™™) for any « > 0 and 0 < o < 1. Moreover for
any a > 1,

IBI + 1B L 1oge=1/7 Lio) < l{Bs B L10ge-1 L)

where ¢ = C(UJ?’ a, n, ||k||Eacpw(Q))'

The difference between Lemma 3.4 and Theorem 1.1 in [14] is that the
vector fields B, E € R™ are replaced by matrix fields B, E € R"*". The
proof of Lemma 3.4 is almost the same as in [14], thus we omit the details.

4. Proof of Theorem 1.1

In the following, we will derive that the conditions in Lemma 3.4 are
satisfied, thus Theorem 1.1 follows from Lemma 3.4. Let £ = Df and
B = (DfG~Y,HDf)"s* HDfG~1. It is obvious that CurlE = 0, and the
fact DivB = 0 follows from Lemma 3.3. Thus F = (B, E) be a Div-Curl

field. By Lemma 3.3 again, we have

|B[* = DS,
|BI7T = [(DFG™', HDf)*>" HDfG™'|77 < <5l(z)>2 DI,
as(z)

and since

n

(B,E) = E(z,Df) > (;;g;) \Df|",
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then
Bl (B
+
n/(n—1) n

< k(z)(B, E),

where

N3

|
IN

k(z) = (n—1) (gggi)) +1 <51($)ﬁg(m)

aq(x) 3 al(I)O@(I)
" (ﬁzm)

Theorem 1.1 follows from Lemma 3.4.

n/2
) € Exp, (Q).
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a class of nonlinear equations involved nonhomogeneous items.
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1. Introduction

Recently, that Caccioppoli type estimate were established for the so-called
nonlinear A-harmonic equations of homogeneous items (see [1-8]). In this
paper, based on using the Hodge decomposition of disturbed vector fields,
we shall consider a class of nonlinear equations of divergent type involved
nonhomogeneous items.

Before embarking on the discussion we refer to some notations we shall
use. Throughout this paper, ) will denote an open, connected subset of R™,
and F is a closed set of zero Lebesgue measure in R™. We denote Sobolev
space of weakly differentiable functions defined locally on € as Wli’f (Q), and
its differential Vu € L} (). In order to avoid some technical difficulties
related to the imbedding theorem, we shall illustrate our approach only for
p smaller than the spatial dimension of €.

Definition 1. A compact set £ C R™ is said to have zero r-capacity for
1 < r < n, if for some bounded domain 2 containing F, there exists a
sequence {pi(z)}, k =1,2, ..., of functions ¢ (x) € C5°(£2), such that

(1) 0< @ <1

(2) each pg equals to 1 on its own neighborhood of F;

(3) limg—oo [[Vr|r = 0; limg— oo o = 0 for every z € Q\ E.

1The research supported by Natural Science Foundation of Hebei Province
(A2010000910), Projects of Hebei Province Education Department (Z2010261) and
Tangshan Science and Technology Projects (09130206¢).
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A closed set E C R™ has zero r-capacity, if every compact subset of F
has zero r-capacity.

This definition of a set of zero r-capacity coincides with the customary
one. Notice that forr =p—¢,0 < e <1, a closed set E C R” of Hausdorff
dimension dimg (E) < € has zero r-capacity.

We shall study this problem for very weak solutions of PDEs of divergent
type with nonhomogeneous items, which is also called A-harmonic type
equations. It is necessary to impose some assumpations near the singular
set for the very weak solution u(x) and its gradient Vu is as follows.

Du = —divA(z, u, Vu) + f(z) = 0. (1.1)
Let the operators A : R™ x R™ — R”™ be a measurable mapping satisfying

(i) (A(z,u, Vu), Vu) > a|Vul?;

1.2
(i) |A(z,u, Vu)| < b|VulP~t + clu|® + g(=); 12)

where a,b, ¢ (0 <a,b,c<oo0) are constants, g(x) is a nonnegative function
satisfying g(z) € L7 1(Q), and f(z) € L7@-D+ (Q). The nonnegative
constant s satisfies 0 <s < %. A function u of Sobolev class W7 (Q)
for 1 < r < p is said to be a very weak solution, if

/ (A, u, Vu), V(a))de = / f(@)n(x)de (13)
Q Q

for all test functions n(z) € Wol_m(Q).

Note that the very weak means that the Sobolev integrable exponent
r of u can be smaller than p.

In order to investigate removable singular sets, it is important to con-
sider very weak solutions of A-harmonic type equation (1.1). This makes
the problem more difficult, because the very weak solution and its mod-
ifications cannot be used test functions (1.1). In the following, we shall
make use of the estimates of so-called Hodge decomposition of disturbed
vector fields, see [4-5]. To this effect our first result is the following weaker
estimate of Caccioppoli type.

Theorem 1.1. (Caccioppoli type estimate) There exists py = po(n,p, a,b)

€ [%,p), such that every very weak solution of A-harmonic equa-

tions (1.1) in Sobolev class WliZ(Q) with pg <1 < p satisfies

leVaullyde < Cnp,a,b) (V6 @ (u = )l + lg(@) | 72!

L . (1.4)
HF @I L+ IVullZ ),

—1
n
np—D+r
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for all test functions ¢ € C§°(QY), the exponent p = —25— < r. Further-

np—n-+sr

1 . . . .
more, u € W, P(Q) is classical weak solution in the usual sense.

2. Proof of Theorem 1.1
Proof. Fixed Ry : Ry < d = dist(zo,90) for all zy € 2, we denote
Bgr = BR(.’L'O) = {.’)3||$ — .%‘0| < R},

and
1

uR = /BR u(z)dr = BR| - u(x)

for any 0 < R < Rg. Let u € WY (Bg), r = p — € for some 0 < ¢ < 1,
and ¢(z) € C§°(Br). Let C denote a constant (not necessarily the same at
different settings). By making use of so-called Hodge decomposition acted
on a perturbed vector field

IV(e(u —ur))|""V(p(u—ur)),

we have
IV(e(u—ur))| *V(p(u—ugr)) = Ve + H, (2.1)

where H € LT=(Bg) and ® € Wol’i(BR). Moreover, the following
estimates are valid

[H | =, < CellV(p(u—ar))l: 7, (2.2)

and

IVe|| = < CIV(p(u—ar))ll: ™, (2.3)

1—

where C' = C(n,r, Ry) are independent of €, also see [2-3]. Write
E(p, Vu) = |pVu|“pVu — [V(o(u — ur))|""V(p(u — ur)),

then we derive

25(1+¢)

E <
I, V)l < =

IV @ (u—ag)|' = (2.4)

A rather remarkable technique is that ® in the Hodge decomposition (2.1)
will be used as a test function. Then, the A-harmonic type equation (1.1)
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becomes

/B (A(z, oVu), |pVu| " pVu)dzr
= [ (A0 V(= )V (ol — )
+/ (A(z, oVu), E(p, Vu))dx
Br
:/ <A(x7aqu),V<I>>dx+/ (A(z, pVu), H)dx
Br Br

+ / (A(z, pVu), E(p, Vu))dx
Br

= (x)®dx —|—/ (A(z, oVu), H + E(p, Vu))dz.
Br Br

By the conditions (1.2) imposed on the operators A, we have

a |¢Vu|p*5dz§/ loVu| = (A(z, pVu), pVu)dz
BR BR

:/B (A(z, pVu), |eVu| pVu)dx
< [ 1@iois
+/ Az, oVu)|(IH] + |E(p, Vu)|)dz (2.5)
Br
< |f($)||@|d$+/ 9(@)(|H|+|E(p, Vu)|)dx
Br Br

b / OVulP~ (| H| + | E(p, Vi) )de
Br

te / ul* (H| + |E(p, Vu)|)d.
Br

On the basis of the Holder inequality and the inequality (2.4), we can obtain

1—e

a/B loVulP = dz < [|f (@) [®llg + blloVul2™" | H]|
R

_|_

2¢(1
( +5)b/ [oVulPTH Ve @ (u—ag)|'~da
1—¢ Br
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2°(1+¢)

+———b [ g(@)|Ve® (u—1ug)|' “dx
1—¢ Br
+bllg(@)]l = or (2.6)
2¢(1
—&—7( +E)C/ \u|S|Vg0®(u—ﬂR)|1_5dx,
1—¢ Br

n-—
where ¢ = ——— and t = @ > 1 satisfying + + pT_l =1.
n—1= / ?
Applying Poincaré-Sobolev’s inequality to @, u, and the estimate items

of the Hodge decomposition in (2.2) and (2.3), we have

[ oVulP=dz < C||f(2)]|_c V[l = +ClleVull?™ [ H| =

Br

+COlleVull2~ [V ® (u — )1
+0)lg(@)] =,
+0g(x)

o Vi ® (u— an)||i

S
sT
p—1

r [Ve ® (u—ag)|t*

e

+C’Hu

"o Vo ® (u—ar)ll

CIIf(:v)Ilptj IV (o (u - aR>>||i-f
+CellpVull2 Y|V (o (u — )2
+COllpVulE Ve ® (u - ar)||:~
+Cellg(@)]] =, ks
+C)lg(@)] =, (u— ) 1
+Ce| Va3V (p(u — ar)) |1
+OVulz Ve ® (u - a2~

+C’Hu

IN

(p(u —1ur)

no—1 nsr
where p = —2 Slr = .For0<s< (p 1)
n+ = np—n-+ sr

, then p < r. Since

IV(e(u=ar),* = Ve ® (u—tr) + ¢Vull,~*

= 1—e 1—e (28)
< IV (u—ar)l;" +lleVul;

for any 0 < ¢ < 1. Hence
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alleVull; < C[f(x)

| (IVe @ (u—ar)lly =" + oVl ™)
+CellpVull™ (IVe ® (u — ar)ll,~° + lleVull, ™)
+ClVull Ve ® (u — ar)ll

+Cellg(@)ll = (IVe @ (u— g~ + loVul, )

+Cllg(@)ll = Ve ® (u—ar)r~*

+Ce||[Vull; (IVe @ (u = ar)ll; = + oVl ™)
+CIVul3IVe ® (u —ar)|, "

Applying Young’s inequality |ab| < 8|a|7—T + 5= |b|7== for any & > 0 to
the right hand side of the above inequality, we derive

alleVull;

< Caillf @72+ ClIVe © (u—ag)lly + Cllf ()] 222

p—

+Co||pVully + Ceds||pVull; + Cel|Ve © (u —ag)l;
+CelleVull; + CosllpVullz + ClIVe ® (u - ur)|;
+C(e + 1)ds]lg()|| 72 + Cle + DIV ® (u—ur)|;

T

+Ce|lg(x)|| Zi + Cedg|leVull, + Ce + 1)(57||Vu||z§’f1
+C(e + 1)V @ (u = @)} + ClIVul|J + CedsoVull;
< C(IF @7 + lg@)IZL) + CIVe ® (u - an)ll;

+O||VUl|Z™T + C (82 + €85 + € + 64 + £06 + £85) | oVl

Now, let us take s, d3, dq, dg, g and € to be small enough, such that
C(02 + €03 + & + 04 + €6 + €dg) < a,

then we get

levully < € (IF@ITE + @2 ) + CIVe ® (u - an)l;

-|-C’||Vu||l'5;f1
o _ (=g _ (p=nr _ nr
for all v e C§ (B;LZE«, where t = ’;_1‘1 = n&_l)w = oo > 1,
npbfl

= < r. This completes the proof of theorem.

ﬁ: ST
n"tET np—n+sr
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The purpose of this paper is to discuss the relations between (K1, K2)-
quasiregular mappings on Riemannian manifolds and differential forms. Two
classes of differential forms are introduced and it is shown that some differen-
tial expressions connected in a natural way to (K1, K2)-quasiregular mapping.
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1. Introduction

We first introduce some notations and symbols used in this paper. Most
of them can be found in [3]. We list them all here for completion of this
paper. Let M be an n-dimensional Riemannian manifold with boundary
or without boundary. Throughout this paper we assume that the manifold
M is orientable and of class C3. By T (M) we denote the tangent bundle
and by T,,(M) the tangent space at the point m € M. For each pair
of vectors z,y € T,,(M), the symbol (z,y) denotes their scalar product.
Below we shall use standard notation for function classes on manifolds.
Thus, for example, the symbol L} (D) stands for the set of all Lebesgue
measurable functions on an open set D C M, locally integrable to the
power p(1 < p < oo0) on D. The symbol VV;f(D) stands for the set of
functions that have generalized partial derivatives in the sense of Sobolev
of class L} (D). Let M and N be Riemannian manifolds of class C*, k > 3,
and F': D — N, D C M, a mapping. We shall say that F' € L¥ (D), if for

loc

an arbitrary function ¢ € C°(N) we have ¢o F' € L (D). The mapping F
is in the class W,2P(D), if po F € W,2P(D) for every ¢ € C1(N). Let V(M)
be a vector bundle on M. Let in the elements of this bundle be given an
Euclidean scalar product and let the linear connection on V(M) preserve
this scalar product. In this case we may say that V(M) is a Riemannian
vector bundle over M.

By A"(M) and Ap(M) we denote Riemannian vector bundles
A (T (M)) and N (T (M)). The sections of these bundles are the fields
of k-covectors (k-forms) and k-vectors.

Let z',22,---,2™ be local coordinates in the neighborhood of point
m € M. The square of a line element on M has the following expression
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in terms of the local coordinates z!, 22, -- -, z™:

d82 = Z g”d.’tzd.’b‘]

4,j=1

By the symbol ¢% we shall denote the contravariant tensor defined by
the equality g**)(gr;) = (0%), i,j = 1,---,n, where 6! is the Kronecker
symbol.

Each section « of the bundle A*(M) (that is a differential form) can

be writen in terms of the local coordinates z!, 22, - - -, 2™ as the linear com-
bination
a= E ardry = g iy dTV N - N da'E
Ien(k,n) 1<ip < <ip<n

where we have denoted by A(k,n) the set of all ordered multi-indices I =
(i1,19,- -, 1) of integers 1 < iy < -+ < i < n.

Let « be a differential form defined on an open set D ¢ M. If F(D)
is a class of functions defined on D, then we say that the differential from
« is in this class provided that oy € F(D). For instance, the differential
form « is in the class LP(D), if all its coefficients are in this class.

The operator * : A¥(M) =A™ "¥(M), called Hodge star operator has
the following properties: If o, 3 € /\k(./\/l)7 and a,b € R, then

*x(aa +bB) =axa+bxf.
For every w with degw = k, we have
*(kw) = (=1)kr=kyy,
Let w be a differential form of degree k, we set

* Lt = (=1)FR) o,

The operator 1 is an inverse to x in the sense that x~!(xw) = x(x"1w) =
w. The inner or scalar product has the usual properties of the scalar

product. We set
(0, B) =~ {a,%6) = *(a A %B).

A differential form w of degree k is called simple, if there are differential
forms a4, ..., a1 of degree 1 such that

w=a1 N...N\ag.
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We note the following useful property of the Euclidean norm: If o, 8 €
A*(R™), then
lan Bl < |alld],

if at least one of the differential forms «, § is simple.
If a(dega =k, 0 < k <n) is a differential from, whose coefficients are
in CY(M), then da, deg(da) = k + 1, denotes its differential defined by

da = Z day Ndxg.
Ien(k,n)

The differentiation is a linear operation for which the following proper-
ties hold:

If  and (8 are arbitrary differential forms that are differentiable in a
domain U C M, then

(i) d(a A B) =da B+ (—1)kaAdB,

(i) d(da)) =0,
where k = deg(w) is the degree of the differential form c.

The operator x and the exterior differentiation d define the codiffernetial
operator d* by the formula

d*a=(-1)"+tdxa

for a differential form « of degree k. Clearly, d*« is a differential form of
degree k — 1.

2. Differential Forms on Riemannian Manifolds

Definition 2.1. A differential form « of degree k on the manifold M with
coefficients ay, ...;, € LT (M) is called weakly closed, if for each differential

loc

form 3, degf8 = k + 1, with

suppBNIM = ¢, suppf={meM:3#0} C M,

and with coefficients in the class Wlig(./\/l), (% + % =1,1<p, qg<c0), we
have

/ (a, d*B)dv = 0. (2.1)
M

We next introduce two classes of differential forms with generalized deriva-
tives. These classes can be used to study the associated classes of (K1, K2)-
quasiregular mappings.

Definition 2.2. A weakly closed differential form

we LP

loc

(M), degw =k, 0<k<n,p>1 (2.2)
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is said to be of the class W71 on M, if there exists a weakly closed differ-
ential form

1 1
Ll (M), deg=n—Fk —+-=1, (2.3)
p g
such that almost everywhere on M, we have
[w]? < vy {w, *60) + va, (2.4)
and
v3]0] < JwlP™ (2:5)
is satisfied, with constants v1,vs,v3 > 0.
Definition 2.3. A simple differential form
w=wi A Awg, w; € L) (M), 1<i<k (2.6)

is said to be of the class W75 on M, if there exists a weakly closed dif-
ferential form (2.3) such that almost everywhere on M the inequality (2.5)
holds and

|w||*? < vy(w, %) + vs (2.7)

is satisfied, with constants vy, vs > 0.

For an arbitrary simple differential form of degree k
wzwl/\.../\wk,
we set

k
ol = (D el )12,
i=1

For a simple differential form w, we have Hadamard’s inequality

Taking these and using the inequality between geometric and arithmetic
means

k k k
1 1
(Tl < 23 il < (3 )72,
i=1 i=1 i=1
we obtain
] < k=H2 (2.8)

Theorem 2.1. The following inclusion holds between these WT -classes

WTo C WT.
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Proof. From (2.8), we easily obtain

lw|P < kp= 2 ||w|[kP < kp= vy (w, «0) + kp~ P 2y

3. (K1, K3)-Quasiregular Mappings

Let M and A be a Riemannian manifolds of dimension n. A mapping F :
M — N of the class W}, (M) is called a (K7, K3)-quasirgular mapping,
if I satisfies

Jloc

|F' (m)|" < K1Jp(m) + Ko, (3.1)

almost everywhere on M. Here F (m): T,,(M) — T, (N) is the formal
derivative of F(m), further, |F'(m)| = max||—1 |F'(m)h|. We denote by
Jr(m) the Jacobian of F' at the point m € M, i.e., the determinant of
F'(m).

If F: M — N is a quasiregular homeomorphism, then the mapping F
is called quasiconformal.

Let A and B be Riemannian manifolds of dimensions dim A = k,
dimB =n — k(1 < k < n), and with scalar products(, )4, (,)s, respec-
tively. On the Cartesian product N'= A x B, we introduce the natural
structure of a Riemannian maniflod with the scalar product

<’>:<’>A+<a>5'

We denote by 7 : A x B — Aandn: A x B — B the natural projections
of the manifold A onto submanifolds.

If wy and wp are volume forms on A and B, respectively, the differential
form wy = w4 A n*wpg is a volume form on N.

Theorem 3.1. Let F: M —N be a (K1, Ks )-quasiregular mapping and let
f=moF : M— A. The differential form f*w_4 is of the class WT1 on M
with the structure constants p = n/k, v1 = v1(n, k, K1), va = va(n, k, Ks)
and vz = v3(n, k, K1, K3).

Remark 3.1. From the proof of the theorem, it will be clear that structure
constants can be chosen to be

—k
VvV = (k+ %)771/271”/2}-{1,1/2 = (k —+

n— k),n/znn/QKQ’ vs = ankv

where ¢ = ¢(k,n, K1, K>), and ¢ = ¢(k,n, K1, Ks) are, respectively, the
greatest and least positive roots of the equation

(k,£2 + (n _ k))n/Q _ nn/2K1§2 _ ’I’Ln/QK2|g*wB‘_"/(n_k) =0. (32)
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Proof. Setting g =noF: M — B, we choose § = g*wg. The volume form
wpg is weakly closed. In fact, if the mapping g is sufficiently regular, then

db = dg*wp = g*dwp = 0.

In the general case for the verification of condition (2.1), we approx-
imate the mapping g : M — B in the norm of W} by smooth maps
g1 (I =1,2,---). Because condition (2.1) holds for each of the differential
form gfwg, it must hold also for the differential form g*wg.

The weak closedness of the differential form f*w 4 follows similarly.

Fix a point m € M, in which the relation (3.1) holds. Set a = f(m),b =
g(m). Then

TF(m) (N) = Ta(A) X Tb(B).

The computations can be conveniently carried out as follows. We first
rewrite condition (3.1) in the form

|F' (m)[" < Ky |[Frun| + Ko, (3.3)

where wys is a volume form on N.

For the point a € A, b € B, we choose neighborhoods and local systems
of coordinates y',---y*, and y**! ... y", orthinormal at a and b, respec-
tively. We have

frwa = frldy't A ndyF) = frdyt A A frdy®
:dfl/\-“/\dfk, fi:yiof, i=1,---,k;.

Because the differential form w4 is a simple, we obtain by the inequality
between the geometric and arithmetic means

k k
1 4
IdflA-~-Adf’“\1/’“§(H|dfl EZ Z\dfﬂ%”? (3.4)
i=1 i=1 i:l
Similarly
[dg" Tt A A dgn YT < ( Z g2 (3.5)
1=k+1

It is not difficult to see that
Frwpy = F*(m"wa An*wg) = ffwa A g*wp = ffwag A0,
and further that

[Frun| = | f*wa A grws] < JdfY A AdfFlldg" A= A dg?].



192 Zhi-Yua Gu and Xiu-Yin Shang

We have .
[dF? =" ldf 1P+ > Jdg'? < nlF' .
1=1 1=k+1

Therefore we get from (3.3), (3.4) and (3.5) that

(k| f*wal?* + (n — k)|g*wp|¥/ (n=F))n/2

k n
= Q_ldf' P+ Y ldg')"?
i=1

i=k+1
< (nlF P2 = BIE < R F ] + Ko)
= n"2K | |Frwn| + n 2Ky = 02K (f*w 4, x0) + n"/?K,.

Set
B |f*wA|1/k
§= Ig*wg| =R

The preceding relations takes the form

(K& + (n — k))"/?

(3.6)
< n”/2K1 <f*wA7 *0>|g*w3‘—n/(n—k) 4 n"/2K2|g*w3|_"/(”_k)7
or takes the form as
(k&% 4+ (n — k)2 < 2K 68 + 02 Ky | g*wg| ™V (R, (3.7)

Using the notations ¢ and ¢ for the least and greatest positive roots of
equation (3.2), we have ¢ < ¢ <€, and
Q|g*w6|1/(n—k) < ‘f*wA|1/k < E|g*’w3‘1/(n_k). (38)

From (3.8) it follows that
R0 < [l
As above, from (3.6) it follows that

n

—k
|Frwa™* < (k+ ——) "2 (0" 2Ky (f*w.a, x0) + "2 Ky).

That is .
n—
| frwa|™/* < (k—i—E—z)_"/Qn"/QKl(f*wA,*G)
—k
C
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Thus condition (2.4) for the membership of the differential form f*w4
of degree k in the class W7 is indeed satisfied. This ends the proof of
Theorem 3.1.

Let y', - - -4* be an orthonormal system of coordinates in R¥, 1 < k < n.
Let A be a domain in R* and let B be an (n — k)-dimensional Riemannian
manifold. We consider the maniflod N'= A x B.

Let F = (f'f%---,f%g) : M — N be a mapping of the class
Wﬁ 1oe(M) and g = no F as defined above. We have f*w4 = df' A---Adf*.
Theorem 3.2. Let F be a (K1, K3 )-quasireqular mapping. Then the dif-
ferential form f*w 4 is of the class WT 5 on M with the structure constants
p=n/k,vy=v4(nk, K1, Ks) and vs = vs(n, k, K1, Ks).

Remark 3.2. We can choose the constants v, v4, v5 to be

1 1
V3 = C?ik, Vy= (34—1)_”/27’)/"/2[(1, V5=(§+1)_”/2n"/2K2,
‘1 ‘1

where ¢; is the least and ¢ the greatest positive root of the equation

(§2+1)"/2 _k—k/Q(n_k)—(n—k)/an/QKlgk

_nn/QKQ( Z |dgi‘2)—n/2:0.
i=k+1

(3.10)

Proof. In contrast to the previous case, the k-form f*w_4 has now a global
coordinate representation. Because the earlier arguments had local charac-
ter, they are applicable to the present case,too. As in the previous case we
can choose § = g*wp. Condition (2.5) holds with the same constant. We
now proceed to verify condition(2.7).

Combining (3.3), (3.4) and (3.5), we get

k
SCFE+ Y g2 < (lF P = 2|
=1

i=k+1
2Ky |[F*wp| + Ko) =n" 2Ky |F*wy| + n"/? Ky

IN

< PRy df A A dfk||dgk+1 A Ndg"| + 0" Ey
< nn/2K Z|d]m k/2 Z ‘d (n— k)/2+nn/2K2
z k+1
_ k—k/Q(n_k)—(n—k)/an/QKl(Z |dfz‘2)k/2(z |dgi|2)(n—k)/2_~_nn/2K2.
i=1 i=k+1

Hence we have
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DY Y
C=r )

Moreover we can get
(52_’_1)71/2 gkfk/2(n_k)f(nfk)/2nn/2K1£k+nn/2K2( Z |dgi|2)7n/2.
i=k+1

If ¢, and ¢, are, respectively, the least and greatest of the positive roots of
(3.10), then

n k n
al D g2 < Qo1 )2 < Y Idg')V2 (311
i=k+1 i=1 i=k+1
From the relation (3.3), it follows that
1 b 1 b
- 1n/2 di2n/2< - 1 di2 n/2
(6%+) (;lﬂ) _((€2+)(;\f|))
k . n 4
= OQ_ldf' P+ Y ldg')" " <nPF
i=1 i=k+1

< 2K | Frun| + Ko) = 0™ 2 (K (f*wa, %0) + n"/? K.

That is

1 -n n * 1 —-n n
[ffwal™ < (% + 1) PP K (frwa, +0) + (g +1)7 22K,

which guarantees the truth of (2.7).
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This paper deals with the Beltrami system with three characteristic matrices
in even dimensions

D'f(z)H(z)Df(z) = Jﬁ (2)G(z) + K(z) D' f(z) D (x). (%)
An elliptic equation of divergence type
divA(z, Vu) = divB(z, Df)
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H(z),G(z) € S(n) and K(x) of diagonal and positive.
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1. Introduction

Let Q be a bounded domain in R™, n > 2. Consider a mapping f =

i

(1S f™)E Wil (R™). Denote by Df () = (g5-)1<ij<n and Jy(2)
= detDf(z) the Jacobian matrix and the Jacobian determinant of f, re-
spectively. Denote by D! f(z) and |Df(z)| the transpose and the norm of
Df(x), in which |Df(x)|?> = tr(D'f(z)Df(x)). In this paper, we also need
another norm of Df(z), denoted by |D f(z)|2, which ia defined by

[Df(x)]2 = sup [Df(x)hl, (1.1)
|h|eS™

where S™ denotes the unit sphere in R". The two matrix norms satisfy
1
[Df(z)l2 < [Df(x)| < nZ|Df(x)ls. (1.2)

In this paper, we always assume that f is orientation-preserving, i.e.
Ji(z) >0, a.e. Q.

Definition 1.1. A mapping f: Q — R"™ is called K-quasiregular mapping,
1 < K < o0, if f(x) satisfies
(1) f € W (R™);

(2) IDfI" < KJg(z), a.e.z € Q.
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If f is also homeomorphous, then f is called quasiconformal mapping

(see [1]).

Beltrami system with one characteristic matrix

D' f(@)Df(x) = J} (2)G(a), (1.3)

and Beltrami system with two characteristic matrices

D' f(a)H(z) Df () = J} (2)G(x) (1.4)

are relevant with quasiregular mappings, in which G(z), H(z) € GL(n) are
n X n matrices: positive, symmetric with determinant 1, and satisfy the
following conditions

al‘ §|2 é <G({E)€,§> S ﬁl‘ £|27 0 S a1 S /81 < o, 0 7é 5 S Rnu (15)

az| n|? < (H(x)n,m) < Bo| m)?, 0<az < fBa<oo, 0#n€R™.  (L.6)

From calculation, if f(z) € VVllocn(Q R™) is a generalized solution of
(1.4), then f(z) is (g—l) -quasiregular mapping (see [2]).

In complex plane, ‘the study of the property of the solutions of Beltrami
systems with one characteristic matrix and two characteristic matrices is
very important and we have derived embedded and systematic results. How
to generalize the results in two dimensions to high dimensions, the allied
sufficient conditions and the regularity of solutions are problems which is
the mathematicians are studying all along (see [3-5]). In this paper, we
consider the Beltrami system with three characteristic matrices in even
dimensions

D'f(x)H(z)Df (x) = in (2)G(z) + K(2)D' f(z)Df(x).  (L.7)

In the following, we will translate (1.7) into an elliptic equation of diver-
gence form

divA(xz, Vu) = divB(x, Df). (1.8)

Because divergence form elliptic equation is important for the study of
quasiregular mappings, this paper constructs a bridge of (1.7) and quasireg-
ular mappings, such that we study the theory of quasiregular mappings with
the way of partial differential equations.

n (1.7), G(z), K(x) € GL(n), H(z) is positive and diagonal matrix,
and satisfy

(i) a1] €* < (G(2)§,6) <

(i) ao| 0> < (H(z)n,n

(iii) a| (€, Q)] < (K(x)
where 0 # £, n,( € R™.

Bil €2, 0 < aq < By < o0;
>§ 5| 1%, 0 < ag < Ba < o0;
§C><ﬁ3| <£a<>|70§a3§/63<00a
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From direct calculation, if f(z) € WZIO’C"(Q,R”) is a generalized solu-

1 n—2
tion of (1.7) which is satisfy (1), (ii) and (iii), then f(x) is a 3 2a=fiy -
aZ 277 3,
quasiregular mapping. ’ ’
Definition 1.2. If for every testing function ¢ € W, " (9, R"), which has

compact supports, we have
| (42,90, 96z = [ (B, Df), Voyda. (19)
Q Q

then u = f! is the weak solution of the elliptic equation (1.8).
The main result is the following theorem.

Theorem 1.1. Assume that f(z)(€ WEr(Q,R"),n = 2k, k = 1,2,...)
is a generalized solution of (1.7), which is satisfy (1), (ii) and (iii
u= fl(1=1,2,..n) are weak solutions of (1.8)

divA(z, Vu) = divB(z, D f),

in which

(G~ (2)Vu, Vu)
HI(z) )

B(z,Df) = Bi(x,Df)+Ba(z, Vu)+ Bs(x, Vu),

Bi(w, Df) = (H"(x)— H"(20))Jy () D" f (x)e",

n—2
2

Az, Vu) = ( G~ (z)Vu,

Ba(a, Vu) = H'(2)J,7 ()G~ (2)K (2)Vu(z),

. ~Hx)Vu, Vu
Bs(z,Vu) = Z(_l)pﬂcfﬂdg ;l)l(vm)’v >)k_1_p

x (G~ (2)K (2)Vu, Vu)P G~ (x)Vu,

where H'(x) denotes the Ith element of main diagonal line in H~'(z),
I=1,2,-.n.
In the proof of the theorem 1.1, we need the following lemma, see [10].

Lemma 1.1. For quasiregular mapping f(x) € VVL”(Q7 R™) and arbitrary

loc
constant vector a € R™, in distribution meaning, we have

div{J¢(z)D~* f(z)a} = 0. (1.10)
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2. Proof of Theorem 1.1

Proof. From the Beltrami system with three characteristic matrices (1.7),
we have
n=2 n=2
Jp(@) D7 f (z) =T ™ (2)G~ Y (2)D'f (x)H () —J (w)G_l(x)K(x)th((x))
2.1
From (1.12), for arbitrary constant vector a € R™, we have

div{J; ™ ()G~ (2)D'f () H(x) - a—J, " ()G (z)K (x)D' f () - a} =0.

(2.2)
Taking zg € U, assume {e!,e?,--- e"} is a set of standard orthogonal basis
in R". Let a = H™ ! (20)e!, 1 =1,2,---,n. from(2.2), we have
n—2
div{J; ™ ()G H2) [V fY(z) + D (z)(H (x)H (z0) — Id)él) 23)
n—2 .

—J;" (2)G~Y(2)K (z) Dt f(x) H ' (20)e!} = 0,
From (1.7), we also get

J7 (2)H " (2)=Df ()G (@) D'f (x)~Df ()G~ (2) K () D' f () H " (a),
(2.4)
Consider the Ith element of diagonal line in (2.4), we get

<Jf% (z)H N (2)e!,e') = (Df(x)G~ () D" f(x)e!, e)
(=Df(x)G~'(z)K () D" f(x)H ' (x)e', '),
namely,
J7 (@) HY (2) = (G~ (2)D* f(x)e!, D' f(x)¢)
—H"(2)(G~Y(x)K (z) D! f(z)e!, D' f(x)e!) (2.5)
= (G Ha)VfL V) = H' (2)(G (@)K (2)V ', V).

Since H(z) satisfies (ii), we have

1 ~ 1 .
—| 0 < (H *z)n,n) < —| n>, 0#n€R"
52 a2

Ith
PN
Taking n = e = (0,---,0," 1 ,0,---,0)*, then
1 1
— < H%z) < —, 2.6
S SH'@ < 20
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and
5 1)V LT f
s = EEEID (6 @R @Y. @)
From (2.1), (2.7) and (2.3), it follows

T ! ! n—2
(LTI (6o )91, 9 1) 6 @ v
@)D )47 (@) @)K (@)D (@) (H (o)~ H ()

n—2

~Jp 7 ()G (@)K (@) D' f () H (zo)e'} = 0,

namely,

—1(p l l L
<G (I;lzf)’ vf > —<G71(I)K({E)Vfll, vfl>)TGfl(x)vfl

+Jp (@)D~ f(2)(H (@) — H ' (x))e!

div{(

—J; 7 (2)G7 (@)K (x) D" f(x)H (x)e'} = 0.

(2.8)
Taking n =2k, k=1,2,---, we have
“1(y l A
le( <G (H?lZf)avf >)TG71(x)vfl
= div(H"(z) — H”(fﬂo))Jf( )D~ f(a)e!
+divH(z )J ( )G7L(2) K (2)V fluse (2.9)
k—1

l
sy (-1, (LT Dy

p=1
X(GH @)K (2)V L,V PG~ @)V f].

Let u = f!, and
(G=Y(z)Vu, Vu)

Az, Vu) = ( e )7 GV (2)Vu,
B(z,Df) = By(z, Df) + Bs(z, Vu) + Bs(z, V),
Bi(x,Df) = (H"(x) — H'(20))J;(2) D~ f ()¢,
By(x, V) = H'(2)J,™ (2)G (@) K (2) V()

Bs(x,Vu) = Z(_1>p+1cﬁil(<g_ ;;"l)l(v;;’VlO)k—l—p

(G~ Yz)K (z)Vu, Vu)?G~1(z)Vu,
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we complete the proof of Theorem 1.1.

3. The Properties of Operators A and B
Firstly, from (i) and (2.6), it is easy to get
B2y nz
oy

1 042 n=2,,n

Then, we prove

()T e, Ve € RM6£0. (3.1)

1
g

(1) Lipschitz condition
[A(w, h1) — Az, ha)| < erlhn — ho|([ha] + [h2])" 72,

where ¢; = ¢1(aq, as, as, 81, B2, B3, n).

Proof. Since G™!(x) € GL(n), there exist orthogonal matrix O; and di-
agonal matrix I'y, such that G= = O;T'20} = P} Py, where P, = (O11')%.
So

Alw,hi) = H" (@) 7" [Pha| "> P{ Pihy = H'" (@) 7" P{lgi]" s,
where g; = P1h;, © = 1, 2. Furthermore,
A2, h) — A, ho)| = [H" () 7" P{(|g1[" g1 — |g2|""2g2)].  (3.2)

In the following, we prove that

|n72

g1 — 192" 22| < (n— D)]g1 — g2|(|gn| + |g2])" 2. (3.3)

In fact, with triangle inequality, we have

|n—2 ‘n—Z ‘n—2 |n—2_ |n—2‘

911" g1 —1g2|"* 92| < |3 |91 —g2|+lg1 |92 |92l

(3.4)

|n72 _

< (lg1] + lg21)" 2|91 — 92| + |01 l92]™"2||g2]-

From the symmetrical characteristic of g; and go, we have
911" 2 g1-1g21" "2 g2l < (lg1 [+lg21)" 2| g1~g2Hlg1 "> ~[g2|"7?|-|gn. (3.5)
Let |g1| < |g2|- Then
g1 "2 g2 2] - |g1] < (n —2)lg2"?|lg1]~1g2]| - 91
< (n=2)]g2[" g1 — g2l(|gn] +|g2])  (3.6)
< (n=2)(lg1] + lg21)" 291 — g2l-
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From (3.5) and (3.6), we have (3.3). From (3.2) and (3.3), we have
2—n n—
Az, ha) = Az, ha)| < (n=1)|H" (2) =" |-[P]|g1=g2|(lg1] +1g21)" . (3.7)
From G~! = P{Py and g-[¢]* < (G (2)&,€) < 5-[€]%, we have
1 1
— <P < —. 3.8
S <IPPs o (35
From (3.7) and (3.8), we get the Lipschitz condition.

(2) Monotonous inequality

(A(z, h1) — A(z, ha), hy — ha) > calhy — ho[*([ha] + |h2])" 2. (3.9)

Proof.
(A(z,h1) — A(z, ha), h1 — ha)
= (H'(z)™= P{(|g1|" %91 — |g2|"2g2), h1 — ha2)
= (H"(2)"" (|o1]" %1 — lg2"2g2), g1 — g2)
= H'(2)*2" {L[lg1 — g2 (lg1|" 2 + |g|"~2)
+(|g112 = 1g21*) (g1 ~2 = |g2|"~2)]}
> H'(2)*7" {91 — g2 (|r[" 2 + |g"~2)}
= H'(2)*" {L(G" (@) (h1 — ha), h1 — ha)
<[(G=H@)ha, ) *F + (G~ H(2)ha, ho) T |}
< Clhy = hol?(|ha "2 + |ho|"2)
> Colhy — ha*(Jha| + |ha|)" 2.

2—n

(3) Homogeneity condition

Az, M) = IN["2NA(z,€), e R. (3.10)

Proof. It is easy to get from the definition of A(z,¢).
Finally, we give the condition which B is satisfied. From (1.7), we have

_2
n

J; " (@)H(x) = (D71 f(2))'G(x) D~ f (=)

+ ;7 (2) (D7 f (@) K () D! f (),
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then, for V¢ € R™,

J;%(MH(:C)“) = (D71 f(x))!G(z) D~  f(z)E, )
T @)D (@) K () D! f (2)€,€)
= (G(z)D 1 f(x)¢, D71 f(2)€)
+J;%(x)<K(x)th(x)§,Dflf(fﬂ)§>~

So
(G(x)D~! f(2)€, D71 f(x)€)

— J7 @) (H(@)6, ) — (K (x) D f(2), D71 f(2)6)).

Consider (i), (ii) and (iii), we have

(3.11)

ar| D f(2)¢]? < (G(2)D™ f(2)€, D™ f(@)€) < Br| D" f(a)g]?,
azl€? < (H(x)€, &) < B8],
aslé]? = as|(D' f(x)§, D™ f(2)€)| < (K(2) D' f(x)§, D~ f(2)€)
< Bs|(D'f(2)§, D~ f()€)] = Bslé]>.

D@ < I F @ (H@EE) - (K@D ()6, D (@)6)
< I @) - aleP.
Then,
D~ f(x)|* < ail(ﬁz + a3)J;%(JC). (3.12)

With (2.6),(2.7),(i) and (i), we have

(G @)V V)
HU(z)

TP (@) = — (G @)K @)V, V)

— 29 - (K@ @)
a (3.13)
< 2197 — a6 @)LV

g a f2—a
< VP - VP = (F)IV
1 aq a1
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()DL f ()] < Ty () (208 % ()

aq

= (B0 ) < B,

a1 f aq

(3.14)

then
|Bi(z, Df)| = |(H" (x) — H"(x0))J s (x) D" f(z)e!|
2 [y — a3

2 1 o plin—1
< CTZUf(fU)D f(@)] < 072(71) IV,

(3.15)

and
n—2
"

[Bo(a V)] = [H )T @G @)K @)V
< 7 @6 @K @V (3.16)

< Lm0y 6 K (@) [V

Q2 (€3]

Since K (x) € GL(n), there exist orthogonal matrix O, and diagonal matrix
Iy, such that K = O2I'20% = PiP,, where Py = (O51)!, then

(K (2)€, &) = (P3P, &) = | Pa&]? < Bs¢)?,
|P|* = sup |P2¢]* < Bs.

l¢|=1
Furthermore,
|K(2)| = |PLPs| < P32 < fs. (3.17)
Similarly, we have
_ 1
|G )] < o (3.18)
Then
Ba(a, V)| < 5 (208252 g et (3.19)

Q102 aq
When n =2k, k=1,2,---, we have

(G @)V VT
Hi(z)

k—1
|Bs(z, VI = | D (~1)PH O ( A

p=1

(G (@)K () VL,V PG @)V f]

= G Y x)V LYY
H”({E)

S

< 0,’:,1|<< )

(]

=
Il

G @)K (@)V 1, VIPIGT (2)||V £

P

X
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<k§cp Eivppy-r By Livp
- = k=1 aq aq aq

= ZO};’ . 55 PRI fl
(3.20)

—ZO,’; . 55 e

1
ZC}Z BBV A
p=1
Then
|B(z, Df)| < |Bi(z, Df)| + |Ba(2, V )| + |Bs (2, V )]
< (Cl +co + Cg)‘Vf”n_l,
where 2 5
_ 4 P2T A3\
1 = 0[2( a; )27
? [e5Ke%) 041 ’
1
3 = Zc,f By,
p=1
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This paper mainly concerns double obstacle problems for second order diver-
gence type elliptic equation divA(z,u, Vu) = 0. Firstly, we give local bound-
edness of solutions for double obstacle problems, then by using the similarly
method, the local regularity of solutions for the above problems is proved.
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1. Introduction

Let © be a bounded open set of R™ (n > 2). We consider the second
order divergence type elliptic equation (also called A-harmonic equation or
Leray-Lions equation)

divA(z,u(z), Vu(z)) =0, (1.1)

in which A: Q x R x R” — R"™ is a Carathéodory function satisfying the
coercivity and growth conditions: for almost all x € Q, all v € R, and
£ eR”,

(i) (Alz,u,8),8) = alg”,
(i) [Az,u, )] < BilElP™" + Belul™ + g1 (@),

where a > 0, 1 and (5 are some nonnegative constants, 1 < p < n,
p—1<m< "gjf_pl) and @i(x) € Lfo/c(p_l)(Q) for some s > p.
Suppose that 11,19 are any functions in £ with values in R U {£o0},
and that § € WHP(Q). Let
K0P () ={ve W'P(Q): ¢y v < by, ae.and v — 0 € Wy (Q)}.
The function 11, 19 are two obstacles and 6 determines the boundary val-
ues.

1The research is supported by Natural Science Foundation of Hebei Province
(A2010000910) and Tangshan Science and Technology projects (09130206¢).
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Definition 1.1. A solution to the KZ)’S 4, (§2)-double obstacle problem for
the A-harmonic equation (1.1) is a function u € KZ"IPW (€2), such that

/Q<A(x,u, Vu), V(v —u))dz >0, (1.2)

whenever v € KZ’KW Q).

Remark 1.1. If there only one obstacle function 1, we say it’s the (single)
obstacle problem. That is,

Kyo={veWh(Q):v >, ae andv—0 € W, P(Q)}.

For the details to see [2-3].

The obstacle problem has a strong background, and has many appli-
cations in physics and engineering. The local boundedness for solutions
of obstacle problems plays a central role in many aspects. Based on
the local boundedness, we can further study the regularity of the solu-
tions. In [1], Gao Hongya et al. first considered the local boundedness
for very weak solutions of obstacle problems to the A-harmonic equation
in 2010. Precisely, the authors considered the local boundedness for very
weak solutions of Ky ¢(€2)-obstacle problems to the A-harmonic equation
div A(z, Vu(x)) = 0 with the condition ¢ > 0, where operator A satisfies
conditions (A(x,€),£) > alé|P and |A(x, &) < Bl¢|P~L with A(z,0) = 0.
For the local boundedness results of weak solutions of nonlinear elliptic
equations, we refer the reader to [4].

In this article, we continue to consider the local boundedness property.
Under some general conditions (i) and (ii) given above on the operator A,
we obtain a local boundedness result for solutions of K le 4,~double obstacle
problems to the A-harmonic equation (1.1).

Theorem A. Let operator A satisfy conditions (i) and (ii). Suppose that

¥1 € WEX(Q). Then a solution u to the KOP, (Q)-obstacle problem of
loc P12
(1.1) is locally bounded.

Remark 1.2. Since we have assumed that operator A satisfies the growth
condition (ii), in the proof of the theorem, we have to estimate the integral
of some power of |u| by means of |Vu|. To deal with this difficulty, we will
make use of the Sobolev inequality that was used in [8].

Remark 1.3. Notice that we have restricted ourselves to the case 1 <
p < n in the above theorem. In [1], Gao Hongya et al. consider the case
max{l,p— 1} <r <p.

The second aim of this paper considers local regularity for solutions of
K i’f e (Q)-double obstacle problems, here we will show that the condition
11 > 0 in [8] is not necessary.
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Theorem B. Let operator A satisfies conditions (i) and (ii). Suppose that
Y1, € WEP(Q) (1 < p < s < n). Then, a solution u to the Kz};p’wz (Q)-
obstacle problem of (1.1) is belongs to L7 (Q) (s* =1/(1/s — 1/n)).

loc

2. Preliminary Knowledge and Lemmas

We give some symbols and preliminary lemmas used in the proof. If zg €
and t > 0, then B; denotes the ball of radius ¢ centered at xg. For a function
u(r) and k > 0, let Ay = {x € Q: |u(z)] > k}, A = {x € Q:u(x) > k},
A = AN By, AL, = Al N B;. Moreover, if s < n, s* is always the real
number satisfying 1/s* = 1/s — 1/n. Denote t;(u) = min{u, k}. Let Ty (u)
be the usual truncation of u at level k& > 0, that is,

Tk (u) = max{—k, min{k, u}}. (2.1)

Lemma 2.15. Let u € WL (Q), w0 € LL (), where 1 <7 < n and q

loc loc

satisfies 1 < g < n/r. Assume that the following integral estimate holds:

/ |Vul"dz < ¢ [/ wodx + (t — 1)~ / u|rdx] , (2.2)
Ak,t Ak,t Ak,t

for every k € N and Ry < 7 <t < Ry, where ¢y is a real positive constant
that depends only on N,q,r, Ry, R1, || and, « is a real positive constant.

Then u € Ll(gg)* (Q).

Lemma 2.2 Let f(1) be a nonnegative bounded function defined for
0 < Ry <t< Ry. Suppose that for Ry < 7 <t < Ry, one has

fr) <A@t —7)""+ B+0f(t),

where A, B,«a,0 are nonnegative constants and 0 < 1. Then there exists
a constant co = ca(w, 0), depending only on « and 6, such that for every
p, R, Ry < p < R< Ry, one has

f(p) < colA(t —7)7" + B].

Definition 2.1, A function u € Wllogn(Q) belongs to the class
B(Q,v,m, ko), if for all k& > ko, ko > 0 and all B, = B,(z0), By—po =
By o (x0), Br = Br(xo), one has

/ [Vu|™dx < ’y{a_mp_m/ (u—k)™dx + ’A;p
At A ’
for R/2 < p—po < p < R, m < n, where |Azp\ is the n-dimensional

+
k,p—po k.p

Lebesgue measure of the set Ag o
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Lemma 2.3, Suppose that u(x) is an arbitrary function belonging to the
class B(QY,y,m, ko) and Br CC Q. Then one has

maxu(x) <c
maxu(r) < c

in which the constant c is determined only by v, m, ko, R, ||Vt

3. Proof of Theorem A

Proof. Let u be a solution to the KZ’IP’W (€2)-obstacle problem for the A-
harmonic equation (1.1), and Bg, CC Qand 0 < R1/2 <7 <t < R; be
arbitrarily fixed. Fix a cutoff function ¢ € C§°(Bpg, ), such that

suppp C By, 0< ¢ <1, ¢=11n B, |[Vo| <2(t —7)" " (3.1)

Consider the function
v=u—¢"(u— ), (3.2)
where ¢, = min{max{y, tx(u)}, Y2}, tp(u) = min{u, k}, £ > 0. It is easy
to see ¥ < Y < 1hg. Now, v € Ki’f% (Q); indeed, since u € KZ;ZT% Q)
and ¢ € C§° (), then
v—0=u—0—¢"(u—y) € WyP(Q), (3.3)
v—tr=u—1Y —P(u—g) > (1 — ) (u—11) >0ae inQ, (34)
V=t =u—1hy — F(u—1) < (1 —¢P)(u—12) <0ae in Q. (3.5)
For any fixed k > 0, let

u, if u <k,
Vo = {
v, if u > k.

It is easy to see that vg € KZ;’jw2(Q). By Definition 1.1, we have
0< /(A(x,u,Vu),V(vo —u))dx
Q

= (/Qn{u<k} +/§m{u>k})<A(x,u,Vu),V(vo — u))dx

(3.6)
= / (A(z,u, Vu), V(vg — u))dx
Qn{u>k}

= /+ (A(z,u, Vu), V(v — u))dz.
Ak,t
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That is

/ (A, Va), 6 (Vi — Vi) + pd? 'V — d))de <0.  (3.7)
Ar,
This implies

/ (A, u, V), V) de < / (A, V), PV )d
Akft At

koot

4 / A, 1,V), ps V() da
Al

=L+ 1.
(3.8)
We now estimate the left-hand side and the right-hand side of (3.8), re-
spectively. First,

/ (A(z,u, Vu), PVu)dz > / (A(z,u, Vu), Vu)dx
Al

+
Air

(3.9)
> a/ |VulPdz,
,r
here we have used condition (i). Secondly, ¥y = max{in,k} in A;;t,
|Vior| < |Vh], by condition (ii),
nl=| [ e 90090
Ak,t
(3.10)

< [ IV Bl + ] Dl

k.t

= Ii1 + Io + Ii3.

By Young’s inequality ab < ea? + C(e,p)b? valid for a,b > 0, > 0 and
p > 1, we have the estimates

[I1] < 31 {5/ |Vul|Pdz + C(e,p)/ |Vz/)1|pdx}, (3.11)
AL, AL,

el <oz [ scen) [ VaPa] G
Ak,t k.t

We observe now that, if w € WHP(B;) and |[suppw| < 1/2|B;], then we
have the Sobolev inequality (see also [8])

p/p”
( le”*dar> gcl(n,p)/ [Vw|Pd. (3.13)
B B



210 Yu-Xia Tong, Jian-Tao Gu and Xiu-Li Hou

Set
u, if uw <k,

g (u) = {

0, if u>k.

n(p

Since p—1 <m < ) by assumption, then p < mp’ < p*. (3.13) implies

/ |U|"’p/df“:/ |u — gi(w)|™ da
At B,

k,t
, oo p/p*
o — gu()|[m? P | B[ e /o ( / |u—gk<u>|p*dx)
By

1 (D)1 — gi (W) |72 =7 | By |1 /" /B V(4 — gu(w)Pde

IA

(3.14)

IN

amp)lu = gl B [ s,

k,t

provided that |supp(u — g (u))|s,| < 1/2|By|. Since supp(u — gk (u))|p, C
A;t, then |supp(u — gr(u))|B,| < |A;:7t\. On the other hand, we have

Il s, :/ W dr z/ [l da > K |AF .
B AF

k,t

Thus, there exists a constant ky > 0, such that for all & > kg, we have
|A{f,| < 1/2|B;|. We can also suppose that ko such that

/ u? dr < 1.
Akg,t

For such values of & we then have inequality

[, e < cinpla - gul 1B [ upds

k,t k,t

cadloli mp/p/ |VulPda
+

k,t

< a(n,p)llu = gr(ull,

IN

)l [ [Tupda

= C'/ |VulPdz,
Al

(3.15)
where C' = C(n,m,p, ko, |Q|)
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We derive from (3.12) and (3.15) that

hal < 5eCe [ [VuPde+ GoCep) [ [V0Pdn,  (310)
Ak,t k.t
I13 can be estimated as follows:
hal<e [ laldosCep) [ Ve @D
Ak,t k,t

In conclusion, we derive from (3.10), (3.11), (3.16), and (3.17) that

I < (B +/320)€/ |Vu\”d:c+5/ a|”" da
Az—t Azt
: ’ (3.18)
o+ G2+ 1)CE) [ (V0P
A

kot

We now estimate |Iz|. By condition (ii) and |u — 9| < |u — k| a.e. in A;t,
= | [ (A V) por Vol — w)d
Ak,t

<p [ BV Balul™ + o Vo e

k,t

2 2
< pﬁl/ IV~ Hu—kldz+ p@/ ™ u—kjdz (319
T J Ak,

—t—7

2
+ p/ oullu — kldz
AL,

t—T
= Io1 + Ioo + Io3,

I>1 and Is3 can be estimated as

Iy < 2pBy [5/ |Vul|Pdz + C(E’p)/ \u—kz\pdx}, (3.20)
Af, (E=7)7 ) af,
2pC'
Ins < 2p£/ o1 [P da +M/ lu—k|Pda. (3.21)
Af, t—=7)7 Jag,
By (3.15), we know that if k > ko, then
2
Iy < 2p52€/ |U|de + pﬂgC c p / —k|Pdx
e (3.22)
5 :
< 2p62eo/ VulPdz + pfw = p/ —k[Pdz.
AL
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Combining (3.19) with (3.20), (3.21), and (3.22), we obtain

Iy < 2pe(f —i—ﬁgC’)/+ |Vu\pdgc—|—2p£/+ |<,01|p/dx
A

A
ot ot (3.23)
2p(61 + B2 +1)C(e,p)
+ =y /A+ |u — k|Pdx.

k,t

Thus, the inequalities (3.8), (3.9), (3.18), and (3.23) imply that

AT « A
k,T k,t
2 1 ,
+M/ |S01|:D dx
G (3.24)
1 .
@ Al
WO HENCED [
at —T)P A

k,t

Choosing ¢ small enough such that, the summation 6 of the coefficients of
the first term in the right-handside of (3.24) is smaller than 1. Let p, R be
arbitrarily fixed with R1/2 < p < R < R;y. Thus, from (3.24), we deduce
that for every ¢ and 7, such that R1/2 < 7 <t < Ry, we have

/

C: /
[Vul|Pdz < Eg /A+ [|V1/11|p + |p1l? } dx
k

. n
o (3.25)

4 _ P P
+a(t—7)p/A |u — k| dm—l—Q/AIJVM dz,

+
kR

in which c3, ¢4 are some constant depending only on «, 31, 32, and p. Ap-
plying Lemma 2.2, we conclude that

p C2C4 P
/A+ [Vu|Pdz < a(R—p)P/A |lu — k|Pdx

.
k,p kR
CoC3 ’
+t— {|V¢1|p + |ea|? } du (3.26)
@ Jaly
C20q / C2C3C5 | (4
< ———— | |u—k[Pdz+ |AS L,
a(R=p)? )4 , a TR
where ¢y is the constant given by Lemma 2.2 and c5 = ||V1/Jl||ioo(m +

Il ”i/"'(ﬁ)' Thus u belongs to the class B with v = max{cacy/a, caczes/a}
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and m = p. Lemma 2.3 yields

max u(z) < c.
Br/2

This result together with the assumptions 1 < u <1y and ¢; € Wllofo Q)
yields the desired result.

4. Proof of Theorem B

Proof. Let u be a solution to the Ki’lzjwz(ﬂ)-obstacle problem for the
A-harmonic equation (1.1). Owing to Lemma 2.1, it is sufficient to prove
that u satisfies the integral estimate (2.2) with a = p. Let Br, CC
and 0 < Ry < 7 < t < Ry be arbitrarily fixed. Fix a cutoff function
¢ € C§°(Bpr, ), such that

suppp C By, 0< ¢ <1, =11n B,,|Ve| < 2(t — 1)~ 1. (4.1)

Consider the function 3
v=u— ¢’ (u—y), (4.2)

where ¢, = min{max{ey, Tj(u)},¥2}, Ti(u) is the usual ‘truncation of u
at level k > 0 defined in (2.1). It is easy to see ¢; < 9 < 1b9. Now,
v E Kifwz(ﬂ). Similarly as in the proof of Theorem A, let

u, if |u| <k,
Vo =
v, if |u| > k,

and to show that the condition ¢ > 0 in [8] is not necessary, we can using
lu — Y| < |u| a.e. in Ay, and obtain

/ \VulPdz < (2pB1 +2pBeC + B1 + B2C)e / \VulPdz
Ak,r - a Ak’t
2 1 /
e,
Ak,
’ 4.3
@ At g
+2p(ﬂ1 + 62+ 1)C(e,p) / lu|Pda
O[(t — 7—)17 Ak,t, ’

Choosing ¢ small enough such that, the coefficient of the first term in the
right-handside of (3.24) is smaller than 1. Let p, R be arbitrarily fixed with
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Ry < p < R < R;. Thus, from (3.24), we deduce that for every ¢t and T,
such that p <7 <t < Ry, and get

[ wupde <2 [0+ Vel + e
Ap r @ JA,r (44)

y— |ulPdx+6 [ |Vu|Pdz,
—)p
a(t T) Ak R Akt

where c5, cg are some constant depending only on «, 31, 82, and p. Applying
Lemma 2.2, we conclude that

CoCq
[Vu|Pde < 7/ |u|Pdx
/A a(R=p)P Ja, »

e e (4.5)
+=2 [ VOV P+ P lde,

Ap R

where cs is the constant given by Lemma 2.2. Thus, u satisfies the in-
equality (2.2) with ¢ = |V1|P + |[Viha|P + |1 [P and a = p. The theorem
follows from Lemma 2.1.

References

[1] Hongya Gao, Jinjing Qiao and Yuming Chu, Local regularity and local boundedness
results for very weak solutions of obstacle problems, J. Inequal. Appl., 2010, Art. ID
878769, 12 pp.

[2] Gongbao Li and O. Martio, Local and global integrability of gradients in obstacle
problems, AAnn Acad Sci Fenn, Ser A I Math., 19 (1994), 25-34.

[3] Hongya Gao and Huiying Tian, Local regularity result for solutions of obstacle prob-
lems, Acta Mathematica Scientia B, 24 (2004), 1:711C74.

[4] A. Bensoussan and J. Frehse, Regularity results for nonlinear elliptic systems and
applications, vol.151 of Applied Mathematical Sciences, Springer, Berlin, 2002.

[5] D. Giachetti and M. M. Porzio, Local regularity results for minima of functionals of
the calculus of variation, Nonlinear Analysis: Theory, Methods & Applications, 39
(2000), 4:463-482.

[6] M. Giaquinta, Multiple integrals in the calculus of variations and nonlinear ellip-
tic systems, Annals of Mathematics Studies, Vol.105, Princeton University Press,
Princeton, 1983.

[7] M. C. Hong, Some remarks on the minimizers of variational integrals with non-
standard growth conditions, Bollettino dell’Unione Matematica Italiana, 6 (1992),
1:91-101.

[8] Hongya Gao, Jing Guo et al, Local regularity result in obstacle problems, Acta Math-
ematica Scientia B, 30 (2010), 1:208-214.

[9] Gongbao Li and O. Martio, Stability and higher integrability of derivatives of solu-
tions in double obstacle problems, J. Math. Anal. Appl., 272 (2002), 19-29.



MULTIPLICITY OF SOLUTIONS FOR QUASILINEAR
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In this paper, we study the following quasilinear problem:
|u[P~24, wP”(t)—2

— Dpu—p =« w+ AulP~2u + |u|9 %, € W P(Q)
|| |*

with Dirichlet boundary condition, where N > 3, 1 < p < N, 0 < p <
= (%)P, 0<t<p 1<gq<p,andp*(t) =pN —1t)/(N —p) is the
critical Sobolev-Hardy exponent. Via the variational method, we get the the
multiplicity of solutions for the quasilinear problem.

Keywords: Quasilinear elliptic equations, singularity, critical growth.

AMS No: 35J60.

1. Introduction and Main Results.
In this paper, we consider the quasilinear elliptic equation

p—2 p*(t)—2
A u—u|u| Yol u+A|uP2u+|u|??u, @ € Q,
: [P |z[*

u(z) =0, x €08,

(1.1)

where Apu = div(|7u[P~27u) is the p-Laplacian of u and Q € RV (N >3)
is a smooth bounded domain containing the origin 0, and assume that
l<p< NO<L< pu<np= (%)p, a, A are the real positive constant,
0<t<p, p<qg<p(t)=p(N—1t)/(N —p), p*(t) is the critical Sobolev-
Hardy exponent, especially p*(0) = p* = pN/(N —p) is the critical Sobolev
exponent.

The first result for nonlinear critical problems have been obtained in
a celebrated paper by Brezis and Nirenberg[1]. This pioneering work has
stimulated a vast amount of research on the class of problems, see [1-6]. It
should be mentioned that the following quasilinear problems

— Apu = |ul? "2u 4+ MulP2u 4 Bluli %,z e Q,
u(z) =0, x €09,

had been studied in [6], and existence results about k pairs of nontrivial
solutions were obtained. On the other hand, in recent years, people have

1 This research is supported by Ningbao Scientific Research Foundation (2009B21003)
and K. C. Wong Magna Fund in Ningbo University
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paid much attention to the existence of nontrivial solutions for the singular
problems, see [7-12]. It should be mentioned that, for o, 8 > 0, p < r < p*
and p < ¢ < p*(s), the following quasilinear problems

q—2
[l u, x € €,

{ —aiv(] vl ) = alul 2 1
u(z) =0, x €0,

had been studied in [8] by Ghoussoub and Yuan, and existence results
about positive solutions and sign-changing solutions were obtained. In
2008, Dongsheng Kang in [7] had studied the quasilinear elliptic equation

p—2 p*(s)—2 q—2
{_diV(WUIp_QVU)—uu' LY

€N
IR EE TS

u(z) =0, x € 09,

where p < ¢ < p*(t). Via variational methods, the authors establish the
existence of one positive solution. Thus, it is natural for us to consider the
multiplicity of solutions for the problem (1.1).

In the case u = 0, problem (1.1) is related to the well know Sobolev-
Hardy inequalities, which is essentially due to Cafferelli, Kohn and Niren-
berg (see [13]),

|u|? r/q . Ly
; dx < Cysp o | v ulPdz, Yu € Wy*(Q), (1.2)

~ |zf®

where p < ¢ < p*. As ¢ = s = p, the above Sobolev inequality becomes the
well known Hardy inequality (see [8,12,13]),

|u|p 1 p 1,p
dexgﬁ Q|vu| dz, Yu € Wyr(Q). (1.3)

In W, *(), for p € [0, i], we use the norm

p ‘u|p d 1/p
Jull =Vl ey = ([ (170 =l ) o)

by (1.3), this norm is equivalent to the usual norm ([, | v u|Pdz)
By the Hardy inequality and the Sobolev-Hardy inequality, for 0 < p <
i, 0 <t < p, we can define the best Sobolev-Hardy constant:

)da;.

1/p

Jo (| 7 ulP = i
Aprr(@) = inf = ( i
weWy * (D\{0} ( Jiy L dm)p "

Ej
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In the important case where r = p*(t), we shall simply denote A, ¢ ;- ) as
A, . Note that A, ¢ is the best constant in the Sobolev inequality, i.e.,

Jo (19 ul? = pf2) do
)p/p* ’

A#’O (Q) = inf

weWy P (@\{0}  ( f, ulP"da

Note that A, 0,(€?) is nothing but the first eigenvalue of the positive op-
erator L in Wy (Q):

Jo (17 ulP = pf¥fs ) da
M(Q) = inf !
weWE? (2)\{0} Joy lulPda

(1.4)

The energy functional corresponding to problem (1.1) is defined as follows,

1 P p*(t)
=1 [ (1gur-pll) - 2 [ 20
pJa || pr(t) Jo |z

1
—i/ |u|pdx——/ |u|dz,
pJa qJo

then I, (u) is well defined on W, *(£2) and belongs to C' (W, *(2), R). The
solutions of problem (1.1) are precisely the critical points of the functional
L.

Now we may state our result.

(1.5)

Theorem 1.1. Suppose p < q < p*. Then, given k € N, there exists
ai € (0,00] such that (1.1) possesses at least k pairs of nontrivial solutions
for all o € (0, o).

2. The Palais-Smale Condition

We first need to recall the following Lemma.

Lemma 2.1, Assume that 0 <t < p, p < ¢ < p*(t), and 0 < p < fi.
Then (1) There exists a constant C' > 0 such that

ol )
deaj < Cllu|, Yu e Wy*(Q).

(2) The map u — u/|x|!/T from WyP(Q) into LUQ) is compact if p <
q<p(t).

We recall that given E a real Banach space and I € CY(E,R). We say
that I satisfies the Palase-Smale condition on the level ¢ € R, denoted by
(PS)., if every sequence (u,) C E such that I(u,) — ¢ and I (u,) — 0,
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as n — 00, possesses a convergent subsequence. In this paper, we shall
take I = I, and E = Wy"(Q).

Lemma 2.2. Given M > 0, there exists a,. > 0 such that I, satisfies
the (PS). condition for all ¢ < M, provided 0 < o < ., where a, =

p—t N—t
—t N-—p N—p
(pMp(N—t)) Ali\it :
Proof. Given ¢ < M, let (un,) C Wy (Q) be such that (i) I,(um) — c,
and (ii) I, (tp,) — 0in W12 (), as m — oo. First, we claim that (u,,)

o
is bounded in Wy*(€2). Indeed, by (i) and (ii), for n sufficiently large,

pc+1+o(1) > pl, (um) (I} (wm), Um)

B ( )/ . B =2 [t -

Also, Invoking (1.4),

ap [ |um|P"® / p
U ||P = pL(um)+ dz+ M | |umPdz+= | |u,,|%dz
i l p(t)Jo |zl Q‘ | q Ql |

ap [ |um |7 p
< ply(um) + dz+ = [ |up|ldr
: p*(t) Jo x|t q Ja

A /( |u|p)
+——= v ulP — p—— | dzx.
(@) Jo IV g

Furthermore, by (2.1) and (2.2), we obtain

. o [0,
(=) Il < phatom) + 355 | g ol

< C+o(1).
(2.3)
This prove the claim. Hence, without loss of generality, we may assume
that there is u € W, *(2) such that (u,,) satisfies as n — oo

— u weakly in Wy P (Q),

Uy, — u weakly in LP" () (Q, |z|~1),

Um

U, — u weakly in LP(9, |z|7P),
U, — u weakly in LI(Q),

U, — u weakly in LP(Q),

Uy, — U a.e. in .
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By the concentration compactness principle (see [14,15]), there exists a sub-
sequence, still denoted by {u.,}, at most countable set 7, a set of different
points {z;};e;, C Q\ {0}, sets of nonnegative real numbers {/i;};cuo},
{7} e,uq0), and nonnegative real numbers 75 and o such that

|V umlP = dip > |7 ufP + > fi6; + fiodo, (2.5)
Jj€a
[P = di = [ul?” + Y ;0. + vodo, (2.6)
Jj€a
Uy |2 (D) o uPr®
[um]” T |3|:|t —dr = Jul” 2 ||a:|t + 7060,0 < t < p, (2.7)
umP o ufP
-~ 9V g oo 25

where §, is the Dirac mass at x.
Case (1). t =0 and p*(t) = p*.
We claim that 7 is finite and for j € 7, either
7; =0 or 7 > (Au0) 7.

In fact, let € > 0 be small enough such that 0 € B.(x;) and B.(z;)
N Be(z;) =0 for i # j, i, j € 5. We consider ¢/ € C§°(RY), such that
) . . 2
¢ =1 on B(mj,%), ¢ =0 on B(zj,e), | v¢'| < -

It is clear that the sequence {(7u,,} is bounded in W (Q), then, by using
(ii), we have that
lim (I;(um), W) =0,

m— 00
that is
; P p—2 j [um”
lim ([ [Vun|[P@'de + [ wm|Vun|’”“Vu,Ve'de—p Yldx
m—oo | Q Q |x|p

—a/ |um|p*<pjdx—)\/ |um|pgojdx—/ [t |27 d) = 0.
Q Q Q

(2.9)
By (2.4)-(2.6), (2.8) and (2.9), we obtain

a/ A+ | |u|f¢?dr+ lim ,u/

= lim um|Vum|p72VumV<pjda:.
m—0o0 Q

|t [P
|z[P

cpjda:+/\/|u|pcpjda:—/cpjdﬁ
Q Q

(2.10)
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By the Holder inequality, we have
1

lim lim |/um|Vum|p NV u, Vo dz| <C’hr% </ |u|p*dx)p0,
B

e—0m—oo (:Ej,e)

(2.11)
lim lim | [vtm” Yldx| < hm lim |/ U ©ldx| = 0.
e—=0m—oo Q |LZ" —0m—oo IJ |$J‘ )

(2.12)

Then, from (2.10)—(2.12), we get

. . p
0= lim(a/wjdﬁ—l—/ lu|%p’dx + lim u/ [tm| o dx
0 Ja Q m—oo' Jo |zfP

E—
0 [ i~ [ i
Q Q
< o~ ;.

By the Sobolev inequality, Ag 01/] < 115, hence, we deduce that

AO,O
(%

N
P

)7,

7 =0 or 7> (

which implies that j is finite.

Now we consider the possibility of concentration at the origin. Let € > 0
be small enough such that z;€B(0,¢), Vj € 5. Take ¢° € C§°(RY) such
that

4
©'=1 on B(Q%), ©® =0 on B(0,¢)¢, | v ¢’ < -
By (2.4)—(2.6), (2.8) and (2.9), we also get that

O:Iirr(l)(a/good'ﬁJr |u|%p Odm+u/ Ody+A |u|p Oda / Odr)
=0 Ja Q

< arp + uyo — fo-

(2.13)

By the Sobolev inequalities, we infer that AM,OJOPL* < 1o—yo- From (2.12),
we obtain AMOJOPL* < 1o — Yo < arg, which implies that

Au-,O
«@

~ ~ N
I/OZOOI‘V()Z( P

)

Let us assume that there exists a j € 7U {0} such that v; # 0, then, by
(1) and (ii), we infer that

e= lim I, ()= 1 (L (ttgm) =~ (I (tt), )]

m—0o0 m—00 p
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. 1
= lim {a(———*)/ | |P da:+(———)/ |t |7dc}
m—oo PP
o *
> S b de 7+ )
Jj€y
A A
> %min{( 2)0)%7(#’0)%}
6% N N al_% N
N ;570'&_; = A:702M7

and this inequality contradicts the hypothesis. Then,
v; =0, Vjeju{0}.

Hence, we obtain that u,, — u strongly in Wol’p(Q).

Case (2). 0 <t < p, then p < p*(t) < p*.

We only need to consider the possibility of concentration at the origin.
Let € > 0 be small enough such that B.(0) C Q. Take ¢° € C5°(RY) such
that

4
), ¥° =0 on B(0,e), |v¢’| <

©® =1 on B(0, -

From (2.4),(2.5), (2.7)—(2.

= oo

1), we get that
0 < afp + o — fio- (2.14)
By the definition of A, ;, we deduce that

A o7 ® < i — 1o (2.15)
From (2.14) and (2.15) we have
A7 @ < o,

which implies that

~ - A —t
70=0, or 79 > ( “’t)%.
«
If 75 # 0, then we infer that
1
c= W}LmOO[IM(Um) - ]_)<I;IL(um)vum>]

(p—ta lu p*(t) B
p(N—t)(/Q EL dzx + 79)

(p_t)a ~ (p—t)a Au,t N:tt

B p(N—t)TOZp(N—t)( o )y 2 M,

which contradicts of the assumption that ¢ < M. Hence, we have that
Up, — u strongly in I/VO1 P(Q). Thus, the proof of the lemma is completed.
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3. Proof of Theorem 1.1

In this article we shall be using the following version of the symmetric
mountain pass theorem (see [16-18]).

Lemma 3.1. Let E =V & X, where E is a real Banach space and V is
finite dimensional. Suppose I € CY(E,R) is an even functional satisfying
I1(0) =0 and
(I1) there is a constant p > 0 such that I |pp,nx> 0;
(I2) there is a subspace W of E with dimV < dim W < oo and there is
M > 0 such that maxyew I(u) < M;
(I3) considering M > 0 given by (L), I satisfies (PS). for 0 < ¢ < M.
Then I possesses at least dim W —dim V' pairs of nontrivial critical points.
First, we recall that each basis (e;);en for a real Banach space E is a
Schauder basis for F, i.e., given n € N, the functional e}, : £ — R defined
by
(oo}
er(v) = ay, for v= Zaiei €L, (3.1)
i=1
is a bounded linear functional g19, 20]. We observe that the existence of a
Schauder basis for the space W, (£2) was proved by Fucik, John and Necas
in [21].
Now, fixing a Schauder basis (e;)ien for Wy ?(Q), for j € N we set

Vi={ue WOLP(Q) cef(u) =0, > j},

) (3.2)
X;={ueWyP(Q):ef(u) =0,i <j}.

It follows by (3.1) that W, ?(Q) = V; @ X;.
The following Lemma comes from [6].

Lemma 3.2. Given p <1 < p* and § > 0, there is j € N such that, for
allue Xj, [Jullh < olul".

Lemma 3.3. There exists a > 0 and pg,d > 0 such that I#‘C’)BPOQX]. >d
for all0 < a < a.

Proof. By Lemma 2.1, (1.4) and Lemma 3.2, we obtain

1 clo x A C2
L,(u) > ~||ul|? — ul[P"® — ul|? = =||ul|?
n(w) = | I p*(t)” I )q(Q)p” =1 |
1 o« A Co
— P _ pe(t) _ p_ 2 q
T T x@”
where p = |Ju||. Now, we take & > 0 so that
1 C1a * A Co
Lu(u) 2 —pP — —opP" () — pP——p?>0,
A2 N
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for every u € Xj, ||u|| = p. The proof is completed.

Lemma 3.4. Given m € R, there exist a subspace W of W,"*()
and a constant M,, > 0, independent of «, such that dimW = m and
maxyew lo(u) < My,.

Proof. Taking Qy C Q with [Q] > 0 and 0 € Q. Let 29 € Qp and 79 > 0
be such that B(xg,r9) C Q and 0<|B(xg,70) N Q| <|Qo]/2. First, we take
v € Gg( (Q) with supp(v1) = B(xo, 7). Considering 21 = Qo \ [B(z0,70)N
QO] C QO = Q\B(Io,’f’o) we have ‘Ql| > |Qo|/2 > 0. Let z; € ©; and
r1 > 0 be such that B(zy,r1) C Q and 0 < [B(zy,r1) N | < [Q1]/2. Next,
we take vy € C§°() with supp(vs) = B(x1,71). After a finite number
of steps, we get v, - -, vy, such that supp(v;) Nsupp(v;) = 0, i # j and
|supp(v;) N Q| > 0, for all 4,5 € {1,---,m}. Let W = span{vi,- - -, vm}.
By construction, dim W = m and

/ [v|Pdz > 0, for every v € W\ {0}.
Qo

Let v = i, by (1.5), we know

1 A 1
max [o(u)= max {tP[= — —/ |v|Pdx — —tq*p/|v|qu]}
p PJa q Q

ueW\{0} t>0,0€0B1(0)NW

So, to prove the Lemma, it suffices to verify that

lim p/ o|Pda — —tq P/ lo|7dz) > L (3.3)
uniformly for v € 9B1(0) N W. Since ¢ > p, the inequality (3.3) is right.
The proof is completed.

Proof of Theorem 1.1. First, we recall that W, *(Q) = V;® X, where V;
and X; are defined in (3.2). Invoking Lemma 3.3, we find j € N and & > 0
such that I, satisfies (I;) with X = X for all 0 < a < &. Now, by Lemma
3.4, there is a subspace W of W, () with dim W = k+j = k+dim V; and
such that I, satisfies (I2). By Lemma 2.2, taking & smaller if necessary,
we also have that I, satisfies (3) for 0 < a < &. Since 1,,(0) = 0 and I, is
even, we may apply Theorem 3.1 to conclude that I, possesses at least &k
pairs of nontrivial critical points for a > 0 sufficiently small.
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ON CERTAIN CLASSES OF P-HARMONIC MAPPINGS
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A p times continuously differentiable complex-valued function F' in a domain

D C C is p-harmonic, if F satisfies the p-harmonic equation A--- A F = 0,
——

P
where p (> 1) is an integer and A represents the complex Laplacian operator.

In this paper, the main aim is to introduce two classes Mg, (a) and NHp (a)
of p-harmonic mappings together with their subclasses ./\/al (o) N T1 and
NHZ, (a)NT?, and investigate the properties of mappings in these classes. First,
we obtain characterizations for mappings in My, (a)NT1 and NHp (a)NT» in
terms of S-Inequality-I and S-Inequality-11, respectively. And then we prove
that the image domains of the unit disk D under the mappings in My, (a)
(resp. Nu,(«)) satisfying Inequality-I (resp. Inequality-I1) are starlike (resp.
convex) of certain order.

Keywords: P-harmonic mapping, (S-)inequality-I, (S-)inequality-II, charac-
terization, starlikeness, convexity.

AMS No: 30C65, 30C45, 30C20.

1. Introduction

A p times continuously differentiable complex-valued function F' = u + v
in a domain D C C is p-harmonic, if I’ satisfies the p-harmonic equation
A---AF =0, where p (> 1) is an integer and A represents the complex

P
Laplacian operator

52 9?2 92
=02 T a2 “0z0%

A

A mapping F' is p-harmonic in a simply connected domain D if and
only if F' has the following representation:

P

F(z) = 2P VG (2),

k=1

where each Gp_k4+1 is harmonic, i.e., AGp_g41(2) = 0 for k € {1,---,p}
(cf. Proposition 2.1, [5]).

Obviously, when p = 1 (resp. 2), F'is harmonic (resp. biharmonic). The
properties of harmonic mappings have been investigated by many authors,
see [6, 7, 17] and the references therein.
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Biharmonic mappings arise in a lot of physical situations, particularly
in fluid dynamics and elasticity problems, and have many important ap-
plications in engineering and biology. See [8, 12, 13] for the details. Many
references on biharmonic mappings have been in literature, see [1, 2, 3, 8,
12, 13].

In this paper, as a generalization of harmonic mappings and biharmonic
mappings, we consider p-harmonic mappings of the unit disk D.

Let A denote the set of all analytic functions h of D with the normal-
ization h(0) = 0 and k' (0) = 1. Owa et al. introduced two classes M ()
and N (a), where M(a) denotes the set of all functions h € A such that

for a > 1, and N («) the set of all functions h € A such that

"

zh (2)
B (z)
for @ > 1. In [14, 15], the authors discussed the starlikeness, convexity and
coefficient estimate of functions in M(a) and N («). See [18, 20, 21] for

related discussions when a € (1, 3].

In order to discuss the characterization, starlikeness, convexity of p-
harmonic mappings, in Section 2, we will introduce the notations: Mg, ()
and Ng, (), which are generalizations of M(«) and N («) for p-harmonic
mappings, respectively. Then we prove a sufficient condition for p-harmonic
mappings to be in My, (a) (resp. Ny, (a)) in terms of Inequality-I (resp.
Inequality-17) (see Section 2 for the definitions). Some necessary notions
are given and several elementary results are also proved in this section. In
Section 3, we obtain characterizations for mappings in Mg, (o) N Ty and
N, (a)NT3 by using S-Inequality-I and S-Inequality-I1 (see Sections 2 and
3 for the definitions). Our main results are Theorems 3.1 and 3.2. Finally,
we discuss the starlikeness (resp. convexity) of mappings in My, () (resp.
Nu,(a)), when they satisfy Inequality-I (resp. Inequality-IT). Our result
is Theorem 4.1, which is a generalization of [Theorem 2.5, 14].

Re(1 + ) < a,

2. Preliminaries

Let H, denote the class of mappings F' of D with the form:

F(z) =) | VG (2), (2.1)
k=1
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where for each k£ € {1,---,p}, the harmonic mapping G,_r4+1 has the
expression:

Gp—t+1 = hp—k+1 + Jp_pt1

both hp—_k41, gp—k+1 are analytic and satisfy the following conditions:

o0
hp—kt1(2) = Z anp-k12" with ay, =1,

n=1

and

o0
Ip—k+1(2) = Z bnp—k412".
n=1

For F' € Hp, let L(F) = zF, — ZF;. In [3], Abdulhadi et al. discussed
the properties of this operator for biharmonic mappings. For p-harmonic
mappings, we have
Proposition 2.1. (1) If F' is a p-harmonic mapping of D, then L(F) is
p-harmonic.

(2) Suppose F is a p-harmonic mapping of D. Then L(F) = F if and
only if F(z) = (X h_, ap—p+1]2[2F~D)z.

Proof. (1) Assume that

b
F(z) =) P0G (2),
k=1

where Gy 41 = hp—k+1 + Gp_py1 for k € {1,---,p}. Since

P P
F.(2)=G.(z) +Z ‘z|2(k_1) (Gp—k+1)=(2) +Z(k7— 1)Zk_22k_1Gp*k+1 (2),
k=2 k=2
and
P P
Fx(2)=Gz(2)+ ) [PV (Gporgn) ()4 (k=1)2F 125 72G g4 (2),
k=2 k=2

we see that

p
L(F) = Z 2P Y L(Gppt)-
k=1

By [Lemma 3, 3], we obtain that L(F') is p-harmonic.
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(2) Assume that L(F) = F. Then L(Gp_kt1) = Gp—g+1 for each
k€ {1,---,p} which implies

2hy g41(2) = hp-ki1(2) and 29, 544(2) = —gp—k11(2)-

It follows that h,_g+1(2) = ap—k412 and gp—g4+1(2) = 0. The conversion is
obvious.

By using the operator L, we introduce two classes of p-harmonic map-
pings. Let o > 1 be a constant. We always use My, () to denote the set
of all mappings F' € Hy, such that F(z) # 0, whenever z # 0 and for any
ze D\ {0},

LF)E) _
F(z) ’

and Ny, (a) the set of all mappings F € H, such that L(F)(z) # 0,
whenever z # 0 and for any z € D \ {0},
L(L(F))(2)

Re—————= < a.

L(F)(2)

Re

Obviously, we have
Proposition 2.2. F € Ny, (a) if and only if L(F) € My, («).
For convenience, we introduce the following definitions.

Definition 2.1. For ko € [0,1] and a > 1, we say that F' € H, satisfies
the inequality-1, if

P o0
SN (ko + |n = 20+ ko) |an.p—r41
k=1n=2
P o0

—l—ZZ?n—l—aU)nP k1 (2.2)

k=1n=1

+>2(a—ko)la1 k1| < 2(a —1);
k

=2

=l

and the inequality-I1, if

p oo
ZZn(n—ko—i—|n—2a+ko|)|an,p,k+1
k=1n=2
p oo
+> 7> "on(n+ a)|bpp-rs1] (2.3)
k=1n=1

+ Zz o —ko)larp pi1] < 2(a—1).
k=2
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In particular, when ko = 1 and o € (1, 3], (2.2) and (2.3) are changed
into the following (2.4) and (2.5) respectively,

p o P e’}
Z Y (n—a)lanprsal + DY (0 + ) bapri
=1n=2 » k=1n=1 (24>
—|—Z a—Dlarp—p+1]| <a—1;
k=2
p o P o0
Z Z n(n—a)lanp—k+1| + ZZ n(n+a)|bpp—k+1
k=1n=2 k=1n=1 (2 5)
p .

+Z a—1Darpop+1] <a—1.
k=2

Definition 2.2. F' is said to satisfy S-Inequality-I (resp. S-Inequality-11)
if it satisfies (2.4) (resp. (2.5)).

Now we come to derive a sufficient condition for F' to be in My, ()
(resp. Ny, («)) by using Inequalities-I (resp. Inequality-IT), which are
generalizations of [14, Theorem 2.1].

Lemma 2.1. If F € H, satisfies Inequality-I for some ko € [0,1] and
a>1, then ' € Mg, ().

Proof. Assume that F' € H), satisfies the inequality-/. Since

p oo p
2/(2(a = 1) ZZ (n+ )bnpri — 3 2(a — ko)larp iss
» oo k=1n=1 k=2
_ZZ(n—k0+\n—2a+k0|)|an7p,k+1||)
k=1n=2
P
< Jal(2(a = 1) = D" 20 — ko)larp-psa[J225Y
k=2

M@
Mg

(= ko + [n = 200+ ko) [an,pp][ 2707

2

k

in

M@
NE

20+ )by - || 22D )

z+Z|Z|2(k Vay - k+1Z+ZZ|Z|2(R‘ D p 12"
k=1n=2

+ZZI 22"

— 2(a — DIF(2)],

e
Il
—
3
Il
—_— =
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thus we know that F'(z) # 0, whenever z # 0.
Next, we show that for any z # 0, F satisfies
|L(F)(Z) ol < |L(F)(Z)

F) T RG)
which is equivalent to Re(L(If()Z()Z)) < a. Let

A(z) = |L(F)(2) = ko F(2)]

- (20& - k0)|7

and
B(z) = |L(F)(2) — (20 — ko) F(2)]
Then ;
A(z) ‘(1 —ko)z + 3 (1 = ko)as pops1 |22E7Y
k=2
p [e%¢]
+ Z Z(n — ko)an p—kia]z[PFD 2"
k=1n=2
p [e%¢] ~
=D+ ko)bpponsa|2PETV ",
k=1n=1
and
p
B(2) = |(1 = 20+ ko)z + Y (1= 20+ hoJas a5
k=2
p fe%s)
+ 373 (0 — 20 + ko)an i |2 2
k=1n=2
p o) B
B Z Z(n + 20 — ko)bppk1|2[PFDE".
k=1n=1
Obviously,
p
A(z) < C = (1~ ko) + Z(l — ko)latp_rs1]
k=
p [e'e] p oo
_Z Z(n — ko)lan p—r+1] + ZZ n+ ko) |bnp—kr1l,
k=1n=2 b1 n—1
and

NE

B(Z) >D = (20& — ko — ].) — (20[ — ko — 1)|a17p_k+1|

i
[ V)

P oo}

=N - 20+ Fo|an - kaZZ + 20 — ko) b p—rt1].

k=1n=2 k=1n=1

bS]
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Since F satisfies Inequality-I, we see that C' < D, which implies that

F kol < |L(}§)Z()Z) — (2a — ko),

for all z # 0. The proof of the lemma is finished.

The following is an easy consequence of Lemma 2.1.
Corollary 2.1. If F' € H), satisfies S-Inequality-I for o € (1, %], then
Fe MHp (04)

It follows from Proposition 2.2 and Lemma 2.1 that

Lemma 2.2. If F € H, satisfies Inequality-I1 for ko € [0,1] and o > 1,
then F belongs to Ny, ().
It follows from Lemma 2.2 that

Corollary 2.2. If F € H, satisfies S-Inequality-II for o € (1,3], then
Fe NHp (Oé)

3. Characterizations for Mappings in My, (a)NT; and Mg, ()T

The classes of analytic functions and harmonic mappings with nonnegative
(or negative) coefficients possess many interesting properties, and many
references have been in literature, see, for example, [10, 16, 19, 22]. In
order to get some analogues for p-harmonic mappings, we introduce two
notions:

p
hi={FeH,: F(z)=z- Z 122 Vay ppyaz
k=2

P es} [e’e)
+ Z |21 ( Z Unp—k+12" — Z bnp—k+12"),
k=1 n=2 n=1

where anp—g+1 >0, by p_gt1 > 0for ke {1,---,p} and n > 1},

and
p
Ly={FeH,: F(z)=z- Z 22 Vay p pya2
) k=2
+ Z El ( Z np—kt12" + Z bnp-k+12"),
k=1 n=2 n=1
where an p—g+1 >0, by p—gy1 >0 for k€ {1,---,p} and n > 1}.

Theorem 3.1. Suppose F € Ty. Then F' € My, (a) if and only if F
satisfies S-Inequality-I for o € (1, %]
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Proof. By Corollary 2.1, it suffices to prove the necessity. Assume F €
My, (a) NTy. Then for any z # 0,

L(F)(2)
5 (200 — 1), (3.1)

which implies that

2|L(F)(2)—aF(2)| = | L(F)(2)— (2a—1)F(2) + L(F)(2)— F(2)|>0. (3.2)

Since

L(F)(z) —aF(z) = (1 —a)z+ Y _ [2** V(e = 1ayp-rs12
k=2

p o) [e%s)
JrZ|Z|2(lcfl)<z n—o anp k+1% Jrz n+oz)bnp k+1Z2 )
k=1 n=2 n=1

it follows that for any r € (0,1),

L(F)(r) —aF(r) = —rA(r),

where
p

Ary=a-1- Z(a — l)al7p_k+17ﬁ2(k71)
k=2

2(k—1)4n—1
(n = @)appoppar?FHF"

hE

»
Il
—
3
Il
N

2(k—1)+n—1

T
WK

(n + )b p—+17

=~
Il
Il
—

1n

Suppose F' does not satisfy S-Inequality-I for a € (1, 3]. Then A(r) is
negative when r sufficiently approaches to 1. Obv1ously, A( ) is positive
when r sufficiently approaches to 0. Hence there exists ro € (0,1) such
that A(rg) = 0, which yields L(F)(rg) — aF(ro) = 0. By (3.2), this is a
contradiction.

By Proposition 2.2 and similar arguments as in the proof of Theorem
3.1, we get

Theorem 3.2. Suppose F € T. Then F € Ny, (a) if and only if S-
Inequality-I11 holds for o € (1, 3].
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4. Starlikeness and Convexity of P-Harmonic Mappings

Before the statement of the main result in this section, we introduce the
following concepts for p-harmonic mappings.

Definition 4.1. We say that a univalent p-harmonic mapping F _ with
F(0) = 0is starlike of order 3 with respect to the origin if & (argF (re’’)) >
B for z = re? # 0, where 3 € [0,1) is a constant.

Definition 4.2. A univalent p-harmonic mapping F with F(0) = 0 and
L F(re') # 0 whenever 0 < r < 1, is said to be convez of order 3 if
%(arg%F(rew)) > 3 for z = re? # 0, where 3 € [0,1) is a constant.

Let S} (8) and Kj; (B) denote the classes of all starlike p-harmonic
mappings of order 8 and all convex p-harmonic mappings of order 3, re-
spectively, and set S (8) = Sj;, (8) and K (8) = Kj; () which are cor-
responding classes for harmonic mappings. In [4, 9, 10, 11, 17], the authors
discussed the properties of mappings in S3;(8) and K};(5) such as the co-
efficient estimate, distortion theorem and covering theorem. Now we come
to prove the starlikeness (resp. convexity) of mappings in My, () (resp.
N, (@),

Theorem 4.1. F € H, satisfies Inequality-I for some ko € (0,1] and
a € (1L,min{%2 4Y) ay , 41 =0 (k € {2,---,p}) and F(z1) # F(z)
whenever |z1| # |z2|. Then F € S}“_Ip(éigg),

If F € H, subjects to Inequality-II for some ko € (0,1] and o €
(L min{%F2, 2}), a1 51 =0 (k € {2,---,p}) and F(z1) # F(22) when-
ever |z1| # |z2], then F € K;Ip(4’3”‘).

3—2a
Proof. Assume

P e o
F(Z) =z+ Z ‘z|2(k_1) ( Z an,pferrlZn + ngpflﬂ»lzn)
k=1 n=2 n=1

satisfies Inequality-I for some ko € (0,1] and « € (1, min{*2t2, 3}). Then

p ee} P [e%¢)
Z Z(n —a)lan p—rt1] + Z Z(n + )by p—r+1| < a—1.

k=1n=2 n=1n=1

For r € (0,1), let

p oo [e%e)
Fo.(2) =z + Z 2= ( Z Anp—kt12" + Zgn,p—k+15")7
k=1 n=2 n=1

for z € D. Obviously, F,. is harmonic.
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It is known that if a harmonic mapping f with the normalization f,(0) =

1 satisfies
oo

Z—| n|+z’”ﬂ|b|<1

n=2 n=1

then f € S3;(8) = S§;, (6), where 8 € [0,1) (cf. [9, Theorem 1]).
Let Bp = (4 — 3a)/(3 — 2a). Then

(2—a)n—« (2—a)n+a«
607 7/807 9
n—2a+1 n+2a—1
for n > 2 and
1+ﬁ0<a+1
1—50_04—1

Hence

Z 1_50’2 2D, k+1|+zn+ﬁo’2 2=V
n=2
<ZZ |an7p k+1|+zzn+a‘bnp k+1|<1

k1712 k=1n=1

Which shows F,. € Sp(3752) = S}, (5752), that is, & d (arg F,(rie')) >

N (0,1). Let r; = r. Then we have - (arg F(re')) > =32

From F, € S3;(3=32), we know that F, is univalent. By the univalence of
F,. and the assumption F'(z1) # F(z2) whenever |z1| # |22|, we deduce that
F is univalent. Therefore F' € S}}p(é:gg).

Similarly, we can show that if F' € H), satisfies Inequality-I1 for some
ko € (0,1 and o (1 < a < min{%ef2, 3} with a1 pps1 = 0 (k €

{2,---,p}) and F(z1) # F(z2) whenever |z1| # |22/, then F € K}ilp(g:‘;’g).
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In this paper, we list some holomorphic function spaces in Clifford analysis
and give their properties. Firstly, we give some properties of regular func-
tion space. Next we study hypermonogenic function space and its properties.
Finally we study k-holomorphic function and give some of its properties in
unbounded domain.
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1. Clifford Algebra CI,, and Regular Function

Let Cl,, be a real Clifford algebra over a n-dimensional real vector space
R™ with orthogonal basis e: = {e1,--,e,}. Then Cl,, has its basis

1, e1,- - en; ereg, -, en_1€pn; ---5€1ep.

Hence an arbitrary element of the basis may be written as e4 = €q, -+ €q,,,

where A = {a1,---,ap} C{l,---,n}, 1 <y < s < - < ap <nand
ep =1,
*ejeia 7’7&]7 L.
eej = S Li=1 0
717 =17

Clifford number is

a:Z:I:AeA: Z :BAeA—i—( Z :vAeA/n>en
A

AngA AncA
= Pa+ (Qa)ey,,

IThis research is supported by NSFC (No.10771049)
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where x4 (€ R) are real numbers. We call Pa, Qa € Cl,,_; the P part and
Q part of a.
And we define some involutions:
"+ Cly — Cly, (e0) =eo, (e1) = —ei, i=1,--,m,
~Cl, — Cly,, €, =—¢p, €, =¢€;, i =0,---,n—1.

Clifford analysis deals with the function f: Q ¢ R*"*' — (I, = =
o+ x1e1 + -+ xpen, f(x) = fa(x)ea. Dirac operator is defined as
A

9= e =3 a3 A

pard 0x;

If Df(x) = 0 in domain 2, we call f(z) is a left regular (monogenic or
holomorphic) function in €. Similarly we have defined right Dirac opera-
tion and right regular (monogenic or holomorphic) functions. In Clifford
analysis this function space was firstly discussed by F. Brack, R. Delanghe
and F. Sommen!!l. Huang Sha, Qiao Yuying et al. have done some work
about the properties of this function Space. They also studied bimonogenic
function in Clifford analysis and published a book basic on these results(?l.

Remark. The regular function in Clifford analysis has many properties
of monogenic function in complex, such as Cauchy integral formula, Taylor
series, extension theorem and uniqueness theorem. But x and ™ are not
regular (monogenic or holomorphic) functions.

2. Hypermonogenic Function Space

2.1 Hypermonogenic function
Definition 2.1. Let

Qf

Tn

Mf(z) = Df(z)+(n—1)

If M f =0, then we call f is a hypermonogenic function.

In Clifford analysis, the hypermonogenic function have been discussed
since 1992 by S. L. Eriksson, H. Leutwiler and J. Ryan®—[4. It is the gener-
alization of holomorphic function with the hyperbolic metric. S. L. Eriksson
studied this function firstly and gave the Cauchy formulal®!. J. Ryan, Qiao
Yuying and S. Bernstein have done some work about this function!*5],
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2.2 Bihypermonogenic function

Definition 2.2. Suppose that ©; and Q5 are open subsets of R\ {x,, <
0} and R*+1\{y;, < 0} respectively. If

{ Malcf(x?y) =0,

N in Ql XQQ,
My f(z,y) =0,

then the function f(z,y) is called a bihypermonogenic function in 1 x Qs.
2.3 A equivalent condition of hypermonogenic function

Theorem 2.1. Let f(z) : @ C R*"™! — Cl, be a function, f € C1(Q).
Then f is a hypermonogenic function if and only if

0fa ~~. 9fz
- — dr—22 =0 A
dzo ; jA axj ,ne A,

0fa i: ]AafJA 7(—1)‘A‘fmzo,n¢A,
j=1

dxg T

where &5z is the symbol as stated in reference [2].
2.4 Cauchy-Riemann form condition

Theorem 2.2. Let Q) be an open subset of R’j“ and f: Q — Cl,, [ €
C?(Q). Then f is a k-hypermonogenic function if and only if

o 1is) +"Zl 20/ _,

ieian 1) 0Qf(@) , Q)

oz, Ty

=0.
T
i=0 v

2.5 The extension theorem of hypermonogenic function

Theorem 2.3. (Extension theorem) Let Q be a set as stated above
and Q' = QN{(xo, 21, .., Tn-1,an)}, where a, > 0 be a constant. If f €
CY(Q, Cl,) and f is hypermonogenic in Q\SY', then f is a hypermonogenic
function in €.

2.6 The uniqueness theorem of hypermonogenic function

Theorem 2.4. (Uniqueness theorem) Let Q be the set as stated above,
f(x) be a hypermonogenic function in Q and f(x) € C*(Q,Cl,). Then if

flx)=01in A C QN{xn = an} # ¢(a, > 0), we have f(x) =0 in Q.
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2.7 Cauchy integral formula and Plemelj formula for bihyper-
monogenic functions

The integral

Blt1.t2) = A /8 Bl (gl o)dou(0) Bl 1)

) / o (1, 11)do0 (1) (1, v) doo(v) M (v, t2)
0821 X002 S——

A M) o)l o)doo(0) B (v )
an ><892

—

A [ M) o) @0, ) doo(w) Mo 1)
0821 X002 S——"
is called a singular integral on 9€2; x 9s, where

_ 2m—1mm—12k¢—lyll§71

A= )
Wm+1We+1
Bipa) = — 2D = m, k)
N T T
(f—z)!
Ml(u'v'r) = ~ ) (l =m, k)v
b — | =2
in which €; = ¢;,1=0,1,2,---,m—1, &, = —€m, € =¢;,1=0,1,2,
~—
k=1, ey = —ep.
~—

If ;in(l) os(t1,t2) = I, where

ps(t1,t2) = >\/

B (1, t1)doo(p)e(p, v)doo(v) Eg (v, t2)
001 X002 —As
=y Bt 11)d0 (1) (11, 0) doro(0) Mi(w, 1)
00 XN — s S——

A / M (41, t1)d0 (2) (2, 0)doo (0) B (v, £2)
391 Xaﬂzf)\g

+A Mm(/”ﬁ tl)dUO(M) 90(/-1171)) dUO(U> Mk(v7t2)a
001 X002 — N5 S——

then I is called the Cauchy principal value of the singular integral and
written as I = ¢(tq,t2).

Theorem 2.5. (Cauchy type formula) Suppose Q' and Q" be open
subsets of R™1\{z,, < 0} and RF1\{yx < 0} respectively. Let Q1,80
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satisfy Oy C 0.0, cQ’ respectively. If o(x,y) is a bihypermonogenic
function in Q@ xQ , x € Qy and y € Qq, then

o(z,y) = A /a  Bulw a0l o)do(0)Eulo.)

A / Eo (1 2)doo (1) (j1,v) doo(0) Mi(v, )
01 x 9 e

—

i\ / M (41, 2) oo (2) (1 0)doro () B (0, )
8Q1 X 892

—

A / Man (1, 2)d0 (2) (2, 0) doo(v) Mi(v, ).
021 X 02 S——

3. K-holomorphic Function

3.1 Definition of K-holomorphic function
Definition 3.1. Let Q C R” be a nonempty and open set, f € C")(Q, Cl,,)
(r >k, k<n), D.f(z) = Zelaf If D¥f(z) = 0 (f(z)D* = 0) for any

x € Q, then f is called a left k regular (right k—regular) function on €.
Usually left k—regular function is called a k—regular function for short.
Remark. Let HF(Q) (HF(Q2)) denote all the k—regular functions (right
k—regular functions) on Q. If k; < ko, then H;*(Q) C H}*(Q) (H(Q) C
H}2(9Q)).

For any natural number k, H lk (€2) is not empty. The higher order kernel
functions introduced later in this paper are examples.

3.2 Higher order kernel function

A, T
Hi(z) = = . j<m, X
1 N . . .
2i-1( 1),1_[,» @ ), 7=2t, j<n, 1=1,2,---,
B . ’lr: r—n
- 3 , J=2i+1,7<n,i=0,1,---,
20 L=y (2r — )
23
where x € Ry, w, = NG is the area of the unit sphere in R"™.
2

3.3 Cauchy integral formula of k-holomorphic function

Lemma 3.1, Let Q be a bounded, connected and open set in R™, 9 be
its boundary, f € C(Q Y 0Q,Cly), k <7, k <n, and Hx(x) be defined
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in (1). Then for any z € ), we have

k—1

J+1 —2)do, D] f( /Hk T —2z) Dkf( )dz"
j=0

Let U be an unbounded, connected and open set, U be its boundary
and R™ \ U be not an empty set. Then we can obtain some properties of
k-holomorphic function in U.

Theorem 3.1. Let U and OU be defined as above, f € C™(U|JoU,Cl,)
(T > k) k< TL), | Dif(l‘) |§ C | T |7j+s (5 € [Oal)a ] = Oala"'akf 1)a
and C be a positive real constant. Then for any z € U, we have

k—1
D=3 (1 Gl D)+ (1" [ Gile. )DL (@) da
” )

or

k—1

D)DIdo, G (2.2) + (1) [ (F@) DY) G, 2)

U
@
where G54y (x,2) = Hiy (v — 2) — Hiy (x — 20) and 20 € R\ U is a fized
point.

JZO

Theorem 3.2. (Higher order Cauchy integral formula) Let U be
defined as above, f € H¥(U) and | Dif(x) |< C | x |77%, s €[0,1),j =
0,1,---,k—1. Then

‘ ) f(z), z€U,
1 [ (e 2)dou DL () - { AR

k—

=
—~

=0
or

kol i : . - f(z), zeU,
CHY) U<f<x>D*>da$Gj+l<x,z>—{ o g ©

where G 1 (z,z) is the function in Theorem 3.1.

Theorem 3.3. (Cauchy inequality) Let U be defined as above, f €
H*(U) (r>k, k<n), and |Di.f(z)| < Clz|~9+* (s€[0,1),j=0,1,---,k—1).
Then for any a € U, B(a,r) C U, we have

o’ f(z)
azkl s 8zk

P

Cp(n)

<
="

)

zZ=a
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where Cp(n) is a constant depending on Dif(j =0,---,k—1),p,n and r.

3.4 Boundary behavior of higher order Cauchy-type integrals
over unbounded domain
The integral

() = S (-1 /8 Gialw2)do, Dif(a) (1)

is called a higher order Cauchy-type integral, where U and OU are defined as
above, G7,(v,2) = Hi  (z—2)—H} (x—20), f € Cc(oU,Cly) (r > k),
z0 € R"\U is a fixed point, z € U, | DL f(x) |< C |z |71 (s €[0,1), j =
0,1,---,k—1), € R*\ U and C is a real constant.

If z € OU, we construct a sphere E with the center at z and radius
0 > 0, where OU is divided into two parts by F and the part of OU lying
in the interior of F is denoted by As. If %ir% ®5(z) = I, in which

k—1

Ds(z) = S (~1) / Gt (2, 2)do, DI f(x),

) AU —Xs

then I is called the Cauchy principal value of the singular integral and
denoted by I = ®(z).

Lemma 3.2. Let U and OU be defined as above. Suppose that ¢ : OU —
Cl,, is bounded and Holder continuous with exponent s € (0,1). Then the
integral

Gi(z,z)dog1)(x)
U
is well defined for each x € OU in the context of Cauchy principal value.
Theorem 3.4. Let U and OU be defined as above, f € c"(oU,Cly,) (r >
k,k <n), and | Dif(z) |< C |z |77 (s € [0,1),5 =0,1,---,k —1).
Then for any z € OU, ®(z) is well defined in the context of Cauchy principal
value.

Lemma 3.3. For any x, z,2y € R", when 7 > 0, we have

(x — z)iHL (z - 2p)i Tt

|m—z\" |z — 20 |?

< nz (|z]+]20]) +i|$|+|zo)jk

- |x—z|k|x—zo|"k |z —z vk '
k=1 k=1

Lemma 3.4. Let U and OU be as above. Suppose that ¢ : OU — Cl,
is Holder continuous with exponent s € (0,1), t € OU, and ¥(z) =
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Jor Gi(z, z)dogp(x). Then

W) = 5000 + [ Gl o).

ou

Theorem 3.5. (Plemelj formula) Let U and OU be as above, f €
C(OU,Cl,) (r >k, k <n), and | D1f(z) |< C |z |77+ (s €[0,1), ) =
0,1,---,k—1). Then

(1) = S5(6) + (1),

X (®)
(1) = —5 /(6) + B(0).

Theorem 3.6. Let U, U and G754 (z,z) be as above, z € R" \ OU and
fec™(ou,Cl,) (k<r, k<mn). Then

k—1 .
) = Z( / G (x, 2)do, D] f(x)
=0

is a k—regular function.

Theorem 3.7. (Extension Theorem) Let U and OU be as above. If
Drf(z) = 0 for any point z € R™ \ OU and or z € OU, fT(z) =
S22 (7). 1-(2) € H@U.B),0 < § < 1). Then DEf(2) = 0 for
z € R™.
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1. Introduction

The method of Clifford analysis theory is a powerful tool for generalizing
the classical one variable complex function theory to higher dimensions. In
[1-3], some kinds of jumping boundary value problems for regular functions
in Clifford analysis were studied, which generalized the classical one in [4].
The Privalov theorems and Plemelj formulae play crucial roles in solving
these problems. In [5,6], they studied the boundary value problems for
harmonic and bi-harmonic functions. With the help of high order cauchy
formula in [7,8], we can represent k-regular functions by some integrals,
furthermore represent harmonic and bi-harmonic functions. Therefore, the
boundary properties of these integrals are very important for solving the
boundary value problems for harmonic and bi-harmonic functions. In this
article, we will study these integral operators’ boundary behavior with the
standard method in [9,10], then obtain a series of Privalov theorems and
Plemelj formulae.

2. Integral Representation for K-Regular Functions

Let V), , be an n-dimensional real linear space with basis {eq, ez, --e,},
C(Vp,n) be the 2"-dimensional real linear space with the basis

fear A={h1, -} €PN, 1 <hy <--- <h. <n},

where N stands for the set {1,---,n} and PN denotes the family of all
order-preserving subsets of N in the above way. We denote ey as ey and e4

I This research is supported by NSFC (No.10471107) and RFDP of Higher Eduction
of China(No.20060486001)
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as ep,..n, for A= {hy, -, h.} € PN. The product on C(V},,,) is defined
by

eqep = (—1)PAB e np, if A, Be PN,

Ap = Z Aapgeaes, if A= Z Aaea, p= Z HBes,
A,BEPN AePN BePN

where the number P(A,B) = Y P(A,j), P(Aj) =#{i:i € Ai> j}
jEB
eg is the identity element written as 1.
Thus C(V,,,,) is real, linear, associative, but noncommutative algebra
and it is called a universal Clifford algebra over V,, ,, (see [11,12]).
In the sequel, we constantly use the following conjugate

€; = €;, ifi=1,2,--- ,n,
A=Y Agéa, ifAeC(Vyn).
AEPN

Hence we introduce the norm on C(V,, ;) as follows

=D A2)%, and [A+p < A+ [l [Aul < 277l
AePN

Let € be an open nonempty subset of R". Functions f defined in €2
and with values in C(V}, ,,) will be considered, i.e., f: Q@ — C(V,, ), more
clearly, f(z) = > fa(z)ea,z € Q, where f4 is the eq-component of

AePN

f(z). Obviously, f4 are real-valued functions in Q. Whenever a property
such as continuity and differentiability is ascribed to f, it is clear that in
fact all the component functions f,4 possess the cited property. So f €
C"(Q,C(Vyn)) is very clear.

In this paper, we shall consider the following operator D:

- 0
D= i— C"(Q, C(V,n CTHQ, C(Vn)),
;eaxi €, C(Van)) — (€, C(Van))
its action on functions from the left being governed by the rules

D[f] = ZZ@@A%.

i=1 A

Definition 2.1. A function f(z) € C™(Q2,C(Vy,n)) (r > 1) is called regular
in Q,if D[f] =01in Q; A function f(z) € C"(Q,C(V,n)) (r > 1) is called
k-regular in Q if D*[f] =0 in Q.
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Thus the Laplace operator satisfies A = D? A% = D4
Denote the fundamental solution of D¥(k=1,2,3,4) respectively as fol-
lows, for n > 4

Hl(x) = wnpl?;( )
-1
) = G = e 2(@)
) = S D)
1
Ha(w) = 2(n = 2)(n — Hwpp—4(z)’

where p(z) = (3. #2)%, w, denotes the area of the unit sphere in R”.
k=
Lemma 2.1 ([7,8]). Let Q be an open bounded nonempty subset of R™ with

a Liapunov boundary 9%, f € C*(Q,C(V,,)) NCHQ,C(Vin)), Alf] =0
in Q. Then for x € Q,

/H1 _ 2)do, () /H (y — 2)do, D[ f](y)-

Lemma 2.2 ([7,8]). Let Q be an open bounded nonempty subset of R"™ with
a Liapunov boundary 92, f € CH(Q,C(Van)) NC3(Q,C(Vin)), A%[f] =0
in Q. Then for x € §,

/H1 —x)doy f(y /H2 — z)doyD[f](y)
+ / Hy(y—2)do, ALf](y) - / Ha(y—=)do, D*[f](y).
o0 o0

In what follows, we suppose {2 be an open bounded nonempty subset of R"
with a Liapunov boundary 9, denote QT = Q and Q= =R"\ Q.
For f € C(0Q,C(Vy.n)), denote

(S1f)(x /H1 —x)doy f(y), = e€R",

o0

(Saf)(z /H2 —x)doy, f(y), = €R",



Boundary Behavior of Some Integral Operators 247

(S3)(x) 2 / Hy(y — 2)doy f(y), o €R",
o0

(Saf)(x) 2 / Haly — 2)doy f(y), =€ R,
oN

where for x € 9Q, (S;f)(z) (i = 1,2, 3,4) are considered as principal value
integrals.

3. Privalov Theorem and Plemelj Formula

In this section, we discuss the boundary properties of operators S; (i =
1,2,3,4).

Theorem 3.1. Let f€ H¥(0Q, C(V,,)) (0<a<1), g€ C(ON,C(Vyn)).
Then the following principal value integrals are convergent and satisfy

i) (S1)(t) € H¥(99,C(Vnn)), 0 < @ < a,

i) (S29)(t) € H'7(0Q,C(Vy0)), V0 <e <1,

iii) (S39)(t) € HY(0Q,C(Vy,0)),

iv) (S19)(t) € HY (09, C(Vy.n))-

Proof. i) has been proved in [9,10].
ii) For t1,t2 € 0€, it is enough to consider the case of p(t; —t2) =0 >0
being sufficiently small,

(=2 (Sea)(t) - (20t |

— o [ o) - o [ ’
19 50
1 1 1
= ( - ‘ do g(y)‘
n =t =t
OO\ B(t1,26)
1 1
+‘ . / ——do ’
Wy, pan(y _ tl) yg(y)
QN B(t1,26)
1 1
+‘7 doyg(y ‘
Wn, pn72(y_t ) Y ( )
QN B (t3,46)
AN
= Il + IQ + 13.

For y € 09\ B(t1,26), we have p(y — t1) < 2p(y — t2). For any
t17t27y € Rna t1,t2 7é Y,
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‘ 1 _ 1
P2y —t)  pn Ay —t2)
1 1 1
< —2 T on—3 =
P2y —t1) Ay —t)p(y —t2)  p" 3 (y —t)p(y — ta)
1 1
- + n—3 T n—2
ply—t1)p" 3y —t2)  p" 3y —t2)
p(ti —t2) p(ti —t2) R
T2y —t)ply —t2)  p" 3y —t)p*(y — t2)
n—2
p(tl — tg) 1
-y , , .31
ply —t1)p"*(y — t2) ; Py —t)p'(y — ta)
So
22n=1.§ sup. l9(v)] )
L < ve — 45,
Wn, Pn7 (y - tl)
OO\ B(t1,25)
2" sup l9(y)] )
A= L — —————dS
w, P2y —t1)
QN B(t1,26)
26 T T 2T
< M(n)/dr/sinn_?’ g01d<p1~-~/sing0n,3d<pn,3/dgpn,g
0 0 0 0
25
< M(n) /dr < M(n)é,
0
2" sup lg(y)] ) 15
< Y% 7dS<Mn/dr<Mn6,
3 = w, p"72(y*t2) = ( )0 — ( )

90 B(t2,45)

where M (n) denotes a nonnegative constant, depending on the quantities
in the parentheses, and M (n) always changes in different inequality.
Then there exists a constant dg independent of ¢; and t5, such that

6[) d
B < M5 [ < M3 [[log o] + |1og(26)] < M ()5,

r

26
VOo<e<l.

Thus the result ii) holds.
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i) 20— 2)| (Ssg)(t) ~ (Sag)(t2) |
S T D e S P ) B ek TS
_ wn/pn72(y_t1)d v9() wn/pn*(y—trz)d yg(y)'
o o0

e e T
9N B(t1,20)
+‘L / Ll)d%g(y)‘

Wy, P2y —t
QN B(t1,26)

1 Yy —ta
_‘_‘7 ——=—doy,g y)‘
wn 2y — 1) v

8QNB(t2,46)

é-71-5-1'2+-73~

For any t1,to,y € R™, t1,ts # v,

} y—ti  y—ts ’
PrAy —t) Py —t2)
‘ y—ti  y—ts ’ ‘ y—ta Yy —to
T2y —t) pn 2y —t) Py —t)  pnE(y —t2)
n—2
p(t1 —t2) 1
< BT i —t , . By (3.1)).
P2y — t1) i 2); P Yy — t)p Ny — ta) (By (3.1))
So
I, < M(n)d ;ds
b= Py —t1)
8O\ B(t1,26)
26
y—t 2
I, < M(n ‘7‘dS§Mn/rdT§Mn5,
2 < M) e (0 (0
QN B(t1,26) 0
45
y —to 2
I3 < M(n ‘7’dS§Mn/rdr§Mn5.
3 ( ) p"‘Q(y—tg) ( ) ( )
80 B(t2,45) 0

Then there exists a constant Jy independent of ¢; and t5, such that

do
I < M(n)s / dr < M(n)3(5 — 26).
26
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Thus iii) holds. By using the same method, iv) follows immediately.
Theorem 3.2. (Privalov theorem) Suppose fe H*(0Q,C (V1)) (0 <
a<1),geCON,C(V,n)). Then

i) (STf)(z) € HX(QF, C(Vypn)), 0<a<a,

ii) (S¥g)(x) € H'5(QF,C(Von)), VO <e <1,

iii) (S5 9)(z) € H'(QF, C(Va,n)),

iv) (S19)(x) € H'(QF,C(Von)).
Proof. In the following, we only prove the results for z € QF. Forz € Q™
it can be proved similarly. Since i) has been proved in [9, 10], now we prove

ii).

Case 1: For all z1, x5 € 012, by Theorem 3.1, we have
(S5 9)(x1) = (S5 g)(w2)| < M(n)|z1 —a2'75, V0 < e < 1. (3:2)
Case 2: For x1 € Q,z9 € 01, denote p(xr1 — x2) = 6 > 0 being suf-

ficiently small. Since 99 is compact, for all x; € 2, there exists a point
z190 € 0Q such that p(z1 00 — 1) = inan p(y — x1). Obviously, 21,00
ye

exists, but is not unique necessarily. It satisfies

px1 —x1,00) <0, p(z1,00 — 22) < 2p(x1 — 1) = 26,

and then
’ / ! doyg(y) / ! doyg(y) ‘
————do — | ———do
P2y —x) Y P2y —xa) Y
o0 o0
<| [0 — [ ol
————do — | ————do
- 2y —ap) IV P2y —wr00) I
o0 o0

1 1
Jr’ / P / ——— do ‘
P2(y — r1,00) w9 (v) "2y — z2) v9(y)
89 o
By Theorem 3.1,
| / T ) / g doyg(y)| <M)s e, (33)
S0 p"—Q(y—ah,aQ) pn—2(y_x2)

o0

and
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‘ /Mdayg(y)_/wdayg(y)’

o0 90
1 1

— dsS
P2 y—x1)  pnH(y—x100)

A
\)
S
w0
=i
T
=%
—~
<
=~

yeoN
8Q\B(ZE1'3Q,25)
1
+2" sup |g(y) / —dS
y689| )l P2 (y — 1)
aﬂﬂB(CEl)aQ,25)
1
+2" sup |g(y / —dS
y€89| W)l p" 2 (y — 11,00)
9QNB(z1 06,25)
N
S nL+1+ I

For y € 09, since x1, 02 is a nearest distance point between z; and
0, p(y — x1,00) — p(y — 1) < p(z1,00 — 1) < p(y — 1), then

p(y — r1.00) < 2p(y — 1)

So there exists a a constant Jp independent of x; and x1, 92, such that

1
neP s loly) [ s
yeaQ P Hy — z1,00)
GQ\B(zL@Q,%)
do d
< M(n)5 [ 5 <M ()3 log(d0)| + log(2)] < M(w)6' =, (3.4
20

1
I S22n72 sup - -
yean l9(9)] P2 (y—21,00)

0N B(x1,00,29)

dS<M(n)s, (3.5)

1
I3 < 2" sup |g(y  —
yeaﬂ‘ )| P2 (y—21,00)
Q) B(x1,00,29)

dS < M(n)s. (3.6)

Combining (3.3),(3.4),(3.5) and (3.6), (3.2)holds.

Case 3: For all 1,29 € Q, denote |z — x2| = §. Since segment T3
and 0 are compact, there exist T € T1Z2, Toq € 012, such that

F—ip0)= _ inf — ).
PE = T0) =, iyl D)

Denote p(z — Zpq) = d.
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1) If d=0, then € 99Q. By Case 2, we have

(S5 9)(@1) — (557 g)(x2)]
< |(SF9)(x1) = (S379)(@)| + (S5 9)(@) — (S5 g)(2)]
< M(n)dt—=.

2) If d > 0,d < 20, then p(z1 — Taq) < 39, p(z2 — Taq) < 39, thus by
Case 2, we have

(S5 9)(21) — (S5 9)(w2)]
< (S5 9)(21) — (S379)(Taa)| + |(S5 9)(Taa) — (S5 g)(x2)]
< M(n)ot—e.
3) If d > 2§ > 0, then for all y € 99,

py — 1) < 2p(y — x2), ply — x2) < 2p(y — 21),
p(y—ra0) < 3p(y—1), p(y—ra0) < 3p(y—x2).

Thus from the above inequalities, by the same technique, we have
(S5 9)(21) — (S5 g)(w2)| < M(n)d'~*.

So the result ii) holds, and iii), iv) follow in the same way.

Corollary 3.1. (Plemelj formula) Suppose f € H*(0Q,C(Vyp.n)), 0<
a <1, g C(0R,C(V,n)), then for x € R™\ 09, we have

y— 1 1 y—t
lim — d =4 )+ — d
) =t w /p”(y x) W) =5 0+ o, /p”( t) /)
atcggﬂ
1 1 1
K }«%iiw/ P2 (y — ) 739(y) wn/ P2y t)dayg<y)’
teoN
)t o [T dog) = - [ o)
111 im — g = — g
1 2t w P 2(y — ) y9\Y w " 2(y — 1) yI\Y),
€0
1 1 1
1 P
= w | iy = o | Gy
teon

Proof. It can be directly proved by Theorems 3.1 and 3.2.
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1. Introduction

We consider the differential-difference operators D;, i = 1,---,d, on R, as-
sociated with a positive root system R, a nonnegative multiplicity function
 and index 7y, > 0, introduced by C. F. Dunkl in [6] and called Dunkl op-
erators in the literature which are invariant under finite reflection groups.
These operators are very important in pure mathematics and in physics.
Dunkl operators not only provide a useful tool in the study of special func-
tions with root systems ([7,11,21]), but they are closely related to certain
representations of degenerated affine Hecke algebras ([3,13]). Moreover the
commutative algebra generated by these operators has been used in the
study of certain exactly solvable models of quantum mechanics, namely
the Calogero-Moser-Sutherland models, which describe quantum mechani-
cal system of N identical particles on a circle or line which interact pairwise
through long range potentials of inverse square type ([12,17]).

Based on Dunkl operators the authors in [2,14] were able to introduce a
Dirac operator, called Dunkl-Dirac operator, which is invariant under finite
reflection groups and also factorizes the Dunkl Laplacian. Starting from
the latter operator the authors in [10] recently obtained the fundamental
solutions of the iterated Dunkl-Dirac operators D! = (Zle eD), 1 eZy
but for | < p, where Z denotes the set of all positive integers and p =
27, + d is the so-called Dunkl-dimension(see Section 2). So, in this paper

IThis research is supported by Funda¢do para Ciéncia e a Tecnologia, Portugal, No.
SFRH/BPD/41730/2007.
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we will further study the fundamental solutions of the iterated Dunkl-Dirac
operators with a different approach, the so-called Dunkl transform ([4,8]),
which generalizes the results in [10] to any positive integer power of Dunkl-
Dirac operator.

Throughout this paper we use the convention that ¢, s and c/a, 5 denote
constants, depending on the parameters o and (3, their values may change
from line to line. Then the main result of this paper reads:

Theorem 1.1. For anyl € Z,, the following function E,; is a funda-
mental solution of the iterated Dunkl-Dirac operators Dﬁb in R%:
for v odd,

T

C#JW, l Odd,
Ey(x) = 1

CWW’ [ even,

and for pu even,

T
CM,IW, I odd and 1< u—1,

1
Cpuli——, l even and 1< p,
E — " el
M7l(x) = /
(Cu 10g|x|+cﬂ,l)W, l odd and I >p—1,
(cu,ilog x| —l—clml)w, I even and [ > pu.

2. Preliminaries and Dunkl Analysis

Let ej,---,eq be an orthonormal basis of R? satisfying the anti-
commutation relationship e;e; + eje; = —2§;;, where d;; is the Kro-
necker symbol. We define the universal real valued Clifford algebra Ry 4
as the 2%-dimensional associative algebra with basis given by ey = 1
and e4 = ep, - -ep,, where A = {hy,ho, -+, h,} C {1,2,---,d}, for
1 <h < hy <+ < h, <d Hence, each element z € Ry 4 will be
represented by z = >, xae4, x4 € R. We now introduce the Dirac op-
erator 0 = Z?:l eia%i. In particular we have that 9> = —A, where A
is the d-dimensional Laplacian. For all what follows let 2 be an open set
of R%. Then a function f : @ — Rg 4 is said to be left-monogenic (resp.
right-monogenic) if it satisfies the equation 9f = O(resp. f@ = 0) for each
x € ). Basic properties of Dirac operator and left-monogenic functions can
be found in [1,5].

For a € R4\ {0}, the reflection o, of a given vector x € R? on the
hyperplane H, C R¢ orthogonal to « is given, in Clifford notation, by
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OaT 1= —azal.

A finite set R C R?\{0} is called a root system if RMR? - a = {a, —a}
and 0,R = R for all « € R. For a given root system R the reflections o,
a € R, generate a finite group W C O(d), called Coxeter group or reflection
group associated to R. All reflections in W correspond to suitable pairs
of roots. For a given 8 € R\ J,cp Ha, we fix the positive subsystem
Ry = {a € R|{«,3) > 0}, then for each o € R either & € R} or —a € Ry.

A function k : R — C on a root system R is called a multiplicity
function if it is invariant under the action of the associated reflection group
W. 1If one regards k as a function on the corresponding reflections, this
means that x is constant on the conjugacy classes of reflections in W. For
abbreviation, we introduce the index v, = > R k() and the weight
function hy(z) = [[,er, [(@, )", which is homogeneous of degree 7,c. In
addition, we let y = 27, + d which is the so-called Dunkl-dimension.

We now denote by C*(R?) the space of k-times continuously differen-
tiable functions on R? and by S(R?) the space of C*°-functions on R?
which are rapidly decreasing as their derivatives. The Dunkl operators
Dj, j=1,---,d, on R? associated to the finite reflection group W and
multiplicity function  are given by

Djf(z) = 8% @)+ > KQW%, feCHRY).
J a€RL ’

In the case k = 0, the D;, j = 1,---,d, reduce to the corresponding
partial derivatives. In this paper, we will assume throughout that & > 0
and v > 0. More importantly, these operators mutually commute; that is,
D;D; = D;D;. This property allows us to define a Dunkl-Dirac operator
for the reflection group W via

d

d
Dnf =Y _e;D;f, or fDn=> (D;f)e;,

j=1 j=1

respectively. A function which is annihilated by the Dunkl-Dirac operator
from the left or right is called left Dunkl-monogenic function or right Dunkl-
monogenic function. In addition, the corresponding Dunkl Laplacian Ay
on R? is defined through A, = —D? = Z?zl Djz.

The Dunkl intertwining operator Vj is a linear positive operator deter-
mined uniquely by([16])

ViPlc Pl Vil=1, D;V, =V,0;, 1<j<d,
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where P? is the space of homogeneous polynomials of degree n in d vari-
ables. This operator has been extended by K. Trimeéche in [19] to the space
C>(RY).

The Dunkl kernel K (z,y) on R% x R is now defined as

U ) = Valexp((- ) ),

n

K(.I, y) = Z VK(
n=0

which generalizes the usual exponential function exp((x,y)). For y € R,
the function # — K (x,y) may be also characterized as the unique analytic
solution on R? of the system

Dju(x,y):yju(xvy)a j:]-v"'vdv (2 1)
u(0,y) =1, for all y € R% '
This kernel has a unique holomorphic extension to C? x C?. The detailed
study of Dunkl kernel can be found in [7].
Now we need to define the equivalent of the Fourier transform in the
Dunkl setting.

Definition 2.1. The Dunkl transform is given for any f € S(RY) by
fo) = en [ K —in)f@)h @),
R

where ¢y, is the constant defined by c,jl = Jpu e_|l|2/2hi (x)dx.

Obviously, the extension of Dunkl transform to S’(R%) is by duality, as
usual. The detailed study about Dunkl kernel and Dunkl transform can be
found in [4,7,20].

Since the Dunkl transform is not invariant under the classical transla-
tion operator, we need to introduce the following translation operator (see
[20]).

Definition 2.2. The Dunkl translation operators 7,, y € R?, are defined
on C*(R?) by

7y f(2) = VIOVE(V) " f(z +y)l, Yo R,
where the superscript (y) in V%) means that V. is applied to the y-variable.

The properties of Dunkl translation operator can be found in [18,20].
Using this translation operator we have the Dunkl-convolution defined by

fro) = [ i@,
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for which the following relation holds

(f+9) = f. (2.2)
In the following we will use the notation f to denote the inverse Dunkl
transform of the function f.
3. Proof of the Main Theorem

We will follow the approach in [15] for the unweighted case. To this end, we
start with the following Lemma from [18], which we only state the special
case that we will use in this paper.

Lemma 3.1. For 0 < (3 < pu, the identity

1" 1 . T(3/2)
_ L _ /248
<x|u—ﬁ> =il o =2 e gy

holds in the sense that

LI 1
fo TN = s [ i

for every ¢ which is sufficiently rapidly decreasing at oo, and whose Dunkl
transform has the same property.
We are now ready to present our proof of Theorem 1.1.

Proof. Define D, ”, 3> 0, by
D7) = e [ Klwi€)(ie)  FOREE)ds.
where (i¢)77 is defined by
(€7 =I5 (€ () () and xal©)=5 (1275 ).

Thus, if 8 =1 is a positive integer, we have

1

— | even;

l? b
— l odd.
[REEK

Therefore, using (2.1) there has

D) = % | [ wiole fone
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Dy / K (a,i€)|e| 11 f ()12 (€)de
Rd
+ / K (2, i€) (—|€])~ F(€)h2 (€)de
Rd

4Dy [ Kwi€)(-Ie) ™ HOmE |

If 0 < I,I4+1 < u, by invoking relation (2.2) and Lemma 3.1 for 0 < m < p,
(1/|z|*=™)Y = ¢pm/|2|™, we conclude that

D' f(x) = By * f(=), (3.1)
where

1
T

EHJ(SIJ) = 6#71(1 + e_ilﬂ') + C;J,,l(]‘ _ e—ilrr)Dh

||t
Furthermore, for general 8 > 0, the same criterion gives
Eup(®) =cup(l+ eiiﬁﬂ)Guﬁ(z) + Cp,ﬁ(l - eiiﬁw)DhGu,ﬁ(x);

where G, 5 is the fundamental solution of |Dy,|? that is the operator asso-
ciated with symbol [£|°.

Accordingly, from (3.1) and the spherical decomposition of Dy, ([9]), we
can easily check that the function E,,; given by, for 1 odd,

T
CHJW, l Odd7

Eyu(z) = 1
CNJW’ l even,

and for u even,

x
CM,IW, l odd and I < p—1,

1
C;LJW, I even and I < p,
Epa(z) =

(cpilog || —|—c;,l) [ odd and > pu—1,

x
o

(cu,ilog x| +c;hl)| I even and [ > p,

x|l

is a fundamental solution of Df1 in R9,

Remark 3.1. We call “a” fundamental solution of Dib but not “the”
fundamental solution of Dfl in Theorem 1.1 since the fundamental solution
of Dfl is not unique.
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Remark 3.2. Comparing with the classical case(see [15]), the crucial
part in our treatment of Theorem 1.1 is the replacement of the classical
Euclidean dimension d by the Dunkl-dimension .
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In this paper, we consider a Hilbert boundary value problem in Rq,y, Clifford
analysis. Find a Rog,m-valued left monogenic function u(x) in R, which can
extend continuously to R, whose positive boundary value ut satisfies

X (a(t)ut(t)) = c(t), t €RY,

where ¢(t) is a Rg,m—1-valued function, a(x) is a given Rq m,-valued function,
whose inverse a~1(z) exsists. We may transform the Hilbert problem into a
Riemann boundary value problem, in [1] the Riemann problem may be solved
by the successive approximation, if a(x) satisfies some conditions.
Keywords and Phrases: Riemann problem, Hilbert problem, monogenic
function.
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1 Introduction

Recently many mathematicians have discussed the Riemann boundary
value problem and the Hilbert boundary value problem in Clifford anal-
ysis. In this paper, we mainly discuss the Hilbert boundary value problem
in Clifford analysis. Find an R ,,-valued left monogenic function u(z) in
R?*, which can extend continuously to R, whose positive boundary value
u™ satisfies

X (a(t)ut(t)) = c(t), t € RY,

where ¢(t) is an Rg ,,—1-valued function, a(z) is a given Rq ,,,-valued func-
tion, whose inverse a~!(x) exsists. If a is a constant, the solution has been
discussed in [14], but when a(z) is an Rg ,,-valued function, the method
may fail, we could not use the way again. Successive approximation for the
singular integral equation in space of Holder continuous functions was con-
sidered by Xu in [15] and Bernstein have discussed the Riemann boundary
value problem in Clifford analysis when a(z) is an Rg ,,-valued function.
Here we mainly discuss the Hilbert boundary value problem by the succes-
sive approximation.

2 Preliminaries

Let Rg,, be the real Clifford algebra with generating vectors e;, i =
1,--+,n, where, e = —1 and e;e; +eje; =0if i # jand 4,5 = 1,2,...,n.
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Besides, let eg be the unit element. Then an arbitrary b € Ry, is given
by b = > 5bges, where by € Randeg = eg,ep, - -eg,, and i < (2 <
-+ < Bp. A conjugation is defined by b = 35 bsep, €5 = €3,...€5, - €5,
and ey = eg, €5 = —ej, j = 1,2,---n. By [blo = bpep we denote the scalar
part of b, whereas Imb =" g0 bpes denotes the imaginary or multivector
part.

m

In the sequel x € R™ is represented as x = ijl €;T; OT T = Zp+EemTm

or & = (Zy, xm,) equivalently, where Z, = Z;n:_ll ejxj. Define R = {z |
Ty > 0}, R™ = {z | 2, < 0}, R} = {z | 7, = 0}, RT = RTURY, R™ =
R™ URZ. Then R may be identified with R™~1 R, R™ are the halt
space locating above and below the hyperplane R{® respectively. For any
x € R™, since 22 = —|z|?, then x=! = —x|z|~2 is the inverse of x # 0, i.e.,
rlz =207t = 1.

Supposed that Q is a domain in R™, D, = Z;":l e;(0/0xj), f(x) =
Yo afa(z)ea is a Ry p-valued C'-function, then we say f € C'(Ro )
and f is left monogenic in Q if D,f(z) = Y7, ejea(dfa/dx;) = 0
as well as f € CY(Q;Ro.,), and f is right monogenic in Q if fD, =
Z eae;(0fa/0x;) =0. Let Ry m—1 be the subalgebra of Rq ,,, constructed

j=1
from {e1, - ,em—1}, then Ry ,,, has the decomposition see [2]

Ro,m = Ro,m-1 + emRom—1-

Thus any A € Rg,,, can be decomposed as A = A +emA2, A, A2 € Ry 1,
we may define X(™(\) = A;, Y™ (X) = \,. Particularly, X(™)(z) =
Zp, Y (2) = .

It is clear that the decomposition is the generalization of classical repre-
sentation of complex number, i.e., operators X (") and Y (™ acting on Ro,m
are the generalizations of operators Re and Im acting on C. For any Rg .-
valued function ¢(z) = (X™q) (z) + en (Y™ g) (z), define the operator

« * R as

¢ (@) = (Xq) (2) = e (Y0Vq) (a), (2.1)

and for any ¢ = Z; + e € RY, 2 = Z, — zpenm, € RZ.

Theorem 2.1. For any Rg ., -valued function a(z) and b(x), then

(@) (x) = a(@), (a(x)b(x))” = o™ (2)b" ().
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Proof.

(@) = (XMa — e, (Y(Ma))* = X(Mg + ¢, (Y M),
(X a + e, (Y™ a)) (X b + e, (VD))"
(X(a)(X ™) — (X a)en (Y ™)
—em (Y™ a) (X ™) + e, (Y™ a)e,, (Y ™b),

—
Q
=

=

*
I

while
a*b* = (X™a — e, (Y™a)) (XM — e, (Y™))
= (XMa) (XM™b) — (X™a) e, (Y™)
—em (Y™a) (X™b) + e, (Y™a) €y, (YD),

SO

(@) (x) = a(@), (a(x)b(z))" = o™ (2)b" ().

Theorem 2.2. Let g(x) be a Ry, -valued left monogenic function defined
in R™, and g.(x) be defined as

9.(2) = g"(@") = (Xg) (@) —em (YVg) @), (22)

which is the conjugate extension of g with respect to the hyperplane ., = 0.
Then g.(x) is a left monogenic function too.

Proof. g(z) is left monogenic in R™ if and only if X (™ g and Y (™) g satisfy
the equations

Dy, (X<m>g) (Zps ) — 0/0y. (Y<m>g) (Z, ) =0, (2.3)
0/0s, (X9) (Zoswn) = Dz, (YVg) (Zovwn)=0.  (24)
Since Dz e, = —em Dz, , we have

Dg.(x) = (Dz, + €m0/02, ) (X" 9)(Zs, —m) — €m (Y "™ 9)(Zs, —21m))
= DZm (X(m)g)(Zxa _zm) + a/awm (Y(m)g)(Zaca _l'm)
+€m(0/0s,, (X(m)g)<Za:> Tm)+ Dz, (Y(’”)g)(Zx, —Tm))

=04e¢,0=0.

Theorem 2.3. Let G be the lower half space R and assume that
(1) H(z) = ZHg(x)eﬁ, and all Hg are real-valued,
8
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(2) 1+ H(z))(1+ H(z)) € R, and H(z)H(z) € R for all z € R™1,
and

(3) There exists an € > 0 such that Ho(x) > ¢ for all x € R™™L. Then
the Riemann problem

Du =0 in R™\ Ry,
ut = H(z)u™ + h(z) on RY,
[u] = O(a] ) s [2] = oo,
is uniquely solvable in Lo r(R™1) and the successive approzimation
up(z) =20+ H) *h— 1+ H)" (1 — H)Sup_1, n=1,2,- -

with arbitrary up € Lagr(R™™1) converge to the unique solution u of

1 1 1 1
5([—1— S)u + §H(I - Su = 5(1 + H)u + 5(1 — H)Su = h,
where
(Su)(z)=2 RmE(x—y)n(y)u(y)d% z€RY,
0
1 =z 2r%
Ex)=———, A= —
A [z|™ (%)

3 The Left Linear Hilbert Problem

Hilbert Boundary Value problem. Find a R ,,-valued left monogenic
function u(x) in R7’, which can extend continuously to Rf*, whose positive
boundary value u* satisfies

X (a(t)ut(t)) = c(t), t € RY, (3.1)

where ¢(t) is a Rg,—1-valued function, a(z) is some given Ry ,,-valued
function whose inverse a™*(z) exists. Since u(z) is left monogenic in R’}
and can extend continuously to the boundary Rf’, we may define a new
function Q(x) as

Q(z) = (3.2)

ui(2) = u(z%), @ eRT,

{ u(x), z € R,

then by the Theorem 2.2 that Q(z) is left monogenic in R™ and can also
extend continuously to Rfj* in R™ too. Moreover

O+ () = (X(m)u) (Z2,0) + em (Y<m>u) (Z,,0)), t=Z, € R, (3.3)

O (1) = (X<m>u) (Z2,0) — em (Y<m>u) (Z,,0)), t=Z, €RT. (3.4)
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The relationships between Q7 (¢) and Q7 (¢):
Q7(1) = ui(t) = (uT(8)" = ()", t= Z: €RP,
()" = 2 (1), (2 () =0 (1), t=Z, Ry (3.6)
Thus, Hilbert BVP (3.1) is equivalent to

a(t)u®(t) + (at)u™(t))" =2c(t), t € RY, (3.7)

since §
(a(tyut (1) = a*(t) (u™ ()",

then (3.7) is equivalent to
a®yut(t) +a*(t) (ut ()" =2e(t), t R, (3.8)

as a(t) is required to have inverse a=1(¢) in Rg ,,, and it can also be written
as

a®)Qt(t) +a*()Q (t) = 2¢(t), t = Z, € RY, (3.9)

QT (t) +a (t)a* (H)Q (t) = 2aH(t)e(t), t=2Z, Ry (3.10)

Note that ¢(¢) is a R ,,—1-valued function defined on R{, then by the facts

c*(t) = ¢(t), we use “*” operator to both sides in (3.9), we may get
(a(t)QF ()" + ((a(t) Q™ (t)) =2¢(t), t = Z, € Ry, (3.11)
thus, we have
a(t)Qf () + a* ()5 (t) = 2¢(t), t = Z, € RY, (3.12)
it can be written
QF () +a ()" ()Q, (1) =2a"(t)c(t), t = Z, € RY, (3.13)

which shows that if 2(z) is a solution of Riemann BVP (3.7), then Q. (z)
is the solution of it too. But from the theorem 2.3, we know that the
Riemann boundary value problem (3.10) have the unique solution if

H = —a 'a* satisfies the conditions in the Theorem 2.3, so we get that

Remark 3.1. In the formula (3.7), if a(z) € Ry m—1, we cannot use this
method.
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In fact, if a(z) € Ro,m—1, Hilbert BVP (3.7) is equivalent to
QT () + Q7 (t) =20 (t)e(t), t = Z, € Ry (3.14)
In the Riemann Boundary Value problem (3.14), we have
H=-1<0.

So we cannot use the Theorem 2.3.
In the next section, we may see that not all the cases could be solved
by this method.

4 Some Examples

In Hilbert boundary value problem (3.1), a(x) should satisfy some
conditions, or this method may fail. So here, we introduce the following
examples.

Example 3.1. If a(t) = z1e1+ -+ Tm_16m—1 + T16m, t € RY, we have
H(t) = —a~'(t)a*(t), while

) = e
E a5 T e i oS W o
Tm—1
_..._x%+x%+”‘+x$nil+$%€m,1
a em, t € R, (4.1)

AT B4

(1) A4+ H®)(1+H(t)=Q1—-a"a*)(1-a"'a*) €R, and
=a la*a~la* € R, but

x2+...+x2
-2 3 ;n_l 3 = 0, (4.2)
T+ T+ Ty T XY

=
—
8
~—
\
—
S |
_
—~
~+
~—
S
*
—
~
~
~—
o
|

so H(z) do not satisfies the condition (3) in the Theorem 1.3.
Example 3.2. Ifa(t) = zv1e1+ - +xm_1€m_1+(@3 4+ +22,_;+1)em, t €
R7, we have H(t) = —a~1(t)a*(t), while
Ty
IR R AR R AP e
LTm—1
R R A E e
P4 tad, o+ 1
Cadtad+o a2l @i+ a2l 1)

a”l(t) =

)2 Em—1

em, t € R{Y,
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(1) A4+ H®))1+H(t)=(1-a"a*)(1—a"ta*) €R,
(2) HH = a 'a*a~'a* € R, and
3)

Ho(t) = = (a” ' (H)a”(1)),
—2t = —anat @t D)
it ag g (@t b F 12T

, (4.3)

so H do satisfies the conditions (1),(2) and (3) in the Theorem 2.3.

Remark 4.1. Let R%™*! be the real vector space R™*! provided with a
quadratic form of signature (0, m+1) and let eg, €1, - - , €,, be an orthonor-
mal basis for R™*1, then R™*! generates the universal Clifford algebra
Ro,m+1, which is a real linear associative algebra with identity 1, e = —1,
eie; +eje; =0(i # 7,0 <4,j <m). Define RTH ={z | zo > 0}, R =
{z | 2o < 0}, RP = {2 | 29 = 0}, RPT" = RPT U Ry, R™H =
R™T U Rg”“l. The space of vector R™*! is identified with the subspace
RO™+1 by the correspondence

m
((E(],xl,"' 7x’m) T = E Ti€i,
=0

or with the subspace R + ggR%™ by the correspondence

m
(€0, 1, ) = (w0, ) — @0 +Cox = T0 + €0 Y_ i,
i=1
Hereby R®™ = spang(e1, - ,em) generates inside Rg,,41 the Clifford
algebra Rg,,. By means of the identifications made, we have that for
r € R™ and z € R™, 22 = —|z|?, and 22 = —|z|>. Further Ry 41

admits the decomposition
Ro,m+1 = Ro.m + &Rom. (4.4)

The Dirac operator 9, and the Cauchy-Riemann Operator D, in R™*! are
defined, respectively by

61 = Zeiam“ Dr = azo +%8£7
=0

where 9, = 377", €;0;; is the Dirac operator in R™.



268 Zhong-Wei Si and Jin-Yuan Du

A function f € C1(2,Rg m+1) satisfying 9, f = 0 in © (or equivalently
D, f =01in Q) is called left monogenic in €.
By using the decomposition (4.4), a function f € C1(,Rg m+1) is writ-
ten as
[ =u+ev,

where u,v € C1(,Rg ), we let Ref = u, Imf = v. Particularly, if x =
—xoeg + 161 + -+ Tem = Tp€o +T161 + - + Ty, Where u = 161 +
s e, U = 2, £ = u — egu, Rex® = u, Imz* = —wo.

Lemma 4.1. If f is left monogenic in §2, we have

Ozt + O0zv =0,

D =
f=0s { Ozt + Ozyv = 0.

For any R ,+1-valued function f(x) = u+€gv, we may also define “*”
operator as
fH(x) = u—egu.

Lemma 4.2. Let f(x) be a Rg t1-valued left monogenic function defined
in R™Land f.(z) be defined as

fel@) = f(7),
which is the conjugate extension of f with respect to the hyperplane xq = 0,

then f.(x) is a left monogenic function too.

Proof. f(x) is left monogenic in Ry ,,, if and only if v and v satisfying the
equations

{ Ozt + Ozv =0,
Oz + Ogyv =0,

we have
Dy fu(x) = (O, + €0x) (u(—z0,2) — Ev(—0,2))
= Ozou(—10, ) — Opv(—10,2)
+€g (Opu(—z0,2) —0pyv(—20, L)) (Zy,—Tm)
=0.
Because of Lemma 4.2, we may also solve the following Hilbert BVP:

Find a Rg,11-valued left monogenic function u(z) in R7*', which can
extend continuously to Rg”l, whose positive boundary value u™ satisfies

Re (a(t)u™(t)) = c(t), t € Ry, (4.5)
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where c(t) is a Rg y,-valued function, a(t) is some given Ry ,,+1-valued
function whose inverse a~!(t) exists.
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In this paper, by using the methods from quaternion calculus, we investigate

the complex vector solution u(z) = ( Z; Ei; > of the equation Du = 0, and
work out a systematic theory analogous to the quaternionic regular function.
Differing from that the component functions of a quaternionic regular func-
tion are harmonic, the component functions of the solution satisfy the Modified
Helmholtz equation, that is, (A2 — A)u; = f, i = 1,2. In addition, we give
out a distribution solution of the inhomogeneous equation Du = f and study
some properties of the solution.
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It is well known that the theories of the holomorphic function of one
complex variable and the regular functions of quaternion as well as Clif-
ford calculus are closely connected with the theory of harmonic functions,
i.e. their component functions are all harmonic. But side by side with
the Laplace operator is the Helmholtz operator and modified Helmholtz
operator

Ay = X2 £ A NER) 0,

which play an important role and are often met in application. In recent
years, it was considered that by replacing the harmonic function with the
solutions of Helmholtz equation and modified Helmholtz equation, the the-
ory of the regular functions is naturally generalized in quaternion calculus
and Clifford calculus. The theory has been well developed and has been
applied to research of some partial differential equations such as Helmholtz
equation, Klein-Cordon equation, Schroding equation. The corresponding
results can be found in [1-9].

Let H(R) and H(C) denote the real and complex quaternion space re-
spectively. Their basis elements 1,1, j, k satisfy relations: i = j2 = k% =
—1,ij=—ji=k, jk=—-kj=1i.

In [1], the authors introduced a differential operator of first order Dy =
A+ ia%l + ja%z + ka%g,’ where ) is a positive real constant. It is easy to
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see that
—D_\Dy = A+ )2,

where A + A\? is namely the 3-dimensional Helmholtz operator. A quater-
nion function theory associated with the operator was established, which in-
volved the Pompeiu formula corresponding to D), the Cauchy integral for-
mula for the solution of equation Dyu = 0, the Plemelj formula of Cauchy
type integral and the theory of operator T). By using these results, the
Dirichlet boundary problems for Helmholtz equation

(A+A)u=f,

and the equation of linear elasticity

A+

— graddiv) u = f,
as well as some related problems for the time-independent Maxwell equa-
tions and Stokes equations were investigated.

Since the operator A> — A can not be decomposed into the product
of two differential operators of first order, the quaternion function theory
about the modified Helmholtz equation was developed in complex quater-
nion space H(C), namely the operator A+, A € C and some related equa-
tions were directly investigated by H(C). However, different from the op-
erator Dy, the Dirac operators of first order corresponding to A+ X, A € C
are not elliptic in general. Some properties analogous to the regular func-
tion such as the Pompeiu formula, the Cauchy integral formula do not hold.
There exists an essential difference between the two theories.

In this article, we shall use the quasi-quaternion space introduced in
[10,11], transform the problem into matric form. By using the quaternion
technique, we obtain a systematic theory about the modified Helmholtz
operator analogous to the quaternion regular function.

1. Some Notations and Definitions

Denote

(10) (10) (0 1) (0 2)
eq= , 1= , eg= , e3= .
o1 /)" Lo 1) \10/)7 L= o

It is easy to see that
2 _ .2 _ 2 _ _ —
€] = €5 = €3 = €0, €162 = —€2€61 = —l€3,

€9€3 — —€3€9 = —iel, €3€1 — —€1€3 = —i@g.
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In the following we shall abbreviate eg to 1.

Introduce the 3- dlmensmnal mod1ﬁed Helmholtz operator D = A + V,
where V = 82161 + am ex + BL e3, that is, the 3-dimensional gradient
operator and A is a positive real constant.Define D' = \ — V, then DD’ =
D'D = (A2 — A)eg, where A is the 3-dimensional Laplace operator. The
matrix forms of D, D’ are

o o lé] - 9
D_(/\+8901 8x2+28x3> D/_<)\8xl axQZBJc;;)
B ) ) ’ - o .9 9 )
and then
o N A0
DD =D'D = .
0 22— A

Let Q be a bounded domain in R? with a piecewise smooth boundary.

u(z) = ( Zlgg ) is a complex vector function defined in Q. If u(x) €
2

C1(Q) and satisfies the equation
Du =0, (1)

then u(x) will be called Hy-regular vector function in €.

2. Pompeiu Formula and Cauchy Integral Formula of
H)-Regular Vector Function

Let © be a bounded domain in R? with a piecewise smooth boundary S.
U(x),V(z) are 2-dimensional complex vector functions defined in Q and
U(x),V(z) € CH(Q)NC(Q). By the divergence theorem
/ (UV)V +U(VV)]do
Q

0 0 0 N
/[axl(Ueﬂ/) o 2(Ue2V) 9 3(U63V)}d0—/SU\sVdS,

where & = €3 cos oy + ez cos g + e3 cos oz, (Cos oy, Cos ag, cos arg) denotes
the unit outward normal to the surface S. From the equality (2), we have

/ U(DV) — (UD')V]do = / USVdS. @)
Q S

It is easy to show that ;1-e", r=|z|= (2} +23 —I—xd)% a fundamental
solution of the Helmholtz operator A2—A. When r # 0, (\2—A)(72-e") =

47r7‘
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0. We write

1 1 [A A 1
E(x) =D (eM) = { + ( - 7"3’> (1‘161 + x9eg + 33363) e

47y A | r 72

Suppose u(z) is a complex vector function defined in Q and u(x) €
CH(Q) N C(Q). Let x = (w1,22,73) be a fixed point in Q and B.(x) be
an open ball with the center z, and the radius € be so small such that
B.(z) € Q. Write Q. = Q\ B.(z). Using the formula (3) in Q. and
replacing U,V by E(y — ), u(y) respectively, we have

/E — z)Dyudo,

_ /S By — 2)Su(y)ds, / 2)Su(y)ds,. 3)

Where
/ E(y — 2)Su(y)dSy = I + I + I,
9B (z)
)\ez\s
I = 3 / [(y1 — 21)er + (y2 — z2)e2 + (ys — x3)es] u(y)dSy,
dme? Jop, (x)
)\€>‘E /\6)‘5
I =— ds,, I3=——= dsS,.
2= [ s b= [ s,

It is easy to show
gli%[l =0, ggl%)lg =0, 5113(1313 = u(zx).
Then letting € tend to zero in (4), we obtain the following Pompeiu formula

corresponding to the operator D).

Theorem 1. Let Q be a bounded domain in R® with a piecewise smooth
boundary S. If u(x) is a complex vector function defined in Q and u(x) €
CL(Q)NC(Q), then

u(z) = /SE(y — z)QSu(y)dS, — /Q E(y — z)Dyudoy, x € Q. (4)

By applying Theorem 1 we can deduce the following Cauchy integral
formula of the H-regular vector function.

Theorem 2. If a complex vector function u(z) € C'(Q) N C(Q) and
satisfies the equation Du =0 in ), then

) = /S By — )Su(y)dS,, = € O, (5)
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and if ESY, then
/ E(y — z)Su(y)dS, = 0. (6)
s

Proof. The formula (6) follows directly from the Pompeiu formula (5),
and the equality (7) can easily be derived from (3).

3. Cauchy Type Integral and Plemelj Formula

Let ¢(x) be a complex vector function defined on a smooth closed
surface S in R?, p(x) € Co(S), 0 < a < 1. Denote

(x) = /S E(y — 2)Su(y)dS,, (7)

and call ®(z) the Cauchy type integral with respect to the operator D, in
the following we shall simply call it the Cauchy type integral. In addition,
o(z) is called the density function of ®(x).

For arbitrary €S, there exists a neighborhood B,(x) of x, which does
not intersect with S.In B,(z),

1
DI() = (A +V2) [ 0+ V)
= (A+V,) /S(A -V
_ /()\2 A (Al dS, = 0.
S

Consequently ®(z) is Hy-regular in the exterior of S.
In addition, the Cauchy type integral ®(z)=o(e*?®!), z — oco. In fact,
since p(z) = ( glg ; ) €C,4(9), hence ¢(x) is bounded on S, that is, there
2
exists a positive real constant M, such that |¢(x)| = (o1 (x)2 +@2(x)?)2
< M. From

1 2\ 1
P “Alzl| < My—z|=]=]) d
(e '—477 (Z+ e W)lds,
2/\ 1
S 4 ( r e Aly\dgy’

letting £ — oo, the integral on the right-hand side of this inequality tends
to zero, therefore the desired result is achieved.
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When z € S, we provide that the integral on the right side of (8)
represents Cauchy’s principal value.

Lemma 1. Let Q be a bounded domain in R? with a smooth boundary
S.Ifx €8S, in the sense of Cauchy’s principal value, we have

N 1
/SE(y —2)]dS, = 560 + /Q E(y — x)doy. (8)

Proof. Let B.(z) be an open ball with the radius ¢ and the center z,
write the component of dB.(z) lying in the exterior of ) as I'. Then
2 is an interior point of the region inclosed by the closed surface S’ =
(S\ (SN B.(x))UT. By the Pompeiu formula (5), we have

ey = (/ Jr/)E(y —x)]dS, — /\/ E(y — z)doy.  (9)
S\(SNB.(z)) JT QUB. (z)

Similar to the proof of Theorem 1, we can derive

1
;1_% E( x)JdS, = 5 ¢0-

Letting £ — 0 in (10), it follows that (9) holds.
By using Lemma 1, we can obtain the following Plemelj formula of the
Cauchy type integral (8).

Theorem 3. Write the domain Q as QF and the complementary domain
of Q as Q~. When x tends to xo (€ S) from QF and Q~ respectively, the
limits of the Cauchy type integral (8) exist, which will be written as ®T(z0)
and ®~(xg) respectively, and

¥ a0) = [ Blu—a0)9¢()d5, + gela). »

_ 1
® (w0) = [ By 20)90(5)d5, — 5o(an).
The above formula can be rewritten as

OF(x0) — @ (20) = @(x0),

11
O (10) + @ (0) = 2 / E(y — 20)3¢(y)dS, . -
S

Proof Smce o(x ) € Cu(9), 0 < a < 1, therefore the improper integral
Js E(y — x0)S(0(y) — ¢(x0))dS, is convergent. By Lemma 1, we have

/ E(y — 20)Sp(y)dS,
S

|
—
S|
<
8
N
&

(#(0) = p(a0))dS, + gelao) +A | Bly—z)do, ¢(oo).
Q
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The Cauchy type integral (8) can be written in the following form
[ B 030ws,
s

— [ Bw-2)3(60) - o@0)dS, + [ E-0)3dS, o). (12)
S S

By the Pompeiu formula, we obtain

eo—l—)\/ E(y — x)doy, x € Q,

/E(y—x)%dSy = @

S /\/ E(y — x)doy,, €.
Q

When x (€S) — ¢ (€ S), by using the method similar to one complex
variable'?), we can show that

lim [ E(y—2)3(p(y) —(z0))dS, = /S E(y—0)3(p(y) — ol(0))dS,.

z—x0) g

Moreover, by the using Hélder inequality, it is easy to show that

lim [ E(y—z)do, = / E(y — xzo)doy.
Q

z—zo o

Thus letting = tend to xo(€ S) from QF and Q™ respectively in (13), we
get

B+ () = / B(y—20)3(0(y) — 0(20))dSy (o) + A / (y—0)dary (o)
S Q

_/ E(y — 20)S¢(y)dS, + %Sﬁ(ﬂﬁo),
S

& a0) = [ By~ a0)3o0)~p(a0)dS, + A [ By~ ao)da, - plza)
— [ By - w0)30)ds, - 5e(o)
S

This is (11), and (12) is easily deduced from (11).

The following result follows directly from Theorem 3.
Corollary 1. Let Q be a bounded domain in R?, whose boundary is a
smooth closed surface S. p(x) is a complex vector function defined on the
surface S,and p(x) € Cy(S), 0 < ao < 1. Then the Cauchy type integral (8)
whose density function is p(z) is a Cauchy integral if and only if xy € S,

@7(1’0) = 0.



Modified Helmholtz Equation and Hy-Regular Vector Function 277

4. Operator T f

Let f(x) be a complex vector function defined in a bounded domain € of
R?. Denote

Tof = - /Q B(y — 2)f(y)do,, (13)

where

E(y—x)Zl{ A ( a : )((zﬂ—xl)el

— + - :
dr |y — x| \|ly—=*> |y—z3

+(y2 — x2)e2 + (y3 — 563)63)} erv=al,

In this section, we shall get that if f(x) € L1(Q), then Tof is a distri-
bution solution of the inhomogeneous equation

Du = f, (14)

and shall discuss some properties of the operator Tq f.
Similar to the quaternion calculus, we can obtain the following results.

Theorem 4. If f(x) € L1(Q), then Tqf exists for all x in the exterior
of Q. Beside Tqf is Hx-regular in the exterior of Q and

Tof = o), z — .

Theorem 5. Let f(x) € L1(Q), then T f exists almost everywhere on R?
and belongs to L,(Q.),1 <p < %, where Qg denotes any bounded domain
in R3.

For complex vector functions f(z) = ( j: ;Eg ) o(z) = ( Z;Eg )

given on (2, define

(fr0) = / (Fror + Taps)do.

When f(x) € L1(2), ¢(x) € C§° (), it is easy to show that f(¢) = (f, )
is a distribution on C§5°(2).

Theorem 6. Let f(x) € L1(Q). Then for any ¢(z) = (
C5o(9),

)

(Tﬂfa DIQO) = (f’ QO)
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holds.

Proof. By using the method analogous to the proof of the Pompeiu for-
mula (5), we can derive the Pompeiu formula corresponding to the operator
D' ie. if u(z) € C1(Q) N C(Q), we have

u(x) :/ E'(y — z)Su(y)dsS, +/ E'(y — z)Dyudoy, x € Q, (15)
s Q
where E'(z) = D’ ({£-¢") . Thus for any ¢(z) € C5°(),

p(r) =Thp = /QE’(y — x) D, pdo,

holds.
In accordance with Theorem 5, Tof € L1(Q2). Thereby by the Fubini
theorem

(Taf,D'¢) = (f, TH(D'¢)) = (f,¥),

the desired result follows. -
Let complex vector functions f, g € L1(£2). If for any p(z) € C§° (),

(9,D'¢) = (f,9),

then f is called generalized derivative corresponding to the operator D of g.
The derivative is denoted by f = (¢)p. From Theorem 6 and the definition,

(Taf)p =TI
Theorem 7. If a complex vector function g € C1(Q) and satisfies the
equation Dg = f, then

(9)p =1

This shows that if the complex vector function g is a classical solution of
the equation (15), then it is also a distributional solution of the equation.

Proof. Since g € C'(2), using the divergence theorem we can obtain

(Vg, ) =—(9, Vo),

so that

(Dg,0)=((A+V)g,0)=Xg,9)+(Vg,0) =g, ) — (9, V) = (g, D'p).

And since Dg = f, thus the above equality implies namely

(9)p = f.



Modified Helmholtz Equation and H)y-Regular Vector Function 279

References

[1] K. Ciirlebeck and W. SproRig, Quaternionic analysis and elliptic boundary value
problem, Birkhausser, Boston, 1990.

[2] Z. Y. Xu, A function theory for the operator (D — X), Complex Variables, 16 (1991),
27-42.

[3] Z. Y. Xu, Helmholtz equations and boundary value problems, In Partial differential
equations with complex analysis, Pitman Res, Notes Math. Ser.262, Longman Sci.
Tech., Harlow, 1992, 204-214.

[4] V. V. Kravchenko and M. V. Sharpirom, Hypercomplex factorization of the multi-
dimensional Helmholtz operator and some its applications, Dokl. Sem. Inst. I. N.
Vekua, Thilisi, 5(1) (1990), 106-109.

[5] V. V. Kravchenko and M. V. Sharpiro, Helmholtz operator with a quaternionic wave
number and associated function theory. II: Integral representations, Acta Applicandae
Mathematicae, 32 (1993), 243-265.

[6] Thi Ngoc Ha Vu, Integral representation in quaternionic analysis related to the
Helmholt operator, Complex Variables Theory and Appl., 48 (2003), 1005-1021.

[7] I. Constales and R. S. Kraufhar, A unified approach for the treatment of some higher
dimesiosal dirac type equations on spheres, in Proceedings of the 18th International
Conference on the Application of Computer Science and Mathematics in Architecture
and Civil Engineering, 7, 2009.

[8] M. V. Sharpirom, On the properties of a class of singular integral equations connected
with the three-dimensional Helmholtz equatio, Abstracts of lectures at the 14 school
on Operator Theory in Functional Spaces, U.S.S.R., Novgorod, 1989, pp.88.

[9] H. Begehr, Z. X. Zhang and Thi Ngoc Ha Vu, Generalized integral representations in
Clifford analysis, Complex variables and elliptic equations, 8-11 (2006), 745-762.

[10] P. W. Yang, M. L. Li and Y. Chen, Initial-boundary value problems of some hyper-
bolic systems of first order equations, Acta Math. Appl. Sinnica, 31 (2008), 61-70.

[11] P. W. Yang, S. Yang and M. L. Li, An initial-boundary value problem for the Maxwell
equations, J. Diff. Eqns., to appear.

[12] P. W. Yang, Quaternion calculus and partial differential equations, Science Press,
Beijing, 2009.

[13] I. N. Vekya, Generalized analytic functions, Pergamon, Oxford, 1962.

[14] H. Liede, The modified Helmholtz equations and their boundary value problems,
Selected papers of Tongji University, 1989, 37-54.



THE INTEGRAL EQUATION METHOD
ON THE FRACTURE OF FGCMs!

XING LI, SHENG-HU DING and HUI-LI HAN
School of Mathematics and Computer Science, Ningzia University,
Yinchuan 750021, China

E-mail:li— x@nxu.edu.cn

The changes that have occurred and advances that have been achieved in the
behavior of fracture for functionally graded materials (FGMs) subjected to a
mechanical and/or temperature change. This paper mainly reviews the re-
search of functionally graded composites material involving the static and dy-
namic crack problem, thermal elastic fracture analysis, the elastic wave propa-
gation and contact problem. Development of analytical methods to obtain the
solution of the transient thermal/mechanical fields in FGMs are introduced.
Keywords: Functionally graded material, crack, integral equation method.
AMS No: 35J65, 35J55, 35J45.

1. Introduction

The name of functionally graded materials was first coined by Japanese
materials scientists in the Sendai area in 1984 as a means of manufactur-
ing thermal barrier coating materials. The advantages of FGMs are that
which can reduce the magnitude of the residual and thermal stresses and
increase the bonding strength and fracture toughness, so they have been
introduced and applied in the development of structural components in ex-
tremely high temperature environment [1]. Due to their intrinsic coupling
between mechanical deformation and electric fields, piezoelectric materials
(PMs) are widely used as sensors and actuators to monitor and control the
dynamic behavior of intelligent structural systems [2]. Functionally graded
piezoelectric materials (FGPMs) is a kind of piezoelectric material with
material composition and properties varying continuously along certain di-
rection [3]. FGPMs is the composite material intentionally designed so that
they possess desirable properties for some specific applications. The advan-
tage of this new kind of materials can improve the reliability of life span of
piezoelectric devices. Magnetoelectric coupling is a new product property
of composites, since it is absent in all constituents [4]. In some cases, the
coupling effect of piezoelectric/piezomagnetic composites can even be ob-
tained a hundred times greater than that in a single-phase magnetoelectric
material. Consequently, they are extensively used in magnetic field probes,
electric packaging, acoustic, hydrophones, medical ultrasonic imaging, sen-
sors, and actuators for magneto-electro-mechanical energy conversion. Sim-

I This research project was supported by NSFC (10962008) and (51061015)
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ilar to FGPMs, functionally graded piezoelectric/piezomagnetic materials
(FGPPMs) was developed.

2. The Integral Equation Method on the Static and Dy-
namic Fracture of Functionally Graded Composite Materials
(FGCMs)

(1) The investigations of static and dynamic crack problems
in FGCMs (Non-periodic cases)

The static or dynamic crack problems on the complex model of FGMs
were studied by our group using the integral equation method or hyper-
singular integral equation method, which overcome the complexity on
mathematics and obtained the high degree of accuracy. In 2004, Ma Hai-
long and Li Xing [5] investigated the anti-plane moving Yoffe crack problem
in a strip of functionally graded piezoelectric materials (FGPMs) using in-
tegral equation method.

And model TII crack problem in two bonded functionally graded
magneto-electro-elastic materials (FGPMMs) was studied by Li Xing and
Guo Lifang [6]. It was assumed that the material constants of the magneto-
electro-elastic varied continuously along the thickness of the strip. Integral
transforms and dislocation density functions were employed to reduce the
problem with the Cauchy singular integral equations, which could be solved
numerically by Gauss-Chebyshev method. An anti-plane shear crack in
bonded functionally graded piezoelectric materials under electromechani-
cal loading was investigated by Ding and Li [7]. A moving mode III crack
at interface between two different functionally graded piezoelectric piezo-
magnetic materials has been studied by Lu and Li [8].

The anti-plane problem of functionally graded magneto-electro-elastic
strip sandwiched between two functionally graded strips was investigated
by Guo, Li and Ding [9]. It is assumed that the material properties vary
exponentially with the coordinate parallel to the crack as follows

xT x x
Caa = Cag0€™®,  £11 = 11067, e15 = e150e”7, (1)

fis = fi50¢™%, 911 = gr10€™*, g1 = pr10e™. (2)

The crack is assumed to be either magneto-electrically impermeable or
permeable. Fourier transforms are used to reduce the crack problems to
following system of singular integral equations for impermeable case

1 g, (7 1
Tey — Moo Dy — mzo By = m10;66”/ (m + Ai(z,t))g1(D)dt,  (3)
a

b
Dy =2 [ [ +Aa(w.0) 001 (O~ 11082(0) 11095 (D), (4)
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Byzleﬁlx/ [(%x—i-/b(l”t))(fwogl(t)—911092(75)—M11093(t))]dt, (5)

™ t
where
Ai(z,t) = ha(z,t) + Ka(x,t) + Ks(z,1), (6)
Ao(z,t) = hi(x,t) + Ky(z,t) + Ks(x,t), (7)
hi(z,t) :/000 1_|_7 T cos (Z)—l] sin [a(t — z)] da

32 - A=) oga—1
v [as St esiat - alaa+ [ do ()

(07

o0 2
+/ {(1—1—6 )i s n(g)—fa] cos {a(t—x)}da—g'yo—glogfl,

A

t+x )
+/OO[ (—a?)(matatse™ 1 F0) —mgtytyer (=) 5yt ga)
0 a1mamszy ’
5-
Ksy(z,t)=ez 2 73
sl 1) = 62 {th—t—x
> (—a?)(titgmze® T2 —mytytye— 1 (=)
+/0 [( )(tatams a1m2m3212 ota )+536 (2 =t=2)] 4oy},
(10)
Ze= 1% sinh (o (t — hy))
Koy (2. 4)= L(t—a) / a‘e sin 1 _e—olttmyg
(2:1) 62 {t+x+ 0 [ aymg sinh(aihy) € yda},
(11)
81 1
K t = t zx)f -
(e, )= 7 % — 1t —a
(12)

+/oo[(_a2)ea1(zh1) sinh(at) +67a(2h17t7m)}d04}.
0 aymgsinh(aihq)

For the magneto-electrically permeable case, the singular integral equation
can be derived by a similar method as

1

1 b
sz—mzoDy—mgoByZTnm;eﬁl / <t+A1($ t))Q (t)dt, (13)

1 !
Dy =esore® [ (ot halen))noar. (a)

t—

B, = f150%e[31‘” /ab( ! (x,t))gl(t)dt. (15)

t—a
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Recently, the crack-tip fields in bonded functionally graded finite strips
were studied by Ding, Li and Zhou [10]. A bi-parameter exponential func-
tion was introduced to simulate the continuous variation of material prop-
erties as

i (x) = poad™,  pi(x) = poad*”, 6
Bax 5293' ( )

o) = pood™®,  po(e) = poa

The problem was reduced as a system of Cauchy singular integral equations
of the first kind by Laplace and Fourier integral transforms. Various inter-
nal cracks and edge crack and crack crossing the interface configurations
were investigated, respectively. The asymptotic stress field near the tip of
a crack crossing the interface was examined and it is shown that, unlike
the corresponding stress field in piecewise homogeneous materials, in this
case the “kink” in material property at the interface does not introduce
any singularity.

(2) The investigations of static and dynamic crack problems
in FGCMs (Periodic cases)

In 2002, Li Xing and Wu Yaojun [11] got the numerical solutions of
the periodic crack problems for an anisotropic strip by employing Lobotto-
Chebyshev quadrature formulas and Gauss quadrature formulas. On the
basis, Li Xing and Wang Wenshuai extended the anisotropic materials to
PMs and investigated an antiplane problem of periodic cracks in piezoelec-
tric medium by means of Riemann-Schwarz’s symmetry principle, complex
conformal mapping and analytical continuation [12]. And Ding and Li [13]
extended the anisotropic materials to FGMs and analyzed the interface
cracking between a functionally graded material and an elastic substrate
under antiplane shear loads. Two crack configurations were considered,
namely a FGM bonded to an elastic substrate containing a single crack
and a periodic array of interface cracks, respectively.

For the periodic cracks problem, application of finite Fourier transform
techniques reduces the solution of the mixed boundary value problem for a
typical strip to triple series equations, then to a singular integral equation
with a Hilbert-type singular kernel as follows

/_ [cot(@)ﬂot(w)}a;(s)ds

\V]

1
1 *
+/ Q" (r,s)aj(s)ds = i (r)7 |7 |< 1.
1

H1

The resulting singular integral equation is solved numerically by employing
the direct quadrature method of Li and Wu [11].
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3. IEM for Scattering of SH Wave of Functionally Graded Piezo-
electric/Piezomagnetic Materials

The study of elastic wave propagation through FGCMs has many important
applications. Through analysis, we can predict the response of composite
materials to various types of loading, and obtain the high strength and
toughness of materials. In 2006, Liu Jungiao and Li Xing [14] studied the
scattering of the SH wave on a crack in an infinite of orthotropic functionally
grade materials plane by using dual integral equation method, the latter
DIE was solved employing the Copson method [15].

The problem of scattering of SH wave propagation in laminated struc-
ture of functionally graded piezoelectric strip was studied by Yang Juan
and Li Xing [16]. Due to the same time factor of scattering wave and in-
cident wave, the scattering model of the crack tip can be constructed by
making use of the displacement function of harmonic load on any point of
the infinite plane. It is found from numerical calculation that the dynamic
response of the system depends significantly on the crack configuration, the
material combination and the propagating direction of the incident wave.
It is expected that specifying an appropriate material combination may
retard the growth of the crack for a certain crack configuration.

The scattering of the anti-plane incident time-harmonic wave with arbi-
trary degree by the interface crack between the functionally graded coating
and the homogeneous substrate is investigated [17]. By using the principle
of superposition and Fourier transform, the singular integral equations are
give by

cr =217 (),
/ [_J:JFQ(:E,E)]f(f)dﬁ— 2mo() (18)

Q (. €)=/0on (n) sin[7 (€ — )] dn.

There are some pole points in the integral path, an integral path in the
complex plane consisting of four straight lines is adopted. The effects of
the frequency of the incident wave, the incident direction of the wave, mate-
rial gradient parameter and the crack configuration on the dynamic stress
intensity factors (DSIF) are examined. The scattering of the plane inci-
dent wave (P wave, SV wave) with arbitrary degree by the interface crack
between the functionally graded coating and the homogeneous substrate
is investigated. An integral path in the complex plane consisting of four
straight lines is adopted to avoid singular points. Numerical results show
the effects of the frequency of the incident wave, the type of incident wave,
the incident direction of the wave, material gradient parameter and the
crack configuration on the DSIF.
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Problems of SH-wave scattering from the crack of functionally graded
piezoelectric/piezomagnetic composite materials had been studied by Yang
Juan and Li Xing [18]. Fourier transforms are used to reduce the problem
to the solution of a pair of dual integral equation, which are then reduced
to a Fredholm integral equation of the second kind by the Copson method.
Numerical results shown the effect of loading combination parameter, the
angle of wave upon the normalized stress intensity factors. Scattering of
the SH wave from a crack in a piezoelectric substrate bonded to a half-
space of functionally graded materials was investigated by Li Xing and Liu
Jungiao [19].

4. Thermal Elastic Fracture Analysis of FGMs

The transient thermal fracture problem of a crack (perpendicular to the
gradient direction) in a graded orthotropic strip was investigated by Zhou
Yueting, Li Xing and Qin Junqging [20]. The transient two-dimensional
temperature problem was analyzed by the methods of Laplace and Fourier
transformations. A system of singular integral equations are obtained as

S—XT

1
/ {[ X17+H11(E7p7 S)]’(/Jik(S,p)—f—le(f,p, S)¢;(S,p)}d8=2ﬂ"w{(l‘7 p)a
-1

/_1 { [;i; +Hoo (T, p, s)]105 (s, p)+Ho1 (T, p, s)17 (s, p) }ds =27wl (Tp).
(19)

The transient response of an orthotropic functionally graded strip with a
partially insulated crack under convective heat transfer supply was consid-
ered by Zhou Yueting, Li Xing and Yu Dehao[21]. The thermal boundary
conditions were given by

oT(z, —a,T) m— . _
T _Ha'T(‘rv_aaT) __Ha'Ta(T)'fa(‘r)v (20)
MELT) | 1, Twbr) = Hy-Til) - (o) (21)
]
oT(z,0%,7) o -
— o = —Bi-(T(z,0",7) = T(z,0,71)), (22)
T(z,0t,7)=T(z,0,7), (23)
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The mixed boundary value problems of the temperature field and dis-
placement field were reduced to a system of singular integral equations in
Laplace domain. The expressions with high order asymptotic terms for
the singular integral kernel were considered to improve the accuracy and
efficiency. The numerical results present the effect of the material nonhomo-
geneous parameters, the orthotropic parameters and dimensionless thermal
resistant on the temperature distribution and the transient thermal stress
intensity factors with different dimensionless time 7.

5. Contact Problem of FGMs

A problem for the bonded plane material with a set of curvilinear cracks,
which is under the action of a rigid punch with the foundation of con-
vex shape, has been considered by Zhou Yueting, Li Xing and Yu Dehao
[22]. Kolosov-Muskhelishvili complex potentials are constructed as inte-
gral representations with the Cauchy kernels with respect to derivatives of
displacement discontinuities along the crack contours and pressure under
the punch. The considered problem has been transformed to a system of
complex Cauchy type singular integral equations of first and second kind.
The receding contact problem between the functionally graded elastic
strip and the rigid substrate is considered by An Zhenghai and Li Xing [23].
The receding contact problem are solved for various different stamp pro-
files including flat, semicircular, cylindrical, parabolical. Under the mixed
boundary conditions, the Fourier transform technique and effective singu-
lar integral equation methods are employed to reduce the receding contact
problem to a set of Cauchy kernel singular integral equations as follows

a b a
/ @dﬁ/ k11(x,t)P(t)dt+/ ka(, t)q(t)dt =2 poe” f (), [x] <a,
t b

_al—z _ —a

b q(t) ’ a -
/bmdt +[bk21(x,t)q(t)dt +La koo (2, t)p(t)dt = 0, |z| < b,
(25)

where
b (1) = /0 o [oﬂ 24: mj(a)Jj(oz)e)‘-"h—l] sinfa(t — o)]da,
.
- /O {aQ ;mj(a)Lj(a)e*jh] sinfa(t—)]da.

The singular integral equations can be solved by using the Gauss-
Chebyshev formulas numerically.
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Pang Mingjun and Li Xing [24] discussed the thermal contact problem
of a functionally graded material with a crack bonded to a homogeneous
elastic strip. The problem has been reduced to singular integral equations
with the first Cauchy kernel by using of the superposition principle as
follows

/2[(t_ly+911(t,y))§01(y)+912(t,Z/)<P2(y)]dt:7rl_|2—ﬁw1(y)’ o
27
/_(; [921(1?,?4)%01(9)-1- <tiy+gzz(t,y)> 302(21)} dt:wl—'%wz(y)

6. Future Work

Doubly-periodic crack problems of FGCMs will shade a light in the future
investigation. Great efforts have been made to study the doubly-periodic
crack problems of homogenous elastic materials. However, little literature
is available on the investigation of the doubly-periodic crack problems of
FGCMs despite the practical significance of this case.
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In this paper, the Fourier integral transform-singular integral equation method
is presented for the Mode I crack problem of the functionally graded or-
thotropic coating-substrate structure. The elastic property of the material
is assumed vary continuously along the thickness direction. The principal di-
rections of orthotropy are parallel and perpendicular to the boundaries of the
strip. Numerical examples are presented to illustrate the effects of the crack
length, the material nonhomogeneity and the thickness of coating on the stress
intensity factors.

Keywords: Functionally graded orthotropic material, coating-substrate struc-
ture, mode I crack problem, singular integral equation.
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1. Introduction

The analysis of functionally graded materials has become a subject of in-
creasing importance motivated by a number of potential benefits from the
use of such novel materials in a wide range of modern technological prac-
tices. The major advantages of the graded material, especially in elevated
temperature environments stem from the tailoring capability to produce
a gradual variation of its thermomechanical properties in the spatial do-
main. A Great efforts have been made to study the fracture behavior of
FGMs [1-5]. As it is reported in the literature [6-7], the graded materials
are rarely isotropic because of the nature of techniques used in fabricat-
ing them. Thus, it is necessary to consider the anisotropic character when
studying the failure behaviors of FGMs. Guo et al. [8] investigated the
mode I surface crack problem for an orthotropic graded strip. H. M. Xu
et al. [9] studied the problems of a power-law orthotropic and half-space

I This research is supported by NSFC (10962008) and (51061015) and NSF of Ningxia
(NZ1001)
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functionally graded material (FGM) subjected to a line load. In the pa-
per [10], asymptotic analysis coupled with Westergaard stress function ap-
proach is used to develop quasi-static stress fields for a crack oriented along
one of the principal axes of inhomogeneous orthotropic medium. Kim and
Paulino [11-12] examined mixed-mode stress intensity factors for cracks ar-
bitrarily oriented in orthotropic FGMs using modified crack closure method
and the path-independent J;-integral, respectively.

Though there are lots of papers related to the crack problem of or-
thotropic functionally graded materials, very few papers on the plane crack
problem of a functionally graded strip with a crack perpendicular to the
boundary are published. It is very significant to study this kind of crack
problem, since the geometry can be used as an approximation to a number
of structural components and laboratory specimens, at the same time in
line with the result of the Kawasaki and Watanabe[13]’s experiments about
the thermal fracture behavior of metal /ceramic functionally graded materi-
als(PSZ/IN 100 FGMS and PSZ/Inco 718 FGMs), the sequence of spalling
behavior was found to be: crack vertical to the sample surface formed dur-
ing cooling, then transverse crack formed in graded layer during heating,
and subsequent growth of transverse cracks and their coalescence led even-
tually the ceramic coating to spall. Therefore, the surface crack problem is a
very important issue to be considered during the design of FGMs. In these
papers, the Mode I crack problem for a functionally graded orthotropic
coating-substrate structure will be presented and the results could be use-
ful in the laboratory test and the design of the orthotropic functionally
graded materials .

2. Formulation of the Problem

X

I ° T
h 2a, — FGM orthotropic
l 1
atl?
o Yy
substrate

2

Figure 1: The geometry of the Mode I crack problem for the functionally graded
orthotropic substrate-coating structure .

As shown in Fig.1: A functionally graded orthotropic strip with prop-
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erties varying in the x-direction bonded to a half infinite orthotropic elastic
substrate. The strip is infinite along the y-axis and has a thickness h along
x-axis. The principal direction of orthotropy are parallel and perpendicular
to the boundaries of the strip.

The material properties are defined as

C11( )*Cnoea 012( )*Cmoe& 022( )70220(5S 066( )*0660652 (1)

where C1105 C1205 €220, C660 and ¢ are constants. C110, C120, C220 and Ceep are
the material parameters of y = 0, § is the gradient parameters of function-
ally graded material.
The general constitutive relation can be written as

ou Ov ou Ov
%—Fclg (1‘) Fy, O1yy =C12 (JL‘) %"’CQQ (JC) Fy,

ou  Ov 2)

Olay = Co6 (T) <8 + 8x)

The equilibrium equation in terms of the displacements can be given as:

O1zax =C11 (JC)

001230 = 004y 001yy 00y

ox oy dy ox
make use of the equation Egs. (1), (2) and (3), it can be obtained that

:0’

=0, 3)

9? 9? 0?
cun(z )8 Z +ce6( )ayZ + [012($)+066($)]Wgy
ou ov
+611 (LU) 5%+612 ( )5873/ (4)
9%v 9% 9%u
caz (@ )8 5 o6 (¢) 55 + [c12 (%) + co6 (2)] 950y
0 0
+ce6 () 5%“!‘&36( )6877) )

if let the § = 0, then the equations of the elastic substrate can be obtained.
The mixed boundary conditions of the problem in Fig.1 can be written
as

Olzzx (h7 y) = 07 Olxy (h7 y) = 07 Olzx (07 y) = 02z (Ou y) 5
Olxy (Oa y) =02zy (07 y) , Ul (07 y) =U2 (Oa y) , U1 (Oa y) =v2 (Oa y) )
Uva(x7y) = Ou szy(%il/) = 07 r — —0O0, (6)
O1zy (2,0)=0, 0<z <h, 014y (2,0)=—0¢ (z), a<z <D, o

()

v1(2,0)=0, 0<zxz<a, b<xz<h.
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By use of the Fourier transform method and thinking of the Eq. (6), the
following displacement forms can be obtained, for functionally graded coat-
ing:

4
1 [ .
S Er:(s) Ajeti(®y—isz g
W[ Z 15 () Agje $
2
+;/0 ZEQJ ) Agj 23 ()T g ayda,
i/ ZAl'G)\lj(s)yiiszdS
T J_ oo 4 J
J=3
4
2 o0
+;/ ZAgjeAQj(a)z sin ayda,
Iy

for elastic substrate:

2
Z § :A ) Ezjeer (@) d
U2 7r/0 35 35€ cos ayda,

/ Z As; 2235 6in ayda,

where the coefficient E;;, A\;; (¢ = 1,2,3,j = 1,--- ,4) are shown in Ap-
pendix A, A;; (1=1,2,3,j=1,--- ,4) are unknown functions, which can be
solved by the boundary conditions. To obtain the integral equations, let’s
introduce the following auxiliary function

9)

U2

g(x) = %vl (z,0), (10)
and g (z) subjected to the following single-valuedness conditions
b
/ g (z)dt =0. (11)

By using Eqgs. (7), (10) and applying the Fourier transform to Eq. (10), it
can be obtained that

b b
A13:q13/g(u) e"*“du, A14ZQ14/9(U) e"*"du, (12)

- 2 2 ; 2 2
—i(c1205+e220A7,) _i(c1205%+ea207i5)

Where = = 55
913 62205(>‘¥3*>‘%4) » 14 02205(/\?3*A%4)
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Then by residue theorem and the boundary conditions, we can get the
following linear algebraic equations

Bgle)‘”h ngekzzh nge)‘%h B246)\24h 0 0 Aoy R,
Fyer2th Fhgereah Fhaeresh F phaah 0 Ago Ry
B Baa Bos By —DBsy —Bsa || Aas _ R (13)
Fa Fy Fa3 Fyy  —F31 —F3p || A Ryl
Eo B E»3 Ey —E3 —FEs || 4n Rs
1 1 1 1 1 1 Aszy Rs
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adAaz (€0 —C110C220 +2¢120C660 ) — ACo60 (5% C120+C22007) o~ Aazu
c110C660A22 (A22 — A21) (22 — A23) (A22 — A2a)
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C110A21 A22 A23A24

During the process of obtaining Eq. (13), the integral identities A6 [14]
shown in Appendix are used. The Bj, C; and F}; are some expressions
of material consistents, E;; and A\;; (¢ = 1,2,3,5 = 1,...,4). Then the
solution of the unknown functions can be obtained. Substitute the solution
of the above equation and using the conditions of the crack surface, after
considering the asymptotic when s — oo and a — 0, the following equation
can be obtained

s u—x

b
1/[ Im(w1)+h1(u ) +2K25+2hs (u, m)]g(u)dU:—UO(x)e_Mv (14)

the Eq. (14) is the first kind of Fredholm integral equation, which can be
solved by the method of [15].
The stress intensity factors of the internal crack tips can be express as

Kp(a) = lim /2 (a — ) 0y (2,0) = ~Im (w11) €** Y an,
n=1

r—a

(15)

gr(b)=1lm /2 (x—0b) oyy(z,0) =—Im (w11)

Tr—

CLn .

HMZ

For convenience, the SIFs are normalized by kg = ogvagh, where o is
uniform crack surface pressure.

3. Numerical Results and Discussion

In the following analysis, we will study the influence of the length of the
crack, the location of the crack, the functionally graded strip’s width h and
the gradient parameters of functionally graded material § on the normalized
stress intensity factors (SIFs) of the crack.

Firstly, the influence of the length of the crack and the gradient param-
eters of functionally graded material  on the normalized stress intensity
factors (SIFs) of the crack will be discussed. Here h = 5.0, h = —1,0,1,2,
c¢=0.4h. It can be found in the Fig.2-Fig.3 that the normalized intensity
factors of both crack tips Kj(a) and K;(b) increases with the increase of the
normalized half crack length ag and the gradient parameters of functionally
graded material 0. Therefore, to prevent the coating crack from growing
toward the interface, the gradient parameters of functionally graded mate-
rial & should be chosen as § < 0.
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Figure 2: The normalized stress inten- Figure 3: The normalized stress inten-

sity factor Kp(b) versus 32 sity factor Kp(a)versus 32

Secondly, we will discuss the influence of the location of the crack on the
normalized stress intensity factors (SIFs) of the crack. Here dh =1, ¢ =
0.5,1,1.5,2. It can be found from Fig.4-Fig.5 that the normalized intensity
factors obf both crack tips K(a) and K;(b) increases with the increase of
the ¢ = 232 |

K, (0K,
.
s
b

K, (@)K,

Figure 4: The normalized stress inten- Figure 5: The normalized stress inten-
sity factor Ky(b)versus ag sity factor Ky(a)versus ag

Finally, we will discuss the influence of the width of the functionally
graded orthotropic strip on the normalized stress intensity factors (SIFs) of
the crack. Here h = 1,2,3,4, 6h = 1, ¢ = 0.5. It can be found from
the Fig.6-Fig.7 that the normalized intensity factors of both crack tips
Ki(a) and K;(b) decreases with the increase of the h, but as the increase
of the strip width and the increase of the crack length, the effect is not
obvious, so increasing the width of coating is not an effective way to restrain
the expansion of the crack.
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Figure 6: The normalized stress inten- Figure 7: The normalized stress inten-
sity factor Ky(b)versus ag sity factor Ky(a)versus aq for

4. Conclusion

In this paper, the mode I crack problem for a functionally graded or-
thotropic strip bonded to orthotropic substrate is studied analytically. The
influences of the nonhomogeneity constants and geometric parameters on
the stress intensity factors are investigated. The result may be help for the
analysis and design of functionally graded orthotropic coating-substrate
structures.
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Concerning Noether’s theory of some two-dimensional singular integral opera-
tor with continuous coefficients, K. Ch. Boimatov and G. Dzangibekov carried
out a series of further effective research and then gave the complete effective
Noether’s condition and index calculation formula. Besides, with the relevant
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non-homogeneous Dirichlet problem and non-homogeneous Neumann problem
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1. Basic Knowledge and Notations

Suppose D is the bounded simply connected domain with the bound-
ary 0D = T being a Lyapunov closed curve in the complex plane, and
z=0¢€ D. When D is an arbitrary multiply connected bounded domain
in the complex plane, the boundary 0D = I' is composed of finite dis-
joint Lyapunov closed curves. It will not be announced below. Let f(z)
is a complex function in the domain D, while LP(D)(1 < p < oo) and
Lgﬂ/p(D)(l < p < oo, 0 < f < 2) are the Banach spaces in real number
field. Then

Ly (D) ={f(2): |z|" P f(z) = F(2) € L"(D), ||fllrz_, =IIFl|ze}-

—2/p

Through here the functions in LP(D) and Lg_Q /p
valued, the spaces themselves are regarded as real spaces, that is, they
themselves can be as the linear combinations in the real number field, and
also the singular operators’ synthesis of the conjugate operation can be

operated. The function

(D) are complex-

2C
-
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is defined as Bergman kernel functions on the unit disk, while G(z, {) is the
Green function of Dirichlet problem of Laplace equation in |z| < 1. For the
general single computational domain D, denote by ¢ = w(z) a conformal
mapping from D onto the circle |o| < 1 with the condition w(0) = 0. Then

Bag=-2TEES OO g, )y Ll

w0200 a(l—w(@)w(0)
is defined as the Bergman kernel functions in domain D, where ( is analytic
function of z and it possess the singularity when z = € T".
Next, some simple operator notations will be introduced. For z € D,
I is identity operator, T' is completely continuous operator in L? 52 /p(D),

and K is conjugate operator, that is, (Kf)(z) = f(z), and

o . - 5
2= //B(z,of( Q)doc, (B) (= /Bzc Odoc; (4)

|v\v e—2iv0
s = T[] e Qo o= aic -2 )

O=I0'=KIK, B=K BK. (6)

There into, do¢ is the plane measure element of Lebesgue, the integral in
(3) is regarded as the integral with the Cauchy principal value, and wv is
an integer.

At last, the principal auxiliary function notations used in the following
will be given. Let all a(z), b(z), ¢(z), d(z) etc. are continuous complex-
valued functions on D, marked as a(z),b(z),c(2),d(2),--- € C(D). Also as
(Some leave out the function of variable z):

| (2)

sdoc;  (3)

A=Ay =la]’ —[bl*, Ao = ef*~|d*, Ag = |e[*~|h[",
A=M =ac—bd, Ao = hc— ed, \s = ae — bh, (7)
pw=p1 = ad — be, py = hd —ec, pz = ah — be;

M(z) = mi)f Re [(A1(2) + A3(2))t — pa(2)t?] 8
-m(z) = lrg‘li:r} Re [(A1(2) + A3(2))t — pa(2)t?] 5 (8)

M(z), if Aj(z) >0,
\(2) = | j=123 (9)
m(z), if A,(z) <0,
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2. Noether’s Theory of Some Two-Dimensional Singular Inte-
gral Operator with Continuous Coefficients

In reference [1], the author gives the simplest two-dimensional singular
integral operator, which plays an important role in the theory of quasi-
conformal mappings and generalized analytic functions. In Chapter 2, [2],
the author describes the theory about the general two-dimensional singular
integral equation, which shows that there are close relations between two-
dimensional singular integral operator and the Riemann boundary value
problem of elliptic systems of first order equations. In [3] and [4], they
make systematic researches on the elliptic systems of equations of different
orders and the boundary value problem. However, little headway has been
made in the deep and efficient research on Noether’s theory of operator for a
long time. After 1970, the references from [5] to [8] make effective research
on more general two-dimensional singular integral equation and present the
effective Noether’s condition and the index formula. The main character-
istics of the research is as follows: Firstly, the research is extended from
L?(D) to Lg_Q /p(D). Secondly, operator’s coefficients requires continuous
functions with weak conditions or discontinuous points rather than very
strong differentiability and even Holder continuity. Finally, according to
[9], the author constructed the relative operator matrix and the Bergman
kernel function which play a key function in the proof. This method differs
from that in [2], that is, research is carried out from operator itself without
transforming the general boundary value problem related to the general-
ized analytic function, and Noéether’s condition is set up and applied in
the boundary value problem. No&ether’s theory of two-dimensional singu-
lar integral operator with discontinuous coefficients has been discussed in
[11], so this paper will present Noether’s theory of two-dimensional singular
integral operator with continuous coeflicients.

Next, we will provide an introduction about some two-dimensional sin-
gular integral operator with continuous coeflicients discussed in the ref-
erences from [5] to [8], the main Noether theorems in the Banach space

LP(D)(1 < p < o) and Lg_z/p(D) (I1<p<oo, 0<B<2):
Theorem 10, Let D be a multi-connected bounded domain in the complex

plane and an operator be
Ay = (A1 f)(2) = al+ bK + Il + dKII, Vz € D, (10)

with the conditions a(z),b(z),c(z),d(z) € C(D). Then in space LP(D) (1 <
p < ), Ay is an Ndiether operator, if and only if one of the following
mutually exclusive conditions holds:

[Ay| > [Al +|p|, Vz €D, (11)
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[Asl > A+ |l ¥z € D, ult) £0, Ve €. (12)

If the condition (11) is satisfied, then A; has bounded inverse operator.
If the condition (12) is satisfied, the index k of A; is

k = 2Indrp(t). (13)

Noether’s condition and index calculation formula of another operator will
be introduced in the following;:

Let D be an arbitrary multiply connected bounded domain in the com-
plex plane, and the operator

*

Ay = (Asf)(2) =al +boK+ Y b,S,K, z€D, (14)

v=—m

where Y~" stands for all the items except v=0, and K is conjugate operator
n

and S, shown in (5) is marked as P,, . (2,8) = Y. b,(2)t*, 2z € D, |t| = 1.

First we introduce the following definitions:
Definition 1. If Vz € D, |t| = 1, |a(2)| > |Pum(z,t)|, then Ay € M .

Definition 2. Suppose that Vz € D, [t| = 1, |a(2)| < |Pnm(z,t)], and
Indj4j=1 Pn,m(2,t) = j, then we say that Ay € M; (j is integer, —m < j <

On the basis of the above assumptions and definitions, we can prove
following theorem:

Theorem 2[6. In space LP(D) (1 < p < 00), the operator Ay is an Niether
operator if and only if one of the following mutually exclusive conditions
holds:

la(2)] > |Pum(z,t)| Yz € D, |t| =1, (15)
la(2)] < |Pum(2,t)|, V2 €D, |t|=1,
n (16)
a(z) #0, for Indp=1 > b (2)t" #0, Vz € T.

Moreover if As € M or Ay € My, then index k=0 of operator As. If
Ay € M;(j #0), then index k of operator As:

k = —2jIndra(t). (17)

Theorem 37!, Let D be the multiply onnected bounded domain, and a(z),
(=), (=), d(z), e(2), h(z) € C(D), and

As = (A3f)(2) = al + bK+[cI+ dK| 11 + [el+ hK]II, Yz € D.  (18)
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In space LP(D) (1 < p < 00), the operator As is an Néether operator if and
only if one of the following mutually exclusive conditions holds:

A1| >x + D3 |l =[P+ |M3|2—|)\3|2]1/2a VzeD, (19)

{ Bl > x + [ + = a2 ol + ) 2,72 € D, (20)
A(t)A2(t) + Ao (t)pa(t) # 0,V €T

{ | As] > X+ (2 p3]® = [As]® |2l >+ o] *]1/2, Vz € D, 1)
Ao () As(t) — As(t)us(t) #0, vie L,

where Aj, i, Aj, x (j =1,2,3) are as stated in (7),(8) and (9). Under this
case, the index k of operator Az is:
0, if (19) holds,
K= QIndr[/\l(t)AQ(t) + Ag(t),u1(t)], lf (20) holds, (22)
—2Indp[A2(t)As(t) — As(t)us(t)], if (21) holds.

Here we point out that the references [1] and [10] deal with the special
circumstance of Az with a(z) = 1,b(z) = 0:

Ay = (Asf)(z) =T+ [el +dK] 11+ [el + hK] II, Vz € D, (23)
and when the coefficient satisfies stronger conditions:
la(2)| + |d(2)] + |e(2)| + |h(2)| < 1, z € D,
applying the compressing reflection principle, we can prove that Ay pos-

sesses a bounded inverse operator, when p is sufficiently close to 2.

Theorem 48!, Let D be bounded simply connected domain and a(z),
b(=), el2), d(2), e(2), h(z), a(2), 1(2), 8(2),1(z) € C(D), and operator As:

As = (Asf)(2) = al + bK + [e] + dK] 11+ [e] + hK] 11

_ 24
+lal +vK|B+ [6] + vK| B, z € D. (24)

In space Lg,g/p(D) (1 <p<oo, 0<fB<2), the operator Ay is an Noether

operator, if and only if one of the following mutually exclusive conditions
holds:

1 —
{ A1 > x4 D¢+l = P+ s - ol 72, vz € DL

wl(t) 7é 0, VteT;
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1 _
{ Ao > x4 X2 + |l = M) = |2l + [Xe]?] 72, V2 € D,

(26)
wg(t) 7é 0, vt e T}
1 —
{18005 w1 =l 4 Daf 2 92 €D
wg(t) 7é 0, VteT,

in which Aj, p;,Aj,x (j =1,2,3) as shown in (7),(8) and (9), and w;(t)
(j = 1,2,3) is determined by the following formulas:

o] = aq — b’ﬁ/, Q9] = Ea—dﬁ, a3 = éa—h"y,
71 = ay — ba, y21 = ¢y — da, y31 = ey —ha,
011 = ad — b, 91 = ¢d — dv, 631 = ed — hv,
Vi1 = av — bs, vey = év — db, v3y = év — ho;
{ Qjo = Va1 + WY1, Y2 = Vi1 + w5,

5o . i=123
dj2 = Vjdj1 + W1, Viz = ViVl + wian,

Br=(Aedz—Asfiz—p2doqr)[AZ = Ao — (Nofiz = AzAz)q1 — o Azai]
ws = (B1 + 032) (811> —1 + az2B1 + 0132 |B1]%) — (Fa2 — 1) (vs2 — @) B,
vs ==X+ A3q1 B, w3 = —Az+ hoqfi;
Bs = [—Arfis + (Asfir + M)
< [[As” = lus+ A1 dsqr + (Ashi— pajin)gd] L,
w1 = (14 012q2) (1 — |85 + a12) — 12 (v12 — @1 33),
v1 = As+ q1fsps, w1 = s+ qfs)s, if [ # |ul;
Bs = i1 /A1 + Mqr),

wr = (1+ 512(12)(1 - |ﬂ3|2 + ai12) — F12(vi2 — q1.53),
vi=1, wi=qfs, if |7 =|pl;

where q1(2), q2(z) are the root of trigonometric polynomial Py = Ay + Ag
+A3 — 2Re [p2e™ — (A1 + A3)e?™®], and A3, fis, Az, Aoais2, V32, 032, V32 is
substituted by As, fig, As, Ao, a32,7Y32, 032,V32 in we = ws. If one of the
above conditions is satisfied, then k of operator As:

KR = IDdFA5 = Indpwj(t), ] = 1, 2, 3. (28)



306 Su-Kui Lu, Zi-Zhi Li and Si-Le Wang

3. Applications of Noéether’s Theory in Second Order Elliptical
Equations

We will discuss Noether’s theory of two-dimensional singular integral oper-
ator in [8] and its application to boundary value problems for the general
second order elliptical systems of equations. Let D be a simply connected
bounded domain in the complex plane, and the second order elliptical sys-
tems of equations in D be:

aWZz + bW?Z +cWgzz + dWﬁ + eWz= + hWZz—F

2 - _ (29)
+a1W§ + blVVZ + 01WZ + d1W§ + €1W + h1W = g(Z),
1({o | ;0 o _
in which z = z + iy, W = U(z,y) + iV (z,y), 2 b <%+za—y), = =
2 (Bax Za ), and all coefficients of (29) belong to C'(D) and the nonhomo-

geneous item g(z) € LY (D) (2 < p < ).
On the basis of the conditions in (29), when each former inequality of
(19), (20) and (21) are satisfied, then (29) can be transformed into:

AW 5+ MWaz + W45 + AWz + W2z + Ti(W) = g1(2), (30)1

>‘1WZ7 — UlWZZ + AoWym — e Wez + MW 57+ TQ(W) = 92(2), (30)2
MWz —Wyy + 12Wzz = XeWgz + AsWez + T3(W) = g3(2), (30)3

respectively, where g1 = ag — bg, go = ¢g — dg, g3 = eg — hg (here the vari-
able z is omitted); T;(W) (j = 1,2,3) is the lower order items of W. Then
the results of two boundary value problems in book [8] will be discussed.

We introduce the Sobolev space C(D) N W2(D) (2 < p < o0), which
can be seen as in [1,4,10].

Problem Dg. Find a solution W(z) € C(D) N W2(D) of the elliptic sys-
tems (29) in simply connected domain D satisfying the boundary condition

W(t)|r = 0. (31)

The problem discussed above can be defined as homogeneous Dirich-
let problem (Problem Dg). Without loss of generality, we assume D =
{Z : |z| < 1}. It is known from [1], [2] and [10], the solution of Poblem Dy
can be represented as:

- / Gz, Q) (O)dor, (32)
D

in which G(z, ¢) as discussed in (1), f(z) is the unknown function satisfying
LP(D)(1 < p < o0). Three equivalent singular integral equations are
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obtained from (29), (32) and (30); (j = 1,2,3). On the basis of Theorem
4, we can get

Theorem 5. The necessary and sufficient condition of Problem Dgy for
the systems (29) as the Noether’s problem is that one of the (19), (20) and
(21) of Theorem 3 holds.

Problem Nj. If the boundary condition (31) is replaced by
where n is the outwards normal direction of I', then the boundary value
problem is called the homogeneous Neumann problem (ProblemNg). For
this, the same result to theorem 5 can be obtained, provided that the Green
function in the (32) is repaled by the Neumann function

i

6W|F _ 0

NG =2

s

—*||+\C|)

In [12], we deal with non-homogeneous Dirichlet problem (Problem D)
and non-homogeneous Neumann problem (Problem N).

Problem D. Find a solution W (z) € C(D)NW2(D) of the elliptic systems
(29) in simply connected domain D, such that W (z) on I' satisfies

W(t)=r(t), tel; r(t)e CL(), 1/2<p< L. (33)

Obviously when r (t) = 0, Problem D is just Problem Dy. According
to [8], the solution of problem D can be similarly represented as

W(z)=U(z) + (Hf) (2), (34)
in which f(z) € LQ(D) (2 < p < ), U(Z) is harmonic compleX func-
tion, and U (z) = 5 [ Re (t“) 7“(t)dt = [ p G(z.Q)f({)doc,

G(z,()=In

= C . The conclusions of [12] is educed:

Theorem 6. The necessary and sufficient condition of Problem D for the
elliptic systems (29) as Néoether’s problem is one of (19),(20) and (21) as
in Theorem 3 to be satisfied, and we have the index formula (22).

Problem N. Find a solution W(z) € C(D) N W2(D) of elliptic systems

(29) in simply connected domain D, which satisfies the boundary condition

ow

on

Provided that W(0) = 0, and h(t) = hq(t)+iha(t). Especially if h(t) =0,

then Problem N is Problem Ny. We can assume that Domain D is the unit
disk. And when h;(t) (j = 1, 2) satisfies:

1/WdT—Re{l./hj(TZdT] =0,tel, j=1,2.
r r

™ T ™ T —

r=h(t), h(t) € C,(T), 1/2 < p < 1. (35)
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Then the solution of Problem N can be only represented as

W(Z) = (Hif)(z) +V(2),

(H.f)(= // N(z do¢+%//DICI2f(C)d0<a (36)

viz)=-2 /F Bt In [t — 2| df, 6 = ang(t — 2).

If Problem N of elliptic systems (29) can be transformed into three
similar singular integral equations with completely continuous operators,
thus:

Theorem 7. In Theorem 6, the conclusion is still valid, when Problem
D is replaced by Problem N. And the necessary and sufficient condition of
Problem N for elliptic systems (29) as Néether’s problem is that one of the
(19), (20) and (21) of Theorem 3 is satisfied, and the index formula is as
stated in (22).
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1. Introduction, Definitions and Preliminaries

Let H denote the class of functions of the form
f(2) :z—l—Zajzj, (1.1)
j=2

which are analytic in the open unit disk U = {z: |z| < 1}. Also let H*
denote the class of functions of the form

f(z)=z+ Zajzj (a; >0), (1.2)

which are analytic in U. We denote by S*(A, B) and K(A4,B) (-1 < B <
A < 1) the subclasses of starlike functions and the subclasses of convex
functions, respectively, where (see, for details, [1] and [2])

S*(A,B):{f(z) €H: Z]f(g) < iigz zeU,1§B<A§1},
and

2f"(z)  14+Az
() = 1+ B2’

K(A,B):{f(z)EH:H— zEU,—1§B<A§1}.

IThis research is supported by the Natural Science Foundation of Inner Mon-
golia (No.2009MS0113) and Higher School Research Foundation of Inner Mongolia
(No.NJzy08150, No.NJzc08160).
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Clearly, we have
f(z) e K(A,B) <= zf'(z) € S*(A, B).

A function f(z) € H is said to be in the class of uniformly convex
functions, denoted by UK (see [3-5]), if

Zf”(2)> 2f"(z)
fe (1 TP ) e | (13)
and is said to be in a corresponding class denoted by US, if
2f'(2) 2f'(2)
re (1) > [ | (14)

A function f(z) € H is said to be in the class of a-uniformly convex
functions of order 3, denoted by UK (a, B) (see [6]), if

e () el

and is said to be in a corresponding class denoted by US(«, ), if

’+ﬁ,a20,0§ﬁ<1, (1.5)

Re (22O L o |ZE) 4l 5 0s00<p<1.  (16)
( f(2) ) ‘ f(2) ‘

It is obvious that f(z) eUK (e, B) if and only if zf'(z) eUS (e, B) (see [6]).
The properties of various subclasses of functions UK (a, ) and US(«, 3)
were studied in [7]. For f(z) € H, Salagean [8] introduced the following
operator, which is called the Salagean operator:
DOf(z) = f(2), D' f(2) = 2f'(2), -+, D" f(z) = D(D"" f(2)),
neN={1,2---}.

We note that

D" f(z) :z—i—ij"ajzj, n € No = N U {0}. (1.7)

=2
Let Uy, n(a, A, B) denote the subclass of H consisting of functions f(z),
which satisfy the following inequality:
D"f(z) ‘Dmf(z)_ ’ 1+ Az
D f(z) Dnf(z) 1+ Bz’ (1.8)
a>0, - 1<B<A<1l,me& N, n e N,.
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Also let V;,, . (a, A, B) (s € Np) be the subclass of H consisting of functions
f(2) which satisfy the following condition:

[(z) €V (o, A, B) <= D*f(2) € Upn(a, A, B). (1.9)
For s = 0, it is easily verified that
WV, (A, B) = U n(a, A, B).

When m = 1,n = 0 and m = 2,n = 1 of inequality (1.8), respectively, we
get two classes of functions

US(a, A, B)
B Czf'(2) z2f'(2) 1+Az
—{f(z)eH. 8] e 78 —1‘< 1+Bz’a20’_1SB<A§1}’
and
UK(a, A, B)
_ {f(z) EH: 1+Z;,/;(Z§)—a Z;,/;(Zj) igi,azo,—lgB@élgl}.

It is clear from two of the above definitions that
f(z) eUK(a,A,B) < zf'(2) e US(c, A, B),
Us(1,1,-1)=us, UK(,1,-1)=Uuk.

By specializing the parameters a, A, B,m and n involved in the class
Umn(a, A, B), we also obtain the following subclasses, which were stud-
ied in many earlier works:

(1) Us o(or, 1-25, —1)=US (e, B) and Ua 1 (o, 126, —1) =UK(«x, B) (see
[6]).

(2) Uns1n(a, 1 —208,—1) =US, (e, B) (see [9],[10]).

(3) U n(a, 128, =1) =Up n(a, ) and V;, . (o, 1-28, 1) =V}, . (a, B),
0<a0<g<1 (see [11],[12]).

Let

US(a, A, BY=HtNUS(a, A, B),UK(, A, B)=HTNUK(ar, A, B),
Upn(a, A, B)=H U (v, A, B), V5, (0, A, B)=HT NV (o, A, B).
Then we obtain contain relations and the close properties of integral
operators. This paper mainly concerns the classes U, n(a, A, B) and

Vinla, A, B). We provide coefficient inequalities, integral means inequal-
ities and subordination relationships of these classes.
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2. Coefficient Inequalities for Classes U,, (o, A, B) and
Vinn(a, A, B)

Theorem 2.1. If f(z) € H satisfies
> ¢(m,n,j,a, A B)laj| < A- B, (2.1)
j=2

where

p(m,n, j,a, A, B) = (14 2a)|j™ —j"| + |Bj™ — Aj"| (2:2)
for some @« > 0,—-1 < B< A<1,mé€ N,n € Ny = N U{0}, then
f(z) € Upn(a, A, B).
Proof. Suppose that (2.1) is true fora« > 0,-1 < B<A<1l,mée N,n €
Ny. For f(z) € H, let us define the function p(z) by

_ D" f(2) D™ f(z)
Ho =t o e |
It suffices to show that
p(z) —1
‘A—Bp(z) <1, zeU.

We note that

‘ p(z) —1
A - Bp(2)

_ ’ D™ f(z) — ac|D™ f(z) — D" f(2)| — D" f(2) '
AD"f(z) = B(D™ f(2) — ae®|D™ f(z) — D" f(2)])

_ ‘ (D™ f(2) = D" f(2)) — ae®| D™ f(2) — D" f(2)] ‘
(A=B)D" f(2)=B((D™ f(z)=D" f(2)) —ae®|D™ f(z) = D" f(2)])

’ Yoa(i™ = g"M)aE Tt — ae®®| ST, (" — ")ag 2 Y

(A=B) =372, (Bjm = Ajr)a;z/~t — ae®| 3252, (5™ — j*)a;z 1)

< 2o 3™ = 3" agllel " + alel® 372, 157 — 5" a2 !

T (A=B)=3"7, IBjm = Ajr{laglzP ! —ale 307, i =" laslz

- 2ma ™ =g el + a3, 1™ — 5" e

T (A=B) =375, Bim = Ajrllaj| — a 3250, 15 — 7 llag|

The last expression is bounded above by 1, if

oo o0
Dol =gt llagl a1 = " ay)
j=2 j=2

<(A=B)=> |Bj™ — Aj"laj| — &> |i™ = " [las],
j=2

=2
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which is equivalent to the condition (2.1). This completes the proof of
Theorem 2.1. By using Theorem 2.1, we have

Theorem 2.2. If f(z) € H satisfies

Z]S¢(m7naj7aaA7B)|aj| SAiBa (23)

Jj=2

where ¢(m,n, j,a, A, B) is defined by (2.2) for somea>0,—1< B <A<
L,m € N,n € Ny, then f(z) € V;, (o, A, B).

Proof. From (1.7), replacing a; by j°a; in Theorem 2.1, we have Theorem
2.2.
3. Integral Mean Inequalities

We need the following definitions and results.

Definition 3.1. Let us consider two functions f(z) and g(z), which are
analytic in U. The function f(z) is said to be subordinate to g(z) in U, if
there exists a function w(z) analytic in U with

w(0)=0 and |w(z)| <1, z€UT,

such that
f(z) = g(w(2)), z € U.

We denote this subordination by
f(z) < 9(2).

Definition 3.2.(Owa [13] and Srivastzva [14]) The fractional derivative
of order \ is defined, for a function f(z), by

1 d [* f(t
D}f(z)_r(l_A)dz/0 (Zf_(z)Adt,OSA<1, (3.1)

where the function f(z) is an analytic function in a simply connected region
of the z-plane containing the origin, and the multiplicity of (z — t)* is
removed by requiring log(z — t) to be real when (z —¢) > 0.
Definition 3.3. Under the hypotheses of Definition 3.2, the fractional
derivative of order (p + \) is defined, for a function f(z), by

'3 G
Drf(2) = S DMf(2)
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where 0 < A < 1 and p € Nyp = N U{0}. It readily follows from (3.1) in
Definition 3.2 that
I'(k+1)

D}\ k _
T Th—a+1)

AA0< A<, (3.2)

Theorem 3.1. (Littlewood [15]) If f(z) and g(z) are analytic in U with
f(2) < g(2), then for p >0 and z = re'® (0 < r < 1),

A%fwwwsé%mwww.

Theorem 3.2. Let f(z) € H given by (1.2) be in the class Up n(a, A, B)
and suppose that

o0

. (A—B)[(k+1)T(3— X —p)
§:@—mm«ws¢Mmm¢%&3ww+1—A—mr@—m

Jj=2

for some 0 <p <2,0<X\<1, where (j — p)p+1 denotes the Pochhammer
symbol defined by (j —p)py1 = (G —p)([J— (p—1))---j4. Also given the
function fr(z) by

(A-DB) N
¢k(m,n,a,A,B)Z , k22 (3.3)

fk(Z) =z+

If there exists an analytic function w(z) given by

k=1 Or(m,n,a, A, B)I'(k+1—X—p)

w(z) (A—B)T(k+1)
e’} - (i — -
<30 e

then for z =re’ (0 <r < 1) and p >0,
27 21
| iprsepas < [ e pas,
0 0

Proof. By virtue of the fractional derivative formula (3.1) and Definition
3.3, we find from (1.1) that

P A ZT@2—-A—p)T(j+1) i
Dz+kf(2)—m{1 ; RS- ajz’ "'}
Zl—)\—p oo '

— Ty 1 TR APl = Phpraeli)aiz

=2
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where .
L' —»)
LG+1=A=p)
Since ¢(j) is a decreasing function of j, we have
I'(2—p)
I'S—X—p)

Similarly, from (3.2), (3.3) and Definition 3.3, we obtain

v(j) =

0<e(j) <p2)= 0<A<1;0<p<2<y).

Zl=A-p a+ (A-BI2-X—prk+1) 1y
r2-X-p) or(m,n,a, A,B)T(k+1—X—p) '

For z = re? (0 < r < 1), we must show that

DY fi(2) =

27 0
| ST =A== et
j=2
27
(A= B)T(2— A — p)T(k +1)
= /0 1+ ox(m,n,a, A, B)T(k+1—X—p)

R0 (> 0).

Thus by applying Littlewood’s subordination theorem, it is sufficient to
show that

L+ ZF(2 —A=p)(J = P)prrp(i)a;z'
= (3.4)
(A-B)r@2-A—pI'(k+1) k1

1
S e A BT+ 1—A—p)
By setting
14> T2 =A=p)(j —plprrp(i)a;2’
j=2
(A B)I'2-A—p)'(k+1) k-1
=1+ wiz )
or sy A, BYGE+1— 3 —p) )
we find that
1 or(myn,a, A, B)T(k+1— )\ —p) —
w(z)k t= k( (A—B))P((k-i-l Z p-‘rl‘P CljZJ 1;
Jj=2

which readily yields ¢(0) = 0. Therefore, we have

= 2 D = Phyaeli
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P)pr19(J aJ|Z|J !

Gk (m,n, 0, A, B)C(k +1 -\ = p) &
<
= (A—B)(k+1) Z;

:¢k(man7a7AaB)F(k+1f>‘fp) F(pr) |Z

(A—B)T'(k+1) T'(2—X—p)

| )_(G=P)pray, [z <1,
j=2
by means of the hypothesis of Theorem 3.2.

Theorem 3.3. Let f(z) € H given by (1.2) be in the class Z:{,f%n(a,A,B)
and suppose that

oo

_ (A= B)L(k+ 1)I'(3—A—p)
Z(] Plp+1a; < kEs¢rp(m,n,a, A, B)T'(k+1—-X—p)T'(2—p)

j=2

for some 0 <p <2,0 <A< 1, where (j — p)p41 denotes the Pochhammer
symbol defined by (j —p)p+1 = (G —p)(J—(p—1))---4. Also introduce the
function fr(z) by

(A-B) k
k> 2.
ksdi(m,n,a, A, B)Z U=

fe(z) =2+

If there exists an analytic function w(z) given by

ki (m,n, o, A, B)T(k+1— X\ —p)

w(z)k—l _
(A—B)T(k +1)
= I'(j —p) ji—1
X Z P+1—a'jzj s
por j+1—=XA—=p)

then for z =re’ (0 <r < 1) and p >0,
27 2
| iprsepa < [ e pas,
0 0

4. Subordination Result

Definition 4.1. (Hadamard Product or Convolution) Given two functions
f and g in the class H, where f(z) is given by (1.1) and g(z) is given by

z) :z—i-ijzj, (4.1)
j=2
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the Hadamard product (or convolution) f # ¢ is defined (as usual) by
(fx9)(z —z—l—Zanzj x f)(z), z € U.

Definition 4.2. (Subordinating Factor Sequence) A sequence {b;}32; of
complex numbers is said to be a Subordinating Factor Sequence if, when-
ever f(z) of the form (1.1) is analytic, univalent and convex in U, we have
the subordination given by

Zajbjzj < f(z), z€ U, a; = 1. (4.2)

Theorem 4.1. (Wilf [16]) The sequence {b;}52, is a subordinating factor
sequence if and only if

Re(14+2) b;j2?) >0, z€U. (4.3)
j=1

Theorem 4.2. Let the function f(z) defined by (1.1) be in the class
Z:lmyn(a,A,B), where —1 < B < A < 1. Suppose also that K = K(0)
denotes the familiar class of functions f(z) € H, which are univalent and
convez in U. Then
(]52(771,71,0[714., B)
2[(A=B)+¢2(m,n,a, A, B)]

and

(9% f)(z) < g(2), z€U, g(z) €K, (44)

(A — B)+ ¢a(m,n,a, A, B)

Re(f(2)) > — do(m,n,a, A, B)

,zeU. (4.5)

¢o(m,n,a,A,B)
2[(A—B)+¢2(m,n,a,A,B)

Proof. Let f(2) € Up.n(a, A, B) and suppose that

The constant ] is the best estimate.

g9(z) = erijzj e K.

=2
Then, for f(z) € H given by (1.1), we have
¢p2(m,n,a, A, B)
2[(A—=B) + ¢2(m,n,a, A, B)]

B da(m,mn, o, A, B)
2[(A = B) + ¢2(m,n, a, A, B)] z+Za]bz

(9% f)(2)
(4.6)
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Thus, by Definition 4.2, the subordination result (4.4) will hold true if the
sequence
pa(m,n, o, A, B) o
s
2[(A — B) + ¢o(m,n,a, A, B)]

is a subordinating factor sequence, with (of course) a; = 1. In view of
Theorem 4.1, this will be true if and only if

pa(m,n, o, A, B)

j=1

o
Re{l + E (A—B)+ da(m.n, o A, B)ajz +>0,zeU. (4.7
Since
Z ¢a(m,n,a, A, B) W,
Refl+ (A—B)+ ¢a(m,n,a, A B)ajz }

¢2 (m7 n? a’ A7 B)
(A—B) + do(m,n, o, A, B)"Y°

1 > )
+ m,n,o, A, B)a;z’
(A—B)+¢2(m,n,a,A7B)jZ::2¢2( Ja;2'}

¢2(m,n,a, A, B)
21_ {‘(A—B)—F(]SQ(W'L,TL,Oé,A,B) "

=Re{l+

1 °© _
. ]
TA=B) + dalm,n,0, 4, B) ;@(m’”’a’AB)%Z }
>1- ¢2(m,n, &, 4, B) _t A-B .
— {A=B)+de(mna,4,B)  (A=B)+¢s(m,n,a, 4, B)

=1-r>0,|z|=r<1,
thus (4.7) holds true in ¢. This proves the inequality (4.4). The in-

z

equality (4.5) follows by taking the convex function g(z) = %= = 2z +

Z;’iz 27, g(z) € K in (4.4). To prove the sharpness of the constant

¢2<m7 n, o, A7 B)
2[(A — B) + ¢a(m,n,a, A, B)]’

we consider fo(2) € Up (v, A, B) given by
A-B 5
=z -1<B<A<LI.
R Nz R
Thus from (4.4), we have
da(m,m, o, A, B) z
2[(A— B) + ¢2(m,n,a,A,B)]fO(z) R

(4.8)
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It can easily be verified that

¢2(m7n7avAvB)
2[(A = B) + ¢2(m,n, o, A, B)|

fole)} =2, 2 € U.

min{Re( 3

2[(14_%)(3_22’(2?:214,3)] is best possible.
Theorem 4.3. Let the function f(z) defined by (1.1) be in the class
an,n(a,A,B), where —1 < B < A < 1. Suppose also that K = K(0)
denotes the familiar class of functions f(z) € H, which are univalent and
convez in U. Then

This shows that the constant

25¢2(m7 n, o, Aa B)
2[(A — B) + 25¢a(m,n, a, A, B)]

(9% f)(2)=<9(2), z €U, g(2) €K,

and
(A= B) +2°¢a(m,n,a, A, B)
Re[f(2)] > — ol a0, A B) ,zeU.

The constant AfB()bi(de)z(fn‘?li) o) i the best estimate.

We remark in conclusion that, by suitably specializing the parameters
involved in the results presented in this paper, we can deduce numerous
further corollaries and consequences of each of these results.
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Let the elastic domain be a disk, and its boundary the unit circle. By dint
of the stability of Cauchy-type integral with respect to the perturbation of
integral curve, the stability of the first fundamental problem and the second
fundamental problem in plane elasticity will be discussed under the smooth
perturbation for the boundary curve.

Keywords: Elastic domain, Cauchy-type integral, complex stress functions,
normal stress, smooth perturbation

MR(2000) Subject Classification: 30E20, 45E99 .

1. The Fundamental Problems in Plane Elasticity

Under the assumption of lack of volume force (we always maintain this
assumption afterwards), we have the equilibrium equations

0oy OTay

=0
Ox Oy ’
aTwy % =0
Ox oy
and the compatibility equation
0? 0?
353 * gy H o =0

where o, is the normal stress parallel to the z-axis, o, is that parallel to
the y-axis, 7, is the shear stress.

Let the elastic region S be a disk with boundary L, a unit circle, oriented
counter clockwise. We always assume in the sequel, appearing functions in
S and on L € H* (0 < pu < 1), and so do their derivatives on L, whether
they are known or not. We introduce holomorphic functions ¢(z) and ¥ (z),
also called complex stress functions. Stress and displacement u + v at the

IThis research is supported by Natural Science Foundation of Fujian Province
(2008J0187) and the Science and Technology Foundation of Education Department of
Fujian Province (JA08255), China.
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[1,2]

point z in S could be expressed by ¢(z) and ¥(z)!? as follows:

{ 0a+ 0y =2[¢(2) + 9(2)] = dRe[¢'(2)],
0y = O + 2iTey = 270" (2) + ¥/(2)], (1.1)

and -
20+ iv) = Kip(2) — 20 (2) — V(2). (1.2)

respectively, where k, u are the elastic constants and g < k < 3 (We only
consider the case of stress state in this paper).

According to [2], we know the fundamental problems can be reduced to
the following boundary value problem for analytic functions:

(I) The first fundamental problem: find two holomorphic functions
©(z), ¥(z) such that the boundary condition

P(t) + ' (t) + (1) = f(t), (1.3)

and
¢(0) =0, Imy’(0) = 0, (1.4)
where f(t) = th ) +iY,(t))ds, t € L, and Re [, f(t)dt = 0, integral

path is from tg to ¢ ClOClesely along L.

(ITI) The second fundamental problem: given the displacement function
g(t) = u(t) + iv(t), t € L, find two holomorphic functions ¢(z) and t(z)
in S, satisfying the boundary value condition

rp(t) — to'(t) — ¥(t) = 2ug(t), (1.5)
and

£(0) =0 (or $(0) = 0). (L6)

2. The Stability of the Perturbed First Fundamental Problem

Denote by C?(L)(C*(L)) the space of all functions with continuous sec-
ond(first) derivatives and with norm

1611 = Mol + 16"l lI6l2 = l16]} + [16” .,
where || - || = rgleaLx|(5(t)| and § € C%(L). Denote
9 2
Blo)= {5 5wy, 1ol <p< 2}

When smooth perturbation occurs § € B(p) for L, we set Ly = {£,& =
t+6(t),t € L}, and L is also a smooth curvel®],
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After perturbation § to L, the first fundamental problem about Ss can
be reduced to analytic function boundary problem: Find two holomorphic
functions @4 (z) and 1. (z) in Ss, satisfying the boundary value condition

P+ (8) + &L (&) + ¥ (§) = f+(8), €€ Ly, (2.1)

where f,(§) such that | Ls f«(€)d€é = 0. We can introduce a new function
wy(C), such that

w@%:ifﬁ C“Uazes&

211

1 w4 (€) 1 (W, Cwi(¢)
m/Lgczd 2 Ly C—%

By Plemelj formula, we can obtain ¢, (), ¢, (&), 1. (£) and substitute them
into (2.1) and gain

oz [ wOdin it [ STEE =100, g€l (22)

2mi C—€ 2mi (—¢
If denote wy (&) = ws(t), g«(£) = gs(t), then (2.2) can be written in the form
w;(t) = As + Bst + f5 (1), (2.3)
where
As = f% : ”“T(T) dr, Bj= f% /L ws (1) dr. (2.4)

Substituting (2.3) into (2.4), we get

L[ ) e Ny
As = —— 5 Bs+Bs = ——— * 2.
= Tum /L L, dn Bs 4 Bs = =5 /Lf5 (r)dr, (2:5)

o (2) = Qjm/ M(l—l—é’(t))dt—l—ﬂ;. (2.6)

By (1.1),(2.5) and (2.6), we know
(0x +0y)s — (05 + 0y)

= 2[p5(2) + 95(2)] - 20¢/ () + ¢'(2)]

(O s L [0,

(27ri/7+(5() (1+(r))d 2mi LT—Zd)
+2(271m. LH‘@S)_Z(H&'(T)M o J:“Z)dT)

—2(271TZ,/Lf*(T)dT—21m/Lf(T)dT).
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By dint of [3], we havel*]
Theorem 2.1. Ifé € B(p), AY < IS g? f’;{ﬂr),, =, then for av € (0,1)
chosen, we have || f5(t) — f(t)|lz < C(p, )Hé”mm{” 1-v}
Theorem 2.2. Ifé € B(p), AY < (7r/2+1§? f’;ﬁz o then for a v € (0,1)
{0 - F10)] < CloallE ),

Theorem 2.3. If§ € B(p), AY < (7r/2+11§? f‘;@u —, for a v € (0,1)

chosen, we have

chosen and € € (0,1), we have
|(Ux)5 - J$|Q < C(p,57 V)H(SHS—E) IIlin{u,l—y}’

(0)5 — y|, < Clp, e, v)|l8]1§ ™ t1 =+,

3. The Stability of the Perturbed Second Fundamental Problem

Now we let )
B(p) = {5 € YL |11 < p}, p < 5

After perturbation d(t) to L, the second fundamental problem about S5 can
be reduced to analytic function boundary problem: Find two holomorphic
functions p.(z) and ¥.(z) in Sy, satisfying the boundary value condition

o (€) = E0L() — ¥ (&) = 2pg.(€), € € Ls. (3.1)

where g, (&) is the perturbed displacement of g(t), £ =t + §(¢). Similarly,
we can introduce a new function w,(¢), such that

1
go*(z)—m/LSC_(OdC,zeSg, (3.2)
_ K wx(¢) 1 wx(C) ~ CW*(C)
'l/)*(Z)—*Tm Ls C_Z d<+27m Ls C_Z d 27‘_1 (C_ )2d43 S S5a
(3.3)
namely,
L (S I Y A=A (9
¥a(2) = 2mi Jp, (—zdc 2mi Jp, (—z dc, 2 € Ss.

Substituting (3.2) and (3.3) into (3.1), (3.1) can be changed to the integral
equation on Lg

K ¢— 5 1 ¢—&_
(@) 5 [ o Q= ) O =2u.9), € € L
(3.4)
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If denote w. (&) = ws(t), g«(§) = gs(t), then (3.4) can be rewritten as

gs (t
ws(t) = as + bst + 957() (3.5)
where ) ) )
ws\T
=—— dr,bs = —— dr. 3.6
05 =5 || 20drbs = g [ Gtrlar (36)
The same as the above method, we can get
1 ~
a5 = f—,/ 91 4 (3.7)
dkmi J;, T
1 1 — 1
bs = ———[=— [ gs(7)dr — —— | gs(7)dT7]. 3.8
= lpe [ B = 5 [ (] (338)

By (3-5), we havel®!

Theorem 3.1. If 6 € B(p), p < 5=, |6(1) = o(t) — &' (7)(r — t)| <
Alr —t|'T5 eg < e < 1 (g0 > 0), and

AY <

59k2 — 62k + 1 eov ( 607

1—v
Seov 1 d
30(3/6: — 1)(/{ + 1) 2gov \ 1 + 2) y V€ (07 ) fized,

then -
lws(t) — w(t)|r, < C(k, p, s vy ) |85, (3.9)

where C(k, u, v, €) is a constant depending on k, u, v, €.
According to (3.2) and (3.3), we obtain!®

Theorem 3.2. Assumptions as those in Theorem 3.1. Then the complex
stress functions . (z) and o(z) satisfy

s (2) = o(2)]la < Ok, e, €8] 7™M g < e < 1.

Theorem 3.3. If 6 € B(p), p < 5=, |6(r) — o(t) — &' (7)(r — t)| <
Alr =t e <e < 1(g9 > 0),

Al/

59k2 — 62k +1 eov ( 607

1—v
Seov 1
< 30(3/{—1)(H+1) 2e0v 7T—|—2) B VE(O, )ﬁxed,

and S1 C Q is a closed subset, d > p is the shortest distance between point
z in S1 and point t on L. For z € S, ¥.(2) and (z) satisfy

0.(2) = (2)| S C ks, vy, py dy €)||8]| ™™ e (0, 1),

0L(2) = ¢'(2)] < Clh, v, p, |07
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Theorem 3.4. Assumptions as those in Theorem 3.3. Then the displace-
ment u + v at a z € Q and the perturbed (u + iv)s at the same point
satisfy

(u+ iv)s — (u+ iv)| < Clk, g, v,e, p,d, €)]| ]| 9 it =2
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In this paper, we consider the Dirichlet boundary value problem of Poisson-
type equations on a disk. We assume that the exact solution performs singular
properties that its derivatives go to infinity at the boundary of the disk. A
stretching polynomial-like function with a parameter is used to construct local
grid refinements and the Swartztrauber-Sweet scheme is considered over the
non-uniform partition. The effects of the parameter are analyzed completely
by numerical experiments, which show that there exists an optimal value for
the parameter to have a best approximate solution. Moreover, we show that
the discrete system can be considered as a stable one by exploring the concept
of the effective condition number.

Keywords: Dirichlet boundary value problem, Poisson-type equations, singular
solutions, finite difference methods, Swartztrauber-Sweet scheme, local grid
refinements, effective condition number.

AMS No: 65N06, 65N15.

1. Introduction

The numerical schemes for solving ordinary and partial differential equa-
tions with singular exact solutions have been considered by many re-
searchers in various computational fields as well as numerical analysis. In
this paper, we are concerned with the Dirichlet boundary value problem of
elliptic equations on a disk §2. Matsunaga and Yamamoto [4] considered
the same problem and proved that if the exact solution u is very smooth
so that u € C*(€), then the approximate solution by Swartztrauber-Sweet
scheme with uniform partition of Q has an accuracy of O(h? + k?), where
h and k are uniform mesh sizes in polar coordinate (r,0). In this paper, we
assume that the exact solution of the problem has singular properties that
its derivatives go to infinity at the boundary of €. In this case, the numer-
ical scheme over uniform partition could not yield satisfactory accuracy.
Therefore, we use a stretching polynomial-like function with a parameter p
to carry out local grid refinements and construct the Swartztrauber-Sweet

1This research is supported by Scientific Research Grant-in-Aid from JSPS (No.
22444 and No. 21540106).
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scheme over the non-uniform partition. Since the scheme is inconsistent in
the sense that truncation errors at the grid points near the boundary go to
infinity, the usual error analysis can not be applied to our case. But by ex-
ploring the matrix analysis results to our discrete system, we can show that
the approximate solution by our scheme is convergent and the convergency
can be accelerated by adjusting the parameter p.

In the present paper, we first describe our problem and the non-uniform
Swartztrauber-Sweet method in Section 2. Then in Section 3 we obtain the
estimates of truncation errors at different grid points and the convergence
result, which indicates that the parameter p can be chosen, so that our
scheme yields its best convergent order. Numerical results are shown in
Section 4, where the effects of the parameter are made clearly by specific
example. Finally, in Section 5, we explore the concept of the effective
condition number to show that our discrete system can be considered as a
stable one, compared with the usual condition number.

2. Derivation of the Problem and the Non-uniform FDM

Let Q1 = {(z,y) | 22 +y? < R?} Cc R? with R > 0, and fi1, g1, ¢1 be given
functions, ¢1(z,y) > 0 in ;. We consider the Dirichlet boundary value
problem of elliptic equations

—Autqi(z,y)u = fi(z,y) in O, (2.1)
u=gi(z,y) on I'y =00;. (2.2)

The problem is usually solved by using polar coordinates, so that in
fact in this paper we consider the following rewritten problem

10 ou 1 0%u .
— |:’[’8’r‘ (Ta/r> +'r2802:| +q('l", 0)“ = f(’l“, 9) mn Q, (23)
u(R,0) = g(f) on T, (2.4)
where Q = {(r,0) |0 <r <R, 0<0 <27} and ' =00 = {(R,0) | 0 <

0 < 27},

Let p(t) = R— (R—t)P*1/RP (0 <t < R) for p > 0, which satisfies
»(0) = 0, p(R) = R. We take the following partition of  and apply
Swartztrauber-Sweet method to (2.3)—(2.4).

R

h:m7 ti:ih7 Ti:@(ti), i:0,1,27"',m+17 (25)
Ti+1/2 = (T’i +Ti+1)/2a 1= Oa 1a27' s, Mm, (26)
hi:m—ri_l, i:1,2,---,m—|—1, (27)

k:%7 67:jk’ j:0a1527"';n7 (28)
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_ {l { riv1/2(Uit1,j=Uiy) _ric1/2(Uiy=Uizry) !

Ti hi+1 h;
hi + s 1
J(let by 2k2(Ui,j+1— 25 + Vi)
+qu i, — fzga Z*]- 2 5 M, j:07172a"'7n717 (29)
4 1 n—1
A2 Uo,o — ZUl,j + q0,0U0,0 = fo,0, (2.10)
Ly
Ui,n:Ui,Oa Ui,flei,nfh i:071727"' 7m+17 (211)
Uo; = Uoo, Uny1,5=95, 7=0,1,2,--- ,n. (2.12)

Following assumptions are supposed for the exact solution u of (2.3)—(2.4).

(H1) u € C(2) N CHQ\T), 0*u/00* is bounded over Q and there exist
positive constants o € (0,2) and K such that

)|/
sup F=VN@WON@ O e o 55y
r€(0:1) (R B r)a

(H2) For small § > 0, there exists a positive constant Cy such that

w(d)=  sup |u(P)—u(Q)] < Cod”
dist(P,Q)<d

for any P,Q € Q, dist(P,T") <4, dist(Q,T') < 4§

3. Convergence Result

Let P = (r;,60;) € Qp, and £ < R/4 be a small positive constant. We
arrange the grid points in the following order

O = (u{zl QE]’) ual®,
where I = |k/h], which denotes the largest integer not greater than x/h,

Q(l) = {P € Q) | at least one of the neighbors of P € I'}, },
l) ={Pe \UZ ! Q(J | at least one of the neighbors of
rPeal™y 2<i<I,
and Q) = )\ UL, QY.

The number of points in QS) and Qio) are denoted by m; and my,
respectively, in which mg +mq +---+m; =mn + 1.
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The truncation error of the discretization of —A at the grid point P =
(ri,0;) € Qu\{r = 0} is defined by

7(P) := —Apu(P) + Au(P),

where u is the exact solution of (2.3)-(2.4) and —Ay, is the discretization
of —A defined as the first term in (2.9).
In this paper, ¢, ¢; etc. denote positive constants independent of h.
When P € Q;ll), using the assumptions (H1) and (H2), we obtain

IT(P)| < 2P7 (p + 1)7hPHD=2) 4 g2, (3.1)

1

) )

When P = Pm—i—l—i,j = (Tm+1—ia 9]) S QS), =23,
[T(P)| < eap(p + DT (4 1)P 1D 4oy (p41)?
Xh(p-ﬁ-l)(a—?)(z' +1)%(i — 1)(p+1)(0—4) + ck2. (3.2)

When P = (r;,0;) € &%\ {r = 0},

7(P)] < c—(L(p)h? + k), (3.3)

i

where ¢ is a positive constant dependent on s, max |93u/9r3| and
0<r<

Shi—K

o nax |0*u/0r*| but independent of h, L(p) is a positive constant de-
<r<R—k

pendent on p but independent of h.
Finally, at origin Py = (z,y) = (0,0),

k4 k4
IT(Py)| < O(h}) + O (h%) <c <(p +1)%R% + h%) . (3.4)
Since the truncation errors |7(P)| for P € ng), 1=1,2,3,---,1, go to

infinity when o < 2 under the assumptions (H1) and (H2), it is known that
the usual convergence analysis can not be applied to our case. But we note
that if we denote the coefficients matrix of (2.9)—(2.19) rearranged in the
order described by A, A is an irreducible and strictly diagonally dominant
matrix. Therefore we can explore the properties of matrix analysis to show
that A is an M-matrix and, especially, is invertible. Furthermore, we know
that A=! > O, which means that all the elements of A are nonnegative.
We omit the detailed proof but refer to Varga [7] and Young [9].

Then by a detailed matrix analysis approach and using the truncation
errors |7(P)|, we can get the following convergence result.
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Theorem 1. Suppose that the exact solution u of (2.1)~(2.2) satisfies the
assumptions (H1) and (H2). Let u be the vector of exact values at grid
points and U the vector of solution of (2.9)-(2.12). If pu = (p+ 1)o < 2
and k? < Moyh for some positive constant My, then there exists a positive
constant ¢ such that

max |u — U| < ¢ (K (p)h* + L(p)h* + k?) (3.5)

holds, where K(p) and L(p) are positive constants dependent on p but in-
dependent of h. Also, if u= (p+ 1)o =2 and k? < Myh, then we have

max |u — U| < ¢ (K (p)h?|log h| + L(p)h® + k?).. (3.6)

Remark 1. If p is chosen larger, we get larger u so that h* becomes smaller.
But K(p) becomes larger. On the other hand, if p is chosen smaller, we
have larger h* but smaller K(p). The situation is the same for the second
term in (3.5). Therefore the analysis result suggests the existence of an
optimal value for which the FDM solution approximates the exact solution
best. This is illustrated by numerical results in next section.

4. Numerical Example

We show some numerical results to illustrate our error estimates.

Example. Consider the problem

10 ou 1 0%u .
“|rar (75r) + g | e ou=s0) e

u(1,0) =0 on 09,
where Q = {(r,0) | 0 <r < 1,0 <0 < 27} is the unit disk, ¢(r,0) = r and
f(r,0)=(r*(1 —r)7 +50r(1 —r)° ' —a(o — 1)r?(1 — )7 %) sin 20.

The exact solution is u = r?(1 — )7 sin 26.

We take h = 1/N, k = 2x/|27/h] in Section 2, when o = 0.5, the
convergence results as h — 0 are shown in Table 4.1 for every different
value of p.

We choose p as a parameter and plot the maximum error results in detail
in Figure 4.1 for ¢ = 0.5 and in Figure 4.2 for ¢ = 1.5. They show that
although we can choose p as large as possible to get the higher accuracy h*,
where u = o(p+1), we get larger coefficients K (p) and L(p). Therefore we
have an intermediate value for p around 1.5 for ¢ = 0.5 and around 0.5 for
o = 1.5 to obtain the best accuracy. We have similar results of maximum
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errors with respect to p for other values of o, which denotes the strength
of singularities of the exact solution.

The 3d-plot of the approximate solution with h = 1/100 for p = 1 and
the error distribution are shown in Figure 4.3 and Figure 4.4, respectively.
We note that if the exact solution is sufficiently smooth, the approximate
solution shows superconvergence property in the meaning that the accuracy
near the boundary is higher than inside the domain (refer to [5]). Figure 4.4
shows that this superconvergence property does not appear in general for
the problems with singular solutions.

We note that when o is chosen larger, the optimal value of p which
has a minimal maximum error gets smaller and tends to zero. This implies
that stretching functions used in non-uniform spatial partitions do not take
effect for problems having much weak singularities.

Table 4.1: Maximum errors with o = 0.5.

h p=0 p=1 p=2 p=
1/20 | 7.155e-2 | 1.032e-2 | 4.578e-3 | 8.032e-3
1/50 | 4.751e-2 | 4.541e-3 | 1.214e-3 | 1.613e-3
1/100 | 3.453e-2 | 2.359e-3 | 4.433¢-4 | 4.667c-4
1/200 | 2.486e-2 | 1.206e-3 | 1.610e-4 | 1.328e-4

Figure 4.1: Plot of maximum errors with respect to p when ¢ = 0.5
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Figure 4.2: Plot of maximum errors with respect to p when o = 1.5

-2

10
h=1/20 s=15
— h=1/50
~ = h=1/100
-3 h=1/200
10 E

Figure 4.3: 3d-plot of the approximate solution with h = 1/100, p = 1 when
o=0.5

0.5
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Figure 4.4: Plot of error distribution of the approximate solution with
h=1/100,p =1 when ¢ = 0.5

B
9/

|
5. Stability Analysis

Since we only get approximate values when we carry out numerical com-
putations by floating-point numbers, we should pay our attention to the
changes of solutions when data are perturbed in the problem.

We consider the linear system obtained from our method in Section 2:

Az = b, (5.1)

where A € R™ ™ has elements of discretization of the left hand of (2.3)
and b € R™ has values of f and g. Let || - ||2 be the Euclid norm for a
vector and the subordinate matrix norm for a matrix. When there exists
a perturbation of b in (5.1),

A(x + Az) = b+ Ab, (5.2)

the usual condition number Cond(A) = [|Af|2 ||[A7Y|2 of the matrix A is
often used to be as the upper bound of the relative errors of the perturbation
solution (refer to Wilkinson [8]).

In Section 3, we have shown that the non-uniform local refined
Swartztrauber-Sweet scheme constructed in Section 2 is inconsistent. That
is, the truncation errors at those nodes near the boundary are disconvergent
or unbounded as h — 0. But in Section 3, we obtain the convergence result
that the approximate solution of this inconsistent FDM is still convergent
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to the exact solution and even has accuracy of almost second order, if the
parameter in the stretching function is chosen appropriately. It implies that
our method can be used for singular problems. However, the inconsistence
may result in stability problem since the matrix A in the algebraic system
Ax = b obtained from our FDM is ill-conditioned in the meaning of the
usual condition number. That is, Cond(A) is very large in our case.

As stated above, the usual condition number Cond(A) is defined to mea-
sure the bound of relative errors without considering the nonhomogeneous
term b. However, in practical applications, we deal with only a certain
vector b and the true relative errors may be smaller, or even much smaller
than the worst usual condition number. Such a case was first studied by
Chan and Foulser [1] in 1988, and called the effective condition number. In
2006, Li, et al. [3] proved that the effective condition number is the appro-
priate criterion for stability analysis, when the huge condition number is
misleading. Recently, Li, et al. [2] derived the new computational formulas
for effective condition numbers and applied to Poisson’s equation by FDM.
In our case, we have singular solutions so that the usual condition number
of the discretized linear systems by our scheme may be very large, which
seems the scheme is bad. But in fact, error estimates show that the scheme
has good and stable convergence. Therefore it is necessary to revisit the
concept of condition numbers.

Let the singular value of A be Ay > Ao > --- > A, > 0 and the singular
value decomposition of A be UAV = A, where U, V are orthogonal matrices
and A = diag(A1, Aa, -+, A,). Denote U = (uy,--+ ,up), then it is known
that we have the expansions

b= Z Biui, Ob= Z Qi (5.3)
i=1 i=1
where the expansion coefficients «; and 3; are given by
Bi =ulb, a;=ulAb. (5.4)

From (5.3) and (5.4), we have
oI5 =67, labl3 =) af. (5:5)
i=1 i=1

Since the inverse matrix A™1 exists, we have from (5.3)

r= A=Y g = Y S Jeli =Y
=1 i=1"" i=1 "\
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Also from (5.1) and (5.2), Az = A™1Ab = VATIUTAb. Since U and V
are orthogonal, we obtain

n

lal3=>" 3

i=1

‘Q
ol <o

I « 1
< 7 2l = 55l (5.6)
n ;=1 n

Hence we have

[Azlls 1 [|Ab]|2
Izl = A [zl

AP
1oll2

= Cond_eff(A) (5.7)

where Cond_eff(A) is called the effective condition number, and defined by

b
Cond_eff(A) = ”n”2 . (5.8)
A/ 21 BN
Note that if the vector b (i.e. x) is just parallel to uq, i.e.,
fo=+=pn=0, (5.9)

then Cond_eff(A) = A1/, which agrees with the usual condition number
Cond(A). However, in practice, (5.9) may not happen for a given b. Hence,
the effective condition number may provide a better estimation on the
upper bound of relative errors of z. This implies that the analysis of the
effective condition number is important for FDM on non-uniform grids for
singularity problems.

Table 5.1: Maximal errors, usual condition numbers and effective condition
numbers for p = 1.5 and o = 1.5.

h Amaz(A) | Amin(A) max e, llell2 Cond(A) | Cond_eff(A)
1/70 7.36e+8 1.43e-2 4.46e-5 2.70e-3 5.13e+10 2.92e+4
1/90 2.58e+9 1.09e-2 2.70e-5 2.10e-3 2.37e+11 4.63e+4
1/110 7.05e+9 8.78e-3 1.81e-5 1.72e-3 8.02e+11 6.69e+4
1/130 1.63e+10 7.36e-3 1.29e-5 1.45e-3 2.21e+12 9.06e+4
1/150 3.32e+10 6.32e-3 9.71e-6 1.26e-3 5.26e+12 1.17e+5
1/170 6.21e+10 5.54e-3 7.56e-6 1.11e-3 1.12e+13 1.47e+5
1/190 1.08e+11 4.93e-3 6.05e-6 9.94e-4 2.20e+13 1.80e+5
1/210 1.79e+11 4.44e-3 4.95e-6 8.99e-4 4.03e+13 2.15e+5

In Table 5.1 and Table 5.2, we give numerical results of maximal errors,
usual condition numbers and effective condition numbers, where € = (g; ;)
is the vector of errors €; j, Amaz(A) and Apin(A) denote the maximal and



Effects of Stretching Functions on Non-uniform FDM 337

Table 5.2: Maximal errors, usual condition numbers and effective condition
numbers for p = 0.8 and ¢ = 1.2.

h Amaz(A) | Amin(A) max lei, ;] llell2 Cond(A) | Cond_eff(A)
1/70 2.99e+7 1.20e-2 3.42e-5 2.49e-3 2.48e+9 1.58e+4
1/90 8.16e+7 9.18e-3 2.07e-5 1.94e-3 8.88e+9 2.63e+4
1/110 1.82e+8 7.42e-3 1.39e-5 1.59e-3 2.45e+10 3.95e+4
1/130 3.54e+8 6.22e-3 9.95e-6 1.35e-3 5.69e+10 5.52e+4
1/150 6.28e+8 5.36e-3 7.48e-6 1.17e-3 1.17e+11 7.35e+4
1/170 1.04e+9 4.70e-3 5.83e-6 1.04e-3 2.20e+11 9.43e+4
1/190 1.61e+9 4.19e-3 4.67e-6 9.27e-4 3.85e+11 1.18e+b
1/210 2.41e+9 3.77e-3 3.82e-6 8.40e-4 6.38e+11 1.43e+5

minimal singular value of A, respectively. We know from these results that
although Cond(A) is very large to show A is ill-conditioned, Cond_eff(A) is
not so large, which implies the linear system obtained from our FDM can
be considered as a stable system, since the relative errors by perturbations
are much smaller than the usual condition number Cond(A).
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1. The Fast Multiscale Galerkin Method for Lavrentiev
Regularization

In this section, we describe the fast multiscale Galerkin method for solving
ill-posed integral equations of the first kind via Lavrentiev regularization,
and present the computational complexity for the truncation scheme.
Suppose that E is a bounded closed domain in R? for d > 1 and X :=
L?(E) is the Hilbert space with norm || - ||. Let A be a linear bounded
self-adjoint nonnegative operator from a Hilbert space X to itself, that
is, A = A* and (Ag,g) > 0,Yg € X. We consider the Fredholm integral
equation of the first kind
Ag = u, (1.1)

where u is given element in L?(E) and g is the unknown element in L?(E),
and the Fredholm integral operator A is defined by

Ag(t) = /Ek:(s,t)g(s)ds —u(t), s€ B,

where k € C(FE x FE) is non-degenerate kernel. The operator A can be
considered as a compact operator from L?(E) to L*(E). We assume that
(1.1) has a solution, possibly non-unique, and denote by gr the unique
minimal-norm solution to (1.1). We assume that the range of A, R(A), is
not closed, so problem (1.1) is ill-posed [1,2]. Suppose that instead of exact

I This research is supported by NSFC (No. 11061001), NSF (No. 2008GZS0025) and
SF (No. GJJ10586).
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input data A and ur of equation (2.1), we have only some approximations
Ap € L(X) and uwd € X, such that

1A = Anll < b, [[u® — ur|| <6, (1.2)

and
Ah = A;;,? (Ahg7g) Z 07 Vg € X?

where ¢; > 0, h > 0 and 6 > 0. For given {6,u’, A}, we want to construct
efficient finite-dimensional approximations to the element gr, under the
assumption that gr lies in the range of A”, i.e.

gr € M, , ={z=A"w, |w|| <p, p>0,0<v <1} (1.3)

To get an approximation to the minimum norm solution gr of (1.1),

a widely used regularization method is Lavrentiev regularization. In this

paper, we take the Lavrentiev’s regularization to get a family of well-posed
equations

(ol + Ap)g™® = u®. (1.4)

We shall study the problem of efficient finite-dimensional approximation
to the solution gr. We next describe the multiscale Galerkin method to
solve the equation (1.4), we use the same setting as the multiscale Galerkin
method for solving the first kind integral equations as in [3]. We denote
N:={1,2,---}, Np:=1{0,1,2,---} and Z,, = {0,1,2,---,n — 1}. Suppose
that there is a multiscale partition of the set F, which consists of a family
of partitions {E;: i € Ny} of E such that for each i € Ny the partition E;
consists of a family of subsets{£; j: j € Z.;)} of £ with the properties

U Eij=E, meas(Ei;(Eij) =04 € Zew j # 5
J€EZe(4)
and '
max{d(E; ;) : j € Ze@)} ~ e

where e(i) denotes the cardinality of E;, d(A) denotes the diameter of the
set A and a; ~ by will always mean that a; and b; can be bounded by
constant multiplies of each other. For n € Ny and k& € N, let X, be
the piecewise polynomial space associated with the partition E,, with total
degree less than k. Then we have

U Xn = X, Xn C Xn+17 n e NO- (15)
neNy

For each i € N, let W; be the orthogonal complement of X; 1 in X;. This
yields the multiscale space decomposition

X, =Wyt W, et .- ot w,,
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where Wy = Xj. Denote s(n): = dim X,, and w(i) : = dim W;, then we
have s(n) ~ p™ and w(i) ~ p'.
We assume that W; has a basis {w;;, j € Z,(;)} satisfying

(wig, wirgr) = 64050, (3,9), (7', 5") € Un.

This means that X,, = span{w;;: (4,7) € Uy}, where U, := {(i,7): j €
Zuw(iys © € Zny1}

We now formulate the Galerkin method for solving equation (1.4). To
this end, for each n € Ny, denote by P, the orthogonal projection from X
onto X,. The tradition Galerkin method for solving equation (1.4) is to
find gz”g € X, such that

(I + Apn)g® = Pyu®, (1.6)

where Ay, 1 = Py ApP,. The matrix representation of the operator Ay, ,, +
oI under the basis functions is a dense matrix [3]. To compress this matrix,
we write it in the following form

Apn = > (Pi— Piy) AP, (1.7)

iezn+1

where P_; = 0. In the Galerkin method (1.6), we replace Ay, ,, by .,th
and obtain a new approximation scheme for solving equation (1.6). That
is, we find ﬁgi € X, such that

(o] + Apn)gpn = Pou’, (1.8)

We will show that this modified Galerkin method leads to a fast algorithm.
To write equation (1.8) in its equivalent matrix form, we make use of the
multiscale basis function. We write the solution E,C:g € X, as g, =

( )X: gfjwij € X,, and introduce solution vector g": = [glhj: (i,7) € Un)*.
4,5)€U,
We introduce matrix

E,:=[(wyj,wij): (i3, (i,5)€U,],

Ah,n:: [gi’j’,ij: (i/j,)v (iaj) € Un}, (1~9)
where

_ (wirjr, Apwij), i +1i < n,
{ ! ! (1.10)

0, otherwise,
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and vector f,, := [(w;j,u°)]. Upon using this notations, equation (1.8) is

written in the matrix form
(aE, + Apn)g" = £, (1.11)
In the following, we analyse the computational complexity of the the trun-
cation, which form a basis for fast multiscale algorithms.
Theorem 1.1. If the truncated matriz Ahm is obtained by the truncation
strategy (1.9) and (1.10), then
N ~ (n+1)u", (1.12)

where N denotes the inner products for solving equation (1.11).

Proof. To find the number (1.12), it is required to estimate the amount
N of the discrete information (w;;r, Apw;;) and (wij,u’) used for solving
equation (1.11). It follows from (1.10) that

N = dimWidimW, 5 + »_ dimWj ~ (n+1)p",
k=0 k=0

which completes the proof of the Theorem 1.1.

2. Error Estimate

We now turn to estimating the convergence rate of the modified Galerkin
method (1.8). For r € (0,00), denote by H"(a,b) a linear subspace of X
which is equipped with a norm |l¢||gr = ||¢llx + [|Drellx, where D, is
some linear (non-bounded) operator acting from H” to X. We impose the
following hypothesis

(Hy) There exists a positive constant ¢, such that

(I = P)llar—x < cppu™"7/4.

(Hy) There exists a positive constant v > 1 such that A, Ay € HZ,
where

HE = LA Al + A" e + (DR e < 7
It is well-known that ([3])

1 1

Il + A~ M < =, el + A7 < —. (2.1)

N
«

Theorem 2.1. If hypothesis (1.2) and Hy, Hs hold, then the following
estimates hold B
| Apn — Apnll < conu™™/4, (2.2)
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An = ol < esln+ D=2, (23)
where co: = 2yu"c?, and c3: = max{2rc,, 2yu"c?}.
Proof. To proof (2.2), from (1.7) we have
Ah,n - Jz(h,n = PnAth* Z (Pz - Pi—l)Ath—i

1€ 41

= Z(Pz — P 1) An(pn — Pn—i).
i=1
From assumption H;, Hs, it follows that

n
[ Ann = Anall < Y= Piallar—x AR = Poci) | x—mr

=1
<D M = Picallar—x (A = Pasi)llx—x  (25)
=1

I = Poi)(Dr Ap) || x - x)

< anluirn/d.

We write

-Ah - -’Zh,n = (I - Pn)-Ah + Pn-Ah(I - Pn) =+ (-Ah,n - An)- (2'6)

Recalling that || P,|| is uniformly bounded by a constant, from hypothesis
(Hy), Ha, (2.5) and (2.6), we get

AL = Al < es(n + 1)/

In order to analyze the convergence of the truncated multiscale Galerkin
scheme (1.8), we need the following estimates.

Lemma 2.2. Suppose that hypothesis (Hy), (Hs) hold, and co is a positive
constant satisfying 0 < co < 1. If

(n+1)p < % (2.7)

where c3 is the constant in Lemma 2.1, then ol + .Zh,n is invertible such

that
1

1 -1
@l + Ana) Ml < T—os

(2.8)

Proof. The proof is similar to Lemma 2.5 in [3].
We next proceed to estimate for ||'gv,?fb — gr||. To this end, we denote

gi = (@l +Ap) "ur, G, = (al + Apn) "' Prur. (2.9)
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Theorem 2.3. Let g7 satisfy condition (1.3). If the hypothesis (1.2), (H1)
and (Hs) hold, the integer n is chosen to satisfy inequality (2.7), then the
following estimate holds

~a,§ cs0 +csh cg(n+ Q)M_Tn/d
Hg}(j,n - gTH < aup + + ) (210)
« «
where
Ccq = > 1,¢5 = (2¢1 + c1c4)Cy p,
1-— Co
C6 = MaX{CrCaCy, p, C3CACy p}, Cry pi=YP-
Proof. We write
~a, 8 _ =6 ~o ~a a @
Ihm 9T = 9pm — 9nn T 9hn — 9n T 9n — 9T
Combing inequalities (1.2) and (2.8), we conclude that
s N 5
19nm = Gnnll <l + App) ™ Pollllup —ur|| < m———. (2.11)
(1 —co)

It follows from (2.9) that
90— g = (ol + Apn) " Pour — (al + Ap)tur
= (oI + Apn)" (P — Dur (2.12)
+| (el + App) "t = (al + Ap) " ug.
We write

Ji: = [(od + Ap) "t = (al + Ap)Yur
= (al + Ap )" (A = Ap ) (el + A)~ Agr (2.13)
+(al + Ap) " H(Ap — A)(al + A) "t Agr.

Using hypothesis (Hz), (1.2), (1.3), (2.1), (2.3) and (2.8), we conclude that

A—A n Ap—A c1h crh+es(n+1)p—rm/d
A= Fall WA= AL, i abbea(nt s

Ji]| < < .
R (1—¢o)a a =74 (1-co) P
(2.14)
It follows from (2.12) and (2.14) that
—rn/d h h+ ( + 1) —rn/d
~c o Crlb C1 C1 c3(n 1%

- <—— — . 2.15
95 —gnll < d—cya Pt o Pt -0 vp. (2.15)
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On the other hand,

g —gr = (ol + Ap) 1 (A= Ap)(al + A"t Agr

(2.16)
+(al + A"t A - I]gr.
Using (1.3), (2.1) and (2.14), we have
(0} c h v
g = grll < = =0+ pa. (2.17)

Combing estimates (2.11), (2.15) and (2.17), the desired estimate is derived.

3. Regularization Parameter Choice Strategies

In this section, we consider an a posterior parameter choice strategy for
choosing the regularization parameter, which ensures the optimal conver-
gence for the fast galerkin method. For more previous work on this kinds of
discrepancy principle, reader can refer to [4-7] and the references therein.
We follow a method investigated by Tautenhahn [8]. The discrepancy prin-
ciple under our consideration is

@ (@): =ll0l+ A n) ™ (Au i = Paeip)l =6+ d'h (3.1)
where ¢: =cf+2, d:=ci(ca+ cF)ey, + 1.

We will prove that there are two points in (0, +00) at which the values
of d;sw(a) are nonpositive and nonnegatively. To this end, we define

R(a): = afal + A", Riyn(e): = afal + Apn)~Y, (3.2)
Ala):= RQ(a)uT, Aiﬁn(a) t= Ri’n(a)Pnu‘;T, (3.3)

and
D((S, h) := ¢70 + cgh, (34)

where cr:=c3+ 1, cg:=c1(cs + cﬁ)c%p.

Lemma 3.1. Let g7 satisfy condition (1.3). If the hypothesis (1.2), (H1)
and (Hs) hold, the integer n is chosen to satisfy inequality (3.5),

1
(n +2)u~" < min {ZZQ, dé}, (3.5)

where d..: = max{c,cicy , c3(ca + c5)cy p}, then

125, (@) = A(a)|| < D(8, h), (3.6)
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and
[A(@)]| < pat*. (3.7)

Proof. It is easy to see
A} (@) =A(a) = Rf () Po(uf — ur) + R, (@) (P — Dur
—|—R%7n(a)uT — R?(a)ur.
It follows from (3.2) that
J =R}, (@ur — R*(a)ur
= o2(al 4+ Apn) Y (A= Apn)(al + A 2up
+a2(ad + Apn) 2(A = Apn) (ol + A)~up.
Thus, by (1.2),(1.3), (2.1),(2.2),(2.3) and (2.8), we get
171 < (ea + ) (erh + es(n+1u" ey,
Combining these inequalities we conclude that
A7, (@) = A@)|| < c§0+ ercey pu ="
+(ea + ) (erth +ez(n+ D= e, ,
< D(6,h).

The inequalities (3.7) is easy to verify.
In the next lemma we show that there is an « € (0, +00) such that

dy (a) > 6+ dh,

where ¢/ := ¢; +1,d := cg + 1. To this end, we require the following
additional condition.
(H3) |lu || >max{(1—co)?((cr+1)6+(cs+1))h, 4[2(cr+1)6+(2cs+1)h]}.

Lemma 3.2. Assume that hypothesis (Hy),(Hs), (Hs) hold. If ay := 7,
then
) (01) > 6+ d'h. (3.8)

Proof. From (3.3) and (3.6), it follows that
dj () Z [ A(@)]| = A7, (a) — Ala)]|
> [R*(a)ugll — [R*(a) (ur — ufp)|| — D(8, k)
> [R*(a)ugl| — 6 — D(8, h).
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Suppose {E)} is the spectral family generated by the operator A, then we
have

AL,
\W22&0u%H2::j£ (— %y ld(Eud, )

o+ A
X N4yp,,8 2
> (—— .
> ()
Consequently
1
dy (1) > ZIIU%H —0—D(6,h). (3.9)

Combing estimates (3.9) and (Hs) yields the desired estimate.
The following theorem shows the existence of the solution of equation
(3.1). To do this, we set ag:= min{%(é +h), 1}.

Lemma 3.3. Assume that the hypothesis (H1), (Hz), (Hs) hold. Then the
equation (3.1) has a solution a € [, aq].

Proof. By the definition of dim(a),
dj () <[ A(Q)F[IAF (@) = Aa) | < pa T +erd+esh, (3.10)
ifag:= min{%((s + h), 1}, then
d) () <0+ h+crd+csh =6+ dh.
By the Lemma 3.2, we have
) (1) > 5+ d'h.

Since dim(a) is a continuous function on the interval [ag, 1], hence, by
intermediate mean value theorem, the equation (3.1) has a solution a €
[, ]

4. Convergence Rate Analysis

In this section, we establish the optimal convergence rate for the approx-
imation solution stabilized by the Lavrentiev regularization and obtained
by the multiscale Galerkin method with the a posteriori parameter choice
strategy given in the previous section.

Theorem 4.1. Assume that hypothesis (Hy), (Hs), (Hs) hold, and n is
chosen according (3.5). Let o, be the solution of equation (3.1). Then the
following estimate holds

||§Zé;{6 - QTH < 013(Sﬁ + C14h1%, (4.1)
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where c13:= ¢cg + €12, C14:= €19 + C12.
Proof. It follows from (3.10) that

dim(a) < pa' ™ 4 c70 4 cgh,

thus
pal™ > (' —¢c7)d + (d —cg)h =5+ h,

which gives

1 1 1
02 ()T (3 4+ 1)

Consequently,

< 645 + C5h+ cs(n + 2)/.£7Tn

~O(*
| o o

ghn SCg(S“’L” +C10h1‘*%’, (4.2)

where ¢g: = (¢4 + g—ﬁ)pﬁ, Cl0:= Csppﬁ.
In the next part we estimate the regularization error ||g** — gr||. We
use moment inequality to get

lg® = gzl = [(R(a) AR (0 )]
< 2R3 () Agr || 7[RV (au w757 (4.3)
< 2| Afan) [T pT7.

By using (3.1) and (3.6), we obtain

185, (@) | + 145, 5 () = Alew) ]

(4.4)
< (2e7 +1)0 + (2¢cs + 1)k < €11(0 + h),

where ¢11: = max{2c7 + 1,2¢cg + 1}. Now from (4.3) and (4.4), it follows

g™ — g7l < c12(6T% + b ™), (4.5)

in which ¢19:= 20”” 21+Vp1
Now it follows from (4.2) and (4.5) that

O, 8

gnm" = g7l < 130T + c14h T

Where c13:= ¢g + €12, C14:= c19 + c12, which with the above estimates of
I go‘*’ — gl leads to the conclusion of this theorem.
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In this paper, approximate solutions of an inverse boundary value problem in
gas dynamics are discussed. We mainly deal with a two dimensional compress-
ible subsonic gas flow over an uneven bottom, which can be transformed into
a mixed boundary value problem for nonlinear elliptic complex equations by
means of the theory of generalized analytic functions and complex boundary
value problems. By using Newton imbedding method, approximate solutions
of the mixed boundary value problem are obtained. And under suitable con-
ditions, we could also give error estimates of the approximate solutions.
Keywords: Inverse boundary value problem, elliptic complex equations, ap-
proximate solutions.
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1. Introduction

Inverse boundary value problems or free boundary problems are very impor-
tant in many scientific areas. Among these, inverse boundary value prob-
lems for elliptic complex equations in mechanics have recently received a
great deal attention from many researchers. In [1] and [2], V. N. Monakhov
studied some inverse boundary value problems for elliptic systems of equa-
tions by using function theoretic methods. In [3] and [4], R. P. Gilbert and
G. C. Wen et al. discussed the solvability of some free boundary problems
occurring in continuum mechanics. Z. L. Xu and G. Q. Zhang considered
an inverse boundary value problem for cavity flows in gas dynamics ([5]),
and proved the existence and uniqueness of the problem. It was seen that
the inverse boundary value problem in planar fluid dynamics and gas dy-
namics might be transformed into a mixed boundary value problems for
linear and nonlinear elliptic complex equations. In this paper, we investi-
gate the approximate methods for the inverse boundary value problem for
elliptic complex equations in gas dynamics.

Let us consider a subsonic gas flow over an uneven bottom. It is assumed
that the subsonic gas flow is steady irrotional and compressible, and the
problem is shown in Figure 1, where D, is the flow region, the bottom of

the curve AB(FO),RTE’I/%Q(H) and the coordinates of the points Ry, Rs are

I This research is supported by the NSFC(No.10971224, No.11010301015)
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Figure 1: A steady irrotional and compressible subsonic gas flow

e~

given, RiERy (T'2) is an unknown arc, which is a free boundary, and the
speed distribution ¢ = ¢(x) of the flow is given on the unknown boundary
I's, the flow is also supposed to be uniform far upstream.

Let p be the density of the fluid, u and v the projections of the velocity
vector on z- and y-axis, the conditions of irrotational flow and continuity
become

o o,
Oxr Oy ’ (1.1)
Olpu) | 9pv) _

Ox Oy '

We introduce a potential p(z,y) and a stream function ¥ (z,y) by set-
ting ¢, = u, 9, = v and Y, = —pv, 1, = pu, then the following equations

are obtained
e _ 0¥ I _ W (1.2)
pax_ﬁgﬂ 'an_ ox’ ’

Since the flow is compressible, let p = p(q), ¢ = (u? + UQ)%.
Obviously, T'g,T'1, 'z are streamlines, we denote T'g by y = yo(z), I'1 by
y = y1(x), then the boundary condition can be written as follows

FO ‘Y= y0($)7 QZ) = 1p07
Ly =wyi(x), ¥ =1, (1.3)
Ly:q =q@), =11

Without loss of generality, we may assume that g = 0. Our Problem

is to find a continuous solution of (1.2) in D, satisfying the boundary
condition (1.3), and determine the unknown boundary I's. This problem
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Figure 2: The domain D, corresponding to the flow region D,

will be called Problem A which is an inverse boundary value problem, and
is also called a free boundary problem.

2. Problem Transformation

We introduce a complex variable 7 = z + i), noting that the boundary
condition (1.3), it is obvious to see that the domain D, in 7-plane corre-
sponding to the flow region D, is a known doubly connected domain (see
Figure 2).

Letting 6 = tan~'v/u, the ficticious speed introduced as

. /%ﬂ—M%u
q = q,
1 q

where M(q) is the Mach number. In terms of Joukowsky function w =
q* — 16, we can obtain the nonlinear Beltrami type equation

wr = f(w)w;. (2.1)

We note the right side of (2.1) as G(7, w, w, ), then, (2.1) can be written as
follows
wr = G(1,w,w,), T € Dy, (2.2)

and the uniformly elliptic condition can be written as
|G(Ta w, Vl) - G(Tawa ‘/2)| S QO|V1 - ‘/2|a

where, 7 € D, V1,Va, w € C, ¢go (0 < g < 1) is a constant.
If the flow is constantly subsonic (M(q) < mg < 1) and ¢*, 0 satisfies
the following condition in the flow domain

| <N <o, lo]< 5 -0, 0<d<, (2.3)
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then, (2.1) is uniformly elliptic, i.e. |fi(w)| < o < 1, where N, §, f19, mg are
constants (see [1]).

Assume that 7 = 7({) conformally map the annulus D = {¢: ¢ < [{| <
1} onto domain D, and the image of unit circle I'y : [¢| = 1 is Tg, the
image of the upper half-circle I't and the lower half-circle T* of T} : [¢| = ¢
is I'; and T'y, respectively. The image of the points (1, (> on Fll (| =1is
R1, Ry, respectively. Then, we can obtain the following complex equation:

wy = F(,w, w), (2.4)

where F = 7/(¢Q)G(7(¢), w,w¢/7'({)), and (2.4) is also uniformly elliptic.
Next, we consider the boundary condition. On the unknown boundary
I, we have ¢ = ¢(x), thus,

¢ = q"(Rer(Q)): = f(C), CeT1": [¢| = £ Im(¢) <O. (2.5)

On the curve I'1, since the equation of the boundary is y = y1(z), then
6 = arctan y| (z), i.e.

0 = arctany][Re(7(())]: = g1(¢), ¢ €T : [¢| = £, Im(¢) > 0. (2.6)

On Ty, it is obvious that # = arctan yj(z), this condition can be written as

0 = arctan yj[Re(7(())]: = go(¢), ¢ € L. (2.7)

Thus, we come to the mixed boundary value problem for (2.4), i.e. to
find a continuous solution w(() of the complex equation (2.4) in D, with
the uniform ellipticity condition

‘F(vav Ul) - F(vaa U2)| S qo|U1 - U2|7 (28)

for any ¢ € D¢ and w, Uy, Us € C, and the boundary condition

Re[A(Quw(Q)] = r(¢), (2.9)
where
A¢) = { boeetn (2.10)
i, CeTr,uTs,
fO). CeTi =G,
r(Q) =14 gi(¢), CeT:=C(lo, (2.11)

, CeTy.
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This problem will be simply called Problem M. Therefore, Problem A
is transformed into Problem M for the nonlinear elliptic complex equation
(2.4).

In the following section, we will prove Problem M has bounded continu-
ous solution w(¢) in D¢. Furthermore, if F(¢, w, wc) satisfies the following
condition

|F(¢,wr, V) — F(¢,we, V)| < R(¢,wy,ws, V)|wy — ws, (2.12)

where ¢ € D¢, wy, w2,V € C, R((,w1,w2,V) € L,(D¢), p > 2, thus, the
solution is unique (see [5,6]). Assume that w(() is the solution of Problem
M of complex equation (2.4), using ((7) represents the inverse function of
7(C), thus, w(7) = w(¢(7)) is the solution of complex equation (2.1). Next,
by using the Newton imbedding method we shill prove the existence of the
solution for Problem M and discuss the error estimates of the approximate
solutions.

3. The Approximate Solution of the Elliptic Problem

In order to seek the approximate solution of Problem M, we consider the
complex equation with a parameter ¢t € [0,1] :

wg — tF (¢ w,we) = B(C), B(C) = (1 -1)F(¢,0,0), (3.1)

and first suppose that F'({,w,w¢) = 0 in the ,, = 1/m (m is a positive
integer) neighborhood U, of points (; (j = 1,2), it sufficies to multiply
F(¢,w,w¢) by the function

{ 0, CE€Un=Ui{l¢ -Gl <1/m},

- (3.2)
1, (€ Dp=D\Upn.

nm(C) =

we know that when ¢ = 0, Problem M for the complex equation (3.1) has
a unique bounded solution w(¢), which possesses the form

wl¢) =) + ¥ v =T = [ 2 Do, (32)

T Jp. T—C

where ®(¢) is a bounded analytic function in D¢ satisfying the boundary
condition

Re[A(Q)2(0)]=r(C)—Re[AM)¥(Q)], ¢ € I" =T UT\{G1, 2} (3.3)

Introduce a fulition g(¢) = Hszl (C—¢;)", it can be derived w,.(¢) =
9(Quw(¢) € C(D¢) NW,, (D¢, herein po (2<po<p), f=1—2, 0<n<1.
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Suppose that when ¢t = ¢4 (0 < ¢y < 1), Problem M for (2.4) has a
bounded solution, we shall prove that there exists a neighborhood of  :
E = {|t —to| <94,0 <t <1,§ > 0}, such that for every ¢ € E and any
function B(¢) € Ly, (D¢), Problem M for (3.1) is solvable. Practically, the
complex equation (3.1) can be written in the form

wzftOF(Caw,wC) = (t*tO)F(C,U),’UJC) +B(C) (34)
We are free to choose a function wy(¢) so that g({)wo(¢) € Cp(D¢)N
W, (D¢), in particular wo(¢) = 0 on De. Let wo(¢) in the right hand side

of (3.4). From the condition mentioned in the Introduction, it is obvious
that

Bo(C) = (t*to)F(C,wo,’wQC)‘FB(C) € LPO(Dm)' (35)
Noting the assumption as before, Problem M for the complex equation (3.4)
has a solution wy(¢), so that g(¢)wi(¢) € Cy(D¢) N W, (D¢). By using
the successive iteration, we can find out a sequence of functions: w,((),
9(Q)wn(¢) € C3(D¢) N W, (D), which satisfies the complex equations

wn+12_t0F(C7 Wt 1, Wnic) = (t—t0) F({ wh, wne)+B((), n=1,2,--- .
(3.6)
The difference of the above equations for n + 1 and n is as follows
(wn+1 - wn)f - tO[F(Ca Wn+1, wnJrlC) - F(Cv W, wn()]
- (t - tO)[F(C7wnawnC> - F(<7wn—l7wn—1c)]7 n = 1a27 .
From the condition (2.4) and (2.12), it can be seen that

(3.7)

F(¢ w1, Wnyic) — F(C wny wie) = [F(C W1, Wntic)
= F(C w1, wne)] + [F(C o1, wne) — F(C wn, wie)]
= Qn41(C) (Wny1 — wn)¢ + By1 (¢) (wngr — wn),
Qu+1(Q)] < Qo<1, Lyy[Bns1(C), D] < Ko,m=1,2,- -,

Ky is a constant, and
Lpo [F(Cv W, wn() - F(Ca Wnp—1, wn—l()a Dm}

S QOL;DO[(U}TL - wn—l)(, Dm] + KOO[wn — Wnp—1, Dm] (3 9)
< (Qo + Ko){Cslg(wn — wn-1), Dc] + Ly [|(g(wn — wn—1))g] '

+|(g(wn — wnfl))il’DC]} = (Qo + Ko)Sh,

in which S, = Cg[g(w, — wnfl)aDiC] + Ly, [|(9(wn — wnfl))ﬂ + |(g(wn —
Wn—1))c¢|, D¢]. Moreover, wy41(¢) —wy (¢) satisfies the homogeneous bound-
ary condition

Re[A(Q)(wn11(¢) —wn ()] =0, C €T (3.10)
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On the basis of [6], we have

Snt1 = Cglg(wn — wn-1), D] + Lo [|(9(wn — wn—1))]

(3.11)
+(g(wn — wn-1))cl, D] < Mit — to|(Qo + Ko)Sn,

where M is a positive integer. Provided that ¢ (> 0) is small enough, so
that n = 0 M;1(Qo + Ko) < 1, we can obtain that

Spi1 < 0"S1 = 1" [Cplgwr, Del + Ly, [[(gui)el + [(gwi)el, De] - (3.12)

for every t € E. Thus

Sni=Cplg(wn —wi), De] + Lo [|(9(wn —wr) )z +[(g(wn—wi)) |, De]

<Sn+Spa++ S <2+ ) S
1 _nn—l 77N+1

=nA+n+- 4+ I7hHsg <pNt! ;< Sy
1-n 1-nm

(3.13)
for n > 1> N, where N is a positive integer. This shows that S(w,, —w,,)
— 0 as n,l — oo. Following the completeness of the Banach space B =
Cp(D) N Wy, (Dy), there is a function w.({)g(¢) € B, such that when
n — 0o,

S(w = w.) = Cplg(wn = wi), De] + Ly [|(g(wn —w.))]
+1(g(wn —w.))¢l, D] = 0,

from (3.6) it follows that w,({) is a solution of Problem M for (3.4), i.e.
(3.1) for t € E. It is easy to see that the positive constant § is independent
of t9 (0 < tp < 1). Hence from Problem M for the complex equation (3.1)
with ¢ = ¢y = 0 is solvable, we can derive that when ¢ = §,24,...,[1/6]d, 1,
Problem M for (3.1) are solvable, especially Problem M for (3.1) with ¢t =1
and B(¢) = 0, namely (2.4) has a unique bounded solution.

We summarize the above discussion as

Theorem 3.1. Let the complex equation (2.4) satisfy the condition (2.3)
and (2.12). By using the Newton Imbedding Method, we can derive the
approximate solution w,(¢) of Problem M of complex equation (2.4), and

Problem M has bounded solution w((), such that g({)w(¢) € B = Cz(D¢)N
WZ}O(DC)v ﬁ =1- 2/1707 2< Po S D, g(() = H?:l(c - Cj)nv 0< n <1

4. Error Estimates of the Approximate Solution

The function w!, (¢) = w,(¢) represents the approximate solution of Prob-

lem M of the complex equation (3.1), and satisfies the iteration equation
(3.6).
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Let w = w(¢) be a solution of Problem M for the complex equation
(2.4). From (2.4) and (3.6), it follows that

(w—wl 1)z = F(Cow,we) — toF(Cwl 1 wa1c)
= (t = to)F (G, wy,, wye) = (1= )F(¢,0,0) = (1 = §)[F(C, w, we)
— F(C,0,0)] + to[F (C,w wc) F(C w1, wy )] + (8 —to)
X [F(¢w,we) = F(G wh, whe)] = to[Qw — w, 41)¢
+B(w—w2+1)]+(1—t)[ ( swe) = F(C,0,0)]
+(t = t0) [F(C, w, we) = F(G,w Z )]

It is obvious that w — w!, satisfies the boundary condition

Re[A(Q)(w —wypyy)] =0, (€T (4.2)

(4.1)

On the basis of the estimate in [5], it can be obtained
S(w = wy,14) SM[(1 = £)(Qo + Ko)S(w)
+ |t = to](Qo + Ko)S(w — wh)] = M3+t — to|"™S(w — wh)
(1= Myt — to|"")S (w)
1 — M|t — to ’

where M = M(Qo,Ko,po,Dm), MQ = M(Qo + Ko), wf) = w(C,to) is
a solution of Problem M for (3.6) with ¢t = ¢ty and B = (1 — t)F((,0,0).
Noting that the function w(¢)—wf(¢) is a solution of the following boundary
value problem:

(w - wé)z = to[f(C,U/,’LUC) - f(Ca wéawég)] + (]— - tO)f(CawawC)7 (44)

(4.3)

+ May(1 —t)

Re[A(Q) (w(¢) — w11 (0))] = 0,¢ € I, (4.5)
in which f(¢,w,w¢) = F({, w,w¢) — F(¢,0,0), we can conclude
S(w) < Mz = M3(Qo, Ko, po, D), (4.6)

S(w —wh) < M(1 = to)Lp, [f (¢, w, we), Din]
< M(Qo + Ko)(1 —t0)S(w) < MaMs(1 —to).
From (4.3) (4.6) and (4.7), the estimate
S(w —wh 1) < MyT2[t—to" (1 — to) Ms
1— MP*HYE— o™t
1 — Myt — to (4.8)
(1 Mg+t — tol"+1)]
(1 — Mot —tol)

(4.7)

+ My(1— £) M|

= My Ms[MI |t —to|" " [1—to|+(1—1)
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is derived. Thus we have the following theorem.

Theorem 4.1. Under the same conditions as in Theorem 3.1, if w({) de-
notes the solution of Problem M for complex equation (2.4), and wt () =
wy, (¢, t) represents the approzimate solution of Problem M for complex
equation (3.6), then we have the following error estimates

S(w—w},)=Cplg(w—wy), Dc]+ Ly, [|(g(w—wp))e | +](g(w—1wp,))c|, De]
1— Mnlt _ tO‘n
< Mo Mg [MI |t —to|™ (1 — ¢ —2 2 (1t
< Mo Ms[My' |t — to["(1 —to) + 1—M2|t—t0\( i
(4.9)
where Ma, M3 are real constants as started in (4.3) and (4.6).
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This paper deals with a numerical method for the solution of the fuzzy heat
equation. First we express the necessary materials and definitions, then con-
sider a difference scheme for the one dimensional heat equation. In forth
section we express the necessary conditions for stability and check stability of
our scheme. In final part we give an example for considering numerical results.
In this example we obtain the Hausdorff distance between exact solution and

approximate solution.

1. Introduction

The topics of numerical methods for solving fuzzy differential equations
have been rapidly growing in recent years. The concept of fuzzy deriva-
tive was first introduced by Chang and Zadeh in [10]. It was following up
by Dubois and Prade in [2], who defined and used the extension princi-
ple. Other methods have been discussed by Puri and Relescu in [4] and
Goetschel and Voxman in [9]. The initial value problem for first order
fuzzy differential equations have been studied by several authors [5-8,11]
on the metric space (E™, D) of normal fuzzy convex sets with the distance
D given by the maximum of the Hausdorff distances between exact solution
and approximate solution.

2. Materials and Definitions

We begin this section with defining the notation we will use in the paper.
Let X be a collection of objects denoted generically by x. Then a fuzzy set
A in X is a set of ordered pairs:

A= {(a, p5(0))|x € X},

where p is called the membership function or grade of membership of =

in A. The range of the membership function is a bounded subset of the
nonnegative real numbers.

Definition 2.1. The set of elements belonging the fuzzy set A at least
to the degree « is called the a-cut set:

Ao = {o € X|uz(@) > al,
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and A, = {z € X|puz(z) > a} is called strong a-cut.

Definition 2.2. The triangular fuzzy number N is defined by three num-
bers a < m < 3 as follows:

A= (o, m, B).

This representation is interpreted as membership function (Figure 1):

T —«
, a<lzT<m,
m-—«
1, T =m,
Mg(x): z—0
, m<wx<p,
m—f3
0, otherwise.

If & > 0(a > 0), then A>0(A>0),andif 8 <0 (8 <0), then
A<0(A<0).

mA

Y
X

Definition 2.3. An arbitrary fuzzy number is showed by an ordered
pair of functions (a(r),a(r)), 0 < r < 1, which satisfies the following
requirements:

1. a(r) is a bounded left semicontinuous non-decreasing function over
0,1,
2. a(r) is a bounded left semicontinuous non-increasing function over
[0,1],

3.a(r)<a(r), 0<r <1

In particular, if a, @ are linear functions, we have a triangular fuzzy
number.
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—_

A crisp number a is simply represented by a(r) =a(r) =a, 0 <r
Definition 2.4. For arbitrary fuzzy numbers v = (u(r),u(r)) and
(v(r),o(r)), we have algebraic operations as follows:
L ku (ku,kw), k>0,
(ku,ku), k<O,
2. u+v = (u(r) +u(r),u(r) +o(r)),
3. u—w=(u(r) —o(r),u(r) - ur)),

4. w-v = (min s, max s), in which

&
<

s = {u v, uv,wv, u v}.

Remark. Since the a-cut of fuzzy numbers is always a closed and
bounded interval, so we can write A, = [a(«),a(«a)] for all a.

Definition 2.5. Assume that u = (u(r),u(r)), v = (v(r),v(r)) are two
fuzzy numbers. The Hausdorff metric Dy is defined by

Dy (u,v) = sup max{|u(r) —v(r)], [u(r) —v(r)|}. (1)
rel0,1]

This metric is a bound for error. By it we obtain the difference between
exact solution and approximate solution.
3. Finite Difference Method

In this section we solve the fuzzy heat equation by an explicit method.
Assume that U is a fuzzy function of the independent crisp variables x and
t. We define

I={(z,)0<2<1, 0<t<T}
A a-cut of U(z, t) and its parametric form, will be
U, t)[o] = [U(r,t;0), Tz, ;)]

We let that the U(x,t; ), U(z, t; &) have the continuous partial differential
quotient, therefore (D;—a?D2)U(x,t;a), and (Dy —a2D?)U(x,t; ) are
continuous for all (z,t) € I, all a € [0, 1].

Now we consider the heat equation

(D — a®D2)U =0, (2)
with boundary conditions and initial condition:

{ U(,t) =U(1,t) =0,
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We divide the domain [0, 1] X [0, T] into M x N mesh with spatial step size
h= % in z-direction and k = % in t-direction. The gride points are given
by (Figure 2):

zi=ih, i =0,1,---, N,

t]:]k7.]:0)17)M

A
t
ij+1
: p
tJ ....... I . ..
: i—=1, 1) i+1,j
[}
ij—1
ki :
<—> Xi X -

Denote the value of U at the representative mesh point p(z;,t;) by

Up = U(l‘i,t]‘) = Ui’j,

and also parametric form of fuzzy number U, ; is

Ui,j = (U Ui,j)~

1,7

We have

(D)Ui,; = (DeUig, DU ),
(DU, ; = (D2Us 5, D2U; ;).
Then by Taylor's expansion, we obtain

D20~ Yimlgt1 — 2Ui 1+ Uiy 41

IUZ,] — )

S " (4
= Uisngt1 — 20 54 + Uit g4

h? '
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And also for (D;)U at p, we have

DUy~ =

= Wig+l T Uy

DtUi)j ~ &

Parametric form of heat equation will be

By (4) and (5), the difference scheme for heat equation is

Yijpr = Wig o Tim1j41 = 2 jog + Tig1,j40

k h?

Ui j+1 — Uy j o Ui 1 j41 — 2Wijp1 T Uipq i1
_a !
k h

By above equations we obtain

:0,

=0.

{ —1U;_q i1+ (L + 201 — T 1 = Uy s

“TUi—j41 + (L4208 g — i1 = Ui,

where

9)

U= (u, @) is the exact solution of the approximating difference equations,

and z; (i=0,1,---,N)and ¢t; (j=0,1,---,M).

Since the boundary values are know at xo and zy, we have 2(N — 1)
equations with 2(N — 1) unknown. Therefore equations can be written in

matrix as
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0 —r 2r +1
—r 0 —r 2r+1
—r 0 2r +1
2r+1 0 —r
2r+1 —r 0 —-r
2r +1 —r 0
Uy j+1 Uy
Uz,j+1 Us
o BVl [ ] UN-y
Up,5+1 Uy,
U2,5+1 Uz, j
UN-1,j+1 UN-1,j

Then we have
A ngrl _ gj = gj+1 _ A*l gj (10)
Ujn j Ujs Uj

2r+1

where

4. Stability of Fuzzy Heat Equation

Definition 4.1. The largest of the eigenvalues of matrix A, is showed by
p(A).

Remark 4.1. The necessary and sufficient condition for the difference
equations to be stable is p(A4) <1 [3].

Remark 4.2. If A~!is the inverse of matrix A, then p(A~1) = L [1].
p(A)
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Remark 4.3. The eigenvalues of a N x N tridiagonal matrix

a b
c a b

are

ST
s=1..--

qu 2v'b P 3 )
p a+ \/TZCOSN+1

N. [3]

Theorem 4.1. Let matriz A have a spacial structure as follows

E F
A= .
(¢ )
Then the eigenvalues of A are union of eigenvalues of E4+F and eigenvalues
of E—F. [12]
Now, by using Theorem 4.1, we want to prove stability of our difference

scheme. For this, it is sufficient to show in (11) p(A~!) < 1. Thus by
theorem (4.1), we find eigenvalues of E + F and E — F, namely

1+ 2r —r
—r 1+2r —r
E+F= . . )
—r 14+2r
and
—1-2r —r
- —1-2r —r
E—-F =
-r —1-2r

Moreover we obtain
E+F=1+rS,

E—F=—-I-rS,

where
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Thus

k k
As = Ay :2+2cos§:4c082%, k=1,2,---,N —1.

Hence the eigenvalues of E + F and E — F are

km
A =1+4+4rcos’—, k=1,2,---,N—1
E+F + 4r cos 2N7 ) Ly ) )

km
Ag_p = —1 — 4r cos? N k=1,2,---,N—1,
we know

) 7"'aN_1a

km
E+F) = 1+4rcos® —|, k=12
p(E+F) mgxl + 4r cos 2NI,

km
E—-F)= —1-4 22 k=1,2,---,N—1.
p( ) mgXl T COS 2NI, 12,0,

Since p(E + F) = p(E — F), thus
1

km
p(A)fm]?x\l+4rcos 5 [, (A7) <1,¥vr>0.

k
max [14-47 cos? 77|

Therefore our difference scheme is unconditionally stable.

5. Numerical Example

365

In this section we test the proposed difference method on an example, whose

exact solution is known to us.
Consider the fuzzy heat equation

oU LU
E(x,t) 82(;1015) 0<z<l1, t>0.

Subject to the boundary conditions and the initial condition

- - - - 2
U,t)=U(1,t) =0, t >0, U(z,0) = f(zr) = —K sinnz,
T

and K[o] = [k(a),k(a)] = [« — 1,1 — a]. Which is easily seen to have an

exact solution for

ou 0?U ou 0?U
T —(z,t;a) = 482(1:,@(1) at(x,t,a):4a2(xta)
namely

2 — 2—
Uz, t;a) = fﬁ(a)e_‘”% sinmx, Uz, t;a) = fk(a)e_‘”ztsinwx.
™ ™
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0.02

-0.02

0.04

08¢

061

0.4r¢
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-0.04
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The exact and approximate solutions are shown in Figure 3 at the point
(0.2,0.00099) with h = 0.1, k = 0.00001 and in Figure 4 at the point
(0.02,0.0099) with h = 0.01, k = 0.0001. The Housdorft distance between
solutions in first case is 0.0014 and in second case is 0.0015.

6. Conclusions

Our purpose in this article is solving fuzzy partial differential equation
(FPDE). We presented an explicit method for solving this equation, and
we considered necessary conditions for stability of this method. In last
section we gave an example for considering numerical results. Also we
compared the approximate solution and exact solution. Then we obtained
the Hausdorf distance between them in two case.
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This paper deals with a numerical method for the solution of the heat equa-
tion with non-linear nonlocal boundary conditions. Here non-linear terms
are approximated by Richtmyer’s linearization method. The integrals in the
boundary equations are approximated by the composite Simpson rule. A dif-
ference scheme is considered for the one-dimensional heat equation. In final

part the numerical results produced by this method is compared.

1. Introduction

This paper is concerned with the numerical solution of the heat equation
up — uge = f(x,t), x €(0,1), t € (0,T]. (1)

Subject to the nonlocal boundary conditions
1
u(0,t) = / ko(z)uP (x, t)dx + go(t),
0

1
u(l,t) = / k1 (2)uP(x,t)dz + g1(¢),
0
and the initial condition
u(z,0) = g(z), = € [0,1]. (3)

Where f, ko, k1, go, g1 and g are known functions. Over the last few years,
many other physical phenomena were formulated into non-local mathemat-
ical models [1,2]. Hence the numerical solution of parabolic partial differen-
tial equations with non-local boundary specifications is currently an active
area of research. The non-local problems are very important in the trans-
port of reactive and passive contaminates in aquifers, an area of active
interdisciplinary research of mathematicians, engineers, and life scientists.
We refer the reader to [3,4] for the derivation of mathematical models and
for the precise hypotheses and analysis. Parabolic problems with non-local
boundary specifications also arise in quasi-static theory of thermoelasticity
[5,6]. An interesting collection of non-local parabolic problems in one-space
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dimension is discussed in [8]. In the present paper, the difference schemes
for the one-dimensional heat equation with constant coefficients and nonlo-
cal boundary conditions is investigated. We selected the implicit difference
scheme as the main object of study in this paper.

2. The Finite Difference Schemes

We divide the domain [0, 1] X [0, T] into M x N mesh with spatial step size
h= % in x-direction and the time step size k = % respectively. Where M
is a positive integer and N is a positive even integer. The gride points are
given by

T, =nh, n=201,---,N,

trm =mk, m=0,1,--- M.

We define the following difference operators:

; Lok ok k Lok k
“f_% = 5(%‘ +ui_1), 693“1‘—% = E(“i —ui_q),
k-1 1 k— k-1 1 k—
u; * = §(U§+Uz‘ Dy by ® = E(Uf*ui ol

Lok ko ok
Souf = ﬁ(“iﬂ —2ug +ui_yq).

The inner product < .,. > for (N+1)-dimensional vectors is defined by

N/2-1

<u,v>= 3 Z (w2iv2; + 4U2i11V2i41 + Ugit2V2i42),
i=0

and also
kg = (ko(zo), ko(z1),- -+, ko(2N)),

ki = (ki(zo), k1 (1), - -, ka(2n))-
Our difference scheme for (1) is as follows [9]:
1 m—1 m—1 m—1 m—1
E(cﬂun_f +100sun > + d¢u,, *) — 2un 2= fm @
0<m< M 0<n<N.

And for boundary conditions and the initial condition, we define the fol-
lowing difference operators

{ ug =< kg, u™ > +go(tn), )

uf =< kf,u™ > +g1(tn),
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and

ud =g(x,), 0<n<N.

n

Lemma 2.1([12]). Let N be an even integer, h = 37, &, =nh, 0 <n <
N. If g(x) € C*[0,1]. Then
1 p N2
/ g(x)de — o Z [9(22:) + 49(22i41) + g(22i42)]
0 3 =
1 ,d(x)
- 1
80" dpt = o C€O1)
By Taylor’s expansion about the point (n,m)
o(um)P
m+lyp
(it = gy + k20
A(um)P Jum
— (7,\P Uy n
()" + k oum Ot

= (up')? + plup P~ ug =gt +
hence to terms of order k, we have
(up ™) = p(up )P~ u ™) + (1= p) ()P (6)
Now, we approximate the integrals in the nonlocal boundary condition

(2) by simpson’s rule. Hence we have

ug = o o) (ug P + o) (g

2o (@2) (uf TP 4 -+ Ao (1) (WP (M)

+ ko () (uy™)P] + g
By (6), we obtain
afud 4+ aPuP - auly T
+af uyty + afuytt = LY,
where
ag' = phko(zo)(ug")?~" =3, a = phko(xn)(ufp)?~ ",

ayy,_4 = 4phk0(x2n+1)(u’2';+1)p_1, n=01,---,— —1, (9)

N
asy, :2ph/€0($2n)(u%)17—1’ n=12,--,——1,



A Partial Differential Equation with Nonlocal Nonlinear Boundary Conditions 371

and
LY = (p — Dhko(wo) (ug")? + 4(p — 1)hko(21) (uf")?
+2(p — Dhko(z2)(uz")? + -+ -+ 4(p — 1) hko(zn—1)(uf_1)?
+(p — Dhko(zn)(uf)? — 395"+,
and also
bm m+1 + bgnu;nJrl + bgnugn+1 4 bm 1um+1 =+ b%’u,TNnJrl Q%’ (10)
where
by" = phky (o) (ug')?~", bR = phky(zn)(ufp)? " =3,
_ N
by = 4phky (pan41)(ud) )P, n=0,1,--, 5 b (11)
m mAp—1 N
b2n :2phk1(x2n)(u2n)p , n= 1>27"’a5 - 1,
and

QR = (p = Dhki(2o)(ug")? + 4(p — Dhky (1) (u]")?
+2(p = Dbk (w2) (wg')? + -+ 4(p — Dhky(en 1) (uf )P
+(p = Dk (en) (uR)? — 397"
By (4), we obtain

(1 —6r)upt! + (10 + 12r)u?*+t + (1 — 6r)ulf

n

(12)
= (L +6r)up’ ¢ + (10 = 12r)up’ + (1 4 6r)up’, + 12K f77,
where
k
r = ﬁ
We now consider the following difference scheme (Crank-Niklson)
1
Seupy + = (62 n ) = S+ ),
and obtain 949
ml = S =, (13)
where
2r—2 2k 1

i(tn + tn+1))'

mo__ m m m
Mn - _unJrl + r Up — Up_1 — 7f(xm7
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By the left-hand side of (12) and the right-hand side of (13) and (8),
(10), we obtain the following matrix equation

ag’ ayt ayt - oAy ay ul LY
a [« TR :
=| Mm |, (14)
B« uy
bEObE b e bR, bR uy ! QR
where

a=1—-6r, 6=10+12r, n=1,---,N —1,

and a;,b; (i =0,1,---,N) are given by (9) and (11).

3. Numerical Example

In this section, we test the proposed difference method on an example,
whose exact solution is known to us. The right-hand side functions as well
as the nonlocal boundary value conditions and initial value conditions are
obtained from the exact solution. The systems of linear algebraic equations
have been solved by using the Gaussian pivot method.

—2(z2+t+1)

Ut — Uggy = (t i 1)3 ’

0<z<1,te(0,T]

subject to the nonlocal boundary conditions and the initial condition

w(0,1) = / o ()02 (, ) dar — 6(T11)4

6t2 4+ 12t +5

u(1,t) ki ( t)de + ——— =

/ 1@ (@, e + —ga v
u(z,0) = x € (0,1].

It is easily seen to have the exact solution
T 2
u(x,t) = .

( ) (t +1 )

The results with A = 0.05, 0.005 and r = 0.4 using the finite differ-
ence formulate discussed in Section 2 are shown in following table. In
this table, we present the error for x = 0.1 and ¢t = 0.01, 0.02, 0.03,---,0.1.
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t Exact Error
h=0.05 h=0.005
0.0000 | 0.0100 | 0.0000 0.0000
0.0100 | 0.0098 | 0.0093 0.0098
0.0200 | 0.0096 | 0.0091 0.0096
0.0300 | 0.0094 | 0.0090 0.0094

0.1000 | 0.0083 | 0.0079 0.0083

4. Summary and Concluding Remarks

In this paper, a new numerical method was applied to the one-dimensional
diffusion equation with non-linear nonlocal boundary conditions replac-
ing standard boundary conditions. These techniques applied well for one-
dimensional diffusion with integral conditions. One example with closed
form solution is studied carefully in order to illustrate the possible practi-
cal use of this method.
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Subdiffusion is a fractional Brownian motion described by linear equation with
fractional Riemann—Liouville time derivative. We present the procedure of
solving the subdiffusion equation for the system with infinitely thin membrane.
The procedure exploits the Green’s function and the boundary conditions at
the membrane, which are taken in the general form as a linear combination of
particles concentration and flux.
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1. Formulation of the Problem

Subdiffusion is a diffusion process, where a random walker waits anoma-
lously long time to make a finite jump. Subdiffusion is characterized by

the relation D
2
2\ __ « @
(A2 = rr '™

where D, is the subdiffusion coefficient, « is the subdiffusion parameter
(0 < o < 1) and ((Az)?) is a mean square displacement of the particle

after time ¢
—+o0

<(Ax)2> :/ 22G(z, t; x0)de,
—0o0
G(z,t;x9) denotes the Green’s function, which is the solution of subd-
iffusion equation with the initial condition G(x,0;xz¢) = d(z — x9) and
appropriate boundary conditions. The Greens function is normalized

+oo
G(z,t;xg)dr =1,

—0o0

and it can be treated as a probability density of finding a diffusing particle
at point x and time ¢, under condition that at the initial time ¢ = 0 the
particle was at point x = xg.
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Subdiffusion is described by the equation with fractional time derivative

t 11—« 2 t
oC (z, 1) _ D, 0 0°C(x, )’ (1.1)
ot otl—a g2
with 0 < a < 1, where C(x,t) is the particles concentration and 9%/0t®
denotes the Riemann-Liouville fractional time derivative defined for o > 0
by the following relation

9°C(x, t) 1 o /t O, t)
o

ote T(n—a)otr t—¢)lta=n’

the integer number n fulfills the relation n — 1 < @ < n. Definitions and
properties of the fractional derivatives are widely discussed in many books
and papers, see for example [1-4].

We solve the equation (1.1) in a one-dimensional system with a infinitely
thin membrane located at £ = 0. In the following we use the notation

C( ) Cl(m7t)a T < Oa
x,t) =
Cy(z,t), = >0.

We need four boundary conditions to solve the subdiffusion equation
(1.1). Two of them are fixed at the membrane. First bonduary condition
demands the continuity of the flux at the membrane

J1(0_,t) = J2(O+’t) (E J(Oat))’ (1'2)
where the subdiffusive flux J(z,t) is given by the generalized Fick’s law

o= 9C;(x,t) .
There is no obvious choice of second boundary condition. We assume that
the second boundary condition is given by a linear combination of concen-
trations and flux at the membrane

b1C1(07,t) + baCo (07T, t) + b3J(0,) = 0, (1.4)

where

bibs <0, bybg > 0. (1.5)

Equations (1.4) and (1.5) provide the commonly used membrane boundary
conditions listed below
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kind of boundary condition | by by b3
fully absorbing 0 | #0]| O
membrane #01] 0 0
partially absorbing 0 | #0 | #0
membrane 20| 0 | #£0
partially permeable 20| #0] 0
membrane 20| #0]#0
fully reflecting membrane 0 0 #0

Two remaining boundary conditions should be consistent with the initial
condition

C(z,0) = f(x).

2. Green’s Function

Solution of the equation (1.1) can be obtained from the formula
Cat) = [ flan)Glatimo)dao (21)

where G(z,t;20) is the solution of the equation (1.1) with the boundary
conditions (1.2), (1.4) and

G(z£o0, t;xg) = 0, (2.2)
and the initial condition

G(z,0;x0) = 6(x — xg), (2.3)

d(z) is Dirac’s delta function.

We solve the equation (1.1) by means of the Laplace transform method.
The Laplace transforms L[f(t)] = f(s) = fooo f(t)e~stdt of the equations
(1.1), (1.3), (1.4) and (2.1) are

R 92C(x, s) 9ot 92C (x, t)
C(z,s) — f(z) = Dys® "~ — D, — ! , (2.4)
Ox? ote—t  0x2 |,_,
- _,dC(x,s)
= —Dgst™@ ’ .
J S . (2.5)
biC1 (07, 8) 4 baCa (07, 8) + b3 J (0, 5) = 0, (2.6)

Clx,s) = /jo f(x0)G(x, 5320 d, (2.7)
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respectively. The last term of (2.4) can be omitted according to Theorem
2.1.

Theorem 2.1. For a bounded function C, there is

d*71C(m,t)

dite—1 = O’

t=0

when 0 < o < 1.
Proof. Let |C(z,u)| < A for uw € (0,¢]. Then

9210, 1) At A
Oze~1 ‘ S T(i-a) /0 (=)= F—gyt " e O

From (2.2)—(2.6) we get (here 2o < 0) [5-7]

Gi(x, 8;30) = A(s)e™V "/ P 4 ! e lrmrolVst/Da 1 (2.8)

2 /Dasl—a/Q
A . _ —x4/5%/Dg 1 —|z—zo|\/5%/Da
Ga(z, s;x0) = B(s)e +72\/D7a81*°‘/2e , (2.9
where
bi+by+bs\/Das'—/? =
B(s)=—A(s) 1102105V Das woV/5/Da | (2.10)

T 2/Das'—/2(by —by—by/Dasi-a/2)"

3. Example of a Solution

Let us solve the equation (1.1) for the initial condition

Cy, =<0,
fz) = { (3.1)

0, x>0,
and the boundary conditions (1.2), (1.4) and
Cl(—OO,t) = C‘()7 02(007t) =0.

From (2.7)—(2.10) and (3.1), we get

. Co by =7D )
Ci(z,t) = 1— o5/ Da ) 3.2
1(55 ) S ( bl — b2 — b3\/ Dasl_a/Qe ( )
Colx,t) = Co b —oy/ 5%/ D (3.3)

—_— (§]
S bl — bg — bg\/Dasl_a/2
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Let us calculate the inverse Laplace transform of (3.2) and (3.3).

Theorem 3.1. Let o, >0 and v € R. Then,

1

1 B

L e = o (2
Ba™7 ¢

8 8

. %)(fy,ﬂa;a)), (3.4)

where H is the Fox function and f, g(t;a) can be expressed by the series

R 1 a\k
Jopltia) = 5 ;;) T(—kB — v)k! (73) '

For the proof we refer the reader to [7].
1. b3=0
Using Theorem 3.1 and L~! {1/s} = 1, from (3.2) and (3.3) we obtain

Cl(xvt) - C’0 |:1 bl — b2 f—l,(x/? <ta m):| )

b1 X
Co(z,t) =Co——f 102 | t; —] -
2(35 ) Obl—bzf 1, /2( \/E)
2. b3#0
- 2m+1
Singularities of (3.2) and (3.3) are s = 0 and s = |7\1*<11/2 emlﬂjﬂ,

where
b —by

v = .
b3v/ Dg,
C; (i = 1,2) are analytic functions at the point s = co. The series expansion
of by/(by — by — b3/Dgas'~/2) in the neighbourhood of the infinite point
combined with (3.2) and (3.3) give

A C C —x/ 8% - na
Cia,s) = = - \/Di Vot IDa N g (s), (3.5)
@ n=0

. Coll /577D N~ o
Cy(z,5) = —=LeV 5"/ Da Z’y"gn(s), (3.6)
v DO‘ n=0

where §,(s) = s(@/2=Dn+e/2=2 and 5y = —by/b3. The inverse Laplace
transform reads

1 c+ioco
Ci(x,t) = —/ e Cy(z, 8)ds,

21 Jo—ioo
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where ¢ > |7|1/(17°‘/2). The series occuring in (3.5) and (3.6) are uniform
convergent on the line (c—ico, c+i00), therefore we take the inverse Laplace
transform of the series (3.5) and (3.6) term by term with using the formula
(3.4). Finally, we get

St T
Cl(ffa t) = Co [1 - \/LDT nz::()’ynf(a/Z—l)n-&-a/Q—Q,a/Q (t; \/|D|7Q>] ,

N~ x
Ca(z,t) = Co\/? Z Y flaj2—1)n+a/2-2,a/2 (t; ﬁ)
« n=0 «

We add that the procedure presented in our paper has been used to
solve the equations describing the subdiffusion in various physical systems
such as the system with a thick membrane [8], the systems with chemical
reactions [9] and the electrochemical one [10].
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1. Introduction

Let R™(n > 3) denote the n—dimensional Euclidean space with points z =
(v1,22,+,x,) = (2',2,), where 2’ € R""! and x,, € R. The boundary
and closure of an open set { of R” are denoted by 9Q and €, respectively.
The half-space is the set H = { = (2/, z,,) € R"; z,, > 0}, whose boundary
is OH. We identify R” with R"~! x R and R*~! with R"~! x {0}.

Denote by B(z, p) and 0B(x, p) the open ball and the sphere of radius
p with the center x in R™ respectively. Recall the Laplace operator

NP T
has the property that!!
—A(f)() = 4n*EPP f(€), (1)

where f is a Schwartz function,

f& =] fla)e ™dz

R™

for f € L'(R™). Motivated by (1), (~A)~%(0 < a < n) can be defined as
the operator by

I(f)(2) = [ % ga(x) = - f(z,9)94(y)dy,

1Project supported by the Academic Human Resources Development in Institutions of
Higher Learning under the Jurisdiction of Beijing Municipality(PHR201008257) and Sci-
entific Research Common Program of Beijing Municipal Commission of Education(KM
200810011005) and Innovation Project for the Development of Science and Technol-
ogy(201098).
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n

where go(2) = Cpn o) |z| 71, C(n,0) =272 F(F(?T)) and the integral
2

is convergent, if f is a function in the Schwartz class. The operator I, =
(—A)f% is called Riesz Potential of order «, so u = I2(f) is the solution
of (—A)u = f.

Let V,, be the volume of the unit ball B(0,1) in R™ and w,_; be the

surface of the unit sphere S"~! = 9B(0,1), we have V,, = F:‘ri:-l) and
2
i Iz-1) _ 3IE-1 _ TIF)
n—1 = Vn:277 Cn = 2 n = 2 2n - 271-
Wn-1 =1 (%) (n:2) 227z 2212 % 2nmz

The function
BE(x) = —Clnla™
is the fundamental solution of (—A)u = §, where §(z) is Dirac delta function

(Dirac distribution) and w, = 1%’(75) is the surface area of the unit sphere
2

in R™.
The Green function G(z,y) for the upper half space H is given by [1],
namely

G(r,y)=E(x—y)— E(x—19), v,y € H, x # v,

where ~ denotes reflection in the boundary plane OH just as § = (y1, Y2, "+,
Yn—1, —Yn), then we define the Poisson kernel P(x,y’), when z € H and
y' € OH by

_0G(z,y) 2%

P(z,y) = S —
(x,y) 8yn =0 wn|a: _ (y/70)|n

The Riesz kernel g, inspired us to define the modified Riesz kernel G,
for the half space H by

1 1

Golos) = e ~ oy

O<a<n,n>2,

o is called Green function[® of order «v in H.
There is a positive (possibly infinite) Borel measure v satisfied

Yndv(y)
/H @t o2 = T @)

if and only if the associated Green Potential

(Gv)(z) = /H Gl y)dv(y), € H. (3)

is not identically equal to +o00 (see, for example [3]) for the case 0 < a < n.
We shall assume through that a potential is not identically equal to +oo,
and use the notation Gv only under this assumption.
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2. Preliminaries

In this section we shall give some lemmas. Here and later on, we use the
convertion that A denotes a positive constant depending only on indicated
parameters, and that the value may from one expression to the next. In
addition, if f and g are any functions, then we write f = g provided
cf < g < f/c for some positive const ¢ > 0.

The next Lemma 2.1 gives straightforward estimates involving the
Green function.

Lemma 2.12. (1) If a =n = 2, then

3y,
log ﬁ, Y € B(I, %), S H,
Ga(z,y) < Y

anyn
o — g2’ z,y € H.
(2) If0<a<mn,(n>2), then
~ 1 TnYn
Galz,y) = z,y € Hy.

|z =yl |z =yl

Lemma 2.2, Let ju be a positive Borel measure in R™, v >0, p(R™) <
oo, for any A > 57 u(R"™), set

)\}'

Ja]"

EN)={zeR": |z| >2, M(du)(z)>

Then there exists x; € E(A) , p; >0(j =1,2,---), such that

E()‘)C UB(‘T]’pJ)7 (5)
and 5
e ©)

Remark. Lemma 2.2 is the generalization of Lemma in [4], whose proof
is similar to one of Vitali Lemma.

In order to describe the asymptotic behavior of subharmonic functions
in half-spaces, we establish the following theorem.
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Main Theorem. For Green potential (3) satisfyz'ng (2) in H(0 < a < n),

na

there exists p; > 0, x; € H, such that Y- < o0, and

i=1 o]
(@) = o(|z]), as |z| — oo (7)

holds in H\G, where G = U532, B(z;, p;), a > 0.

3. Proof of Main Theorem

Let o be a positive Borel measure in R”, v > 0. The maximal function
M (dp)(z) of order v is defined by
B(z,r
M(dp)(z) = sup wB@, ) (7 )),
0<r<oo r

then the maximal function M (du)(z): R™ — [0,00) is lower semicontinu-
ous, hence it is measurable.

When n > 2 and a < n, define the measure dm(y) and the kernel
K(z,y) by

Yndv(y)
dm(y)= —2=9
(y) 1+ |y|n+27o¢
and ol "
1+|ypt2—e 1 1
K(z,y)= ( — — — H).
Yn |z — y |z -y

Then the Green potential now can be represented in the form

= /H K(z,y)dm(y).

For any € > 0, there exists R. > 2 by (2), such that

€
dm(y) <
/y|2R5 5’”«—[3

For every Lebesgue measurable set £ C R”™, the measure m(®) is defined by

mE(E) =m(EN{z e R": |z| > R.})

satisfying
() (mom €
m' < (R™) < ek
By Lemma 2.1,
1 1 Tnln 1 < ToYnlz - y|?

e —ylrme g =yl T E oyl e =yl T Jr— gt



384 Yan-Hut Zhang and Guan-Tie Deng

then we have
zn (14 y["?7)
T =yl -yl

K (, )I_|

Denote

Gi (1’) = ($7y)dm(€) (y)v

{y:6<|z—y) <5}

:/ K(m,y)dm(‘f)(y),
{y: - <|z—y|<3|z|}

GQ(.’L‘)
Gs(z K(z,y)dm® (y),
) /{y'lw—y>3lw} ) W

@)= K (z,9)dm(y)
{y:1<]y|<R:}
/ K(z,y)dm(y),
{w:lyl<1}
it is easy to derive
G(2)] < |Gi(2)] + |Ga(2)] + |G3(2)] + |Ga(2)] + |Gs5 ()] (8)

Let E1(\) ={z € R": |z| > 2,3t > 0, m)(B(z,t) NR") > A"
Therefore, if |z| > 2R, and x ¢ E1()), then we get

@) </ (WD ey
T Jpocla—ylczy  lz -y

2 (o)
7 ami (¢ 9
S e [TiEG O
{y:6<]o—y|<Zp} s It
< Melzl,
where
mO0) = [ ), (10)
lz—y|<t

herein we explain that A is a positive constant independent of x,y, which
can be denoted different constants at different places. Moreover we have

‘Gz(x)|</ xn(1+|y|)”+2‘adm(s>(y)
T Sy <lo—ylaley Tyl




Growth of Modified Riesz Potential in Half Space 385

B‘El d (5) t
e [ 0

o |t|nfa+2
2
@ (p 31! 3zl ()
o (1) mg’ (t)
éAx”|x‘n+2 a[tner—a +/z ms—ia—&-?)dt
zn 2
et P

SAxn|x\"+2_a[W |t=3)a]

3| =0 (11)
———dt
+/12n tn+3—a|$|n—ﬁ ]
§A|$|n+2—axn€‘3x|a—n—2
3|z|
+A|x\"+2_axn5/ t=A=3at
IT'IZ
< Aez,
where mgf)(t) is defined by (10), and
n+2—a
Gatol < [ ol W dm ) )
(yilo—y|>3l2} 1T — y[*lz =yl
= Az / M
- n n—o«
{wilo—y|>3lal} [€ — Y[
+xn/ |y|n+2—a dm(&) (y)
(y:lo—yl=3lel} [T — Y[ T2 (12)
+o0 (e)
e, [0
slz It
1
+ Az, / —————dm (y)
{wilo—y|>3[a} 3”27

< Aez,

in which m{ (¢) is defined by (10), and
1 1
|x7y‘nfa |i,7y|n7a

Gato) < [
{y:1<]y|<R:}
dv(y)

conn [ )
{y:1<|y|<R:} (%)n+2—a

=0(x), |z] — oo,

dv(y)




386 Yan-Hut Zhang and Guan-Tie Deng

4z, yn
Gs(z S/ ———dv(y)
R N

. dv(y) (13)
= /y|<1 (

‘ﬂ)n—&-Q—a
2

=0(z), |z|— oc.
Thus, by collecting (8), (9), (11), (12) and (13), there exists a positive con-
stant A independent of e, such that if || > 2R, and z ¢ F4(¢), we have
|G(z)| < Aelx].

Let p. be a measure in R™ defined by p.(E) = m)(E NR") for every
measurable set £ in R". Take ¢ = ¢, = 2;,%, p=1,2,3,--, then there
exists a sequence {R,}: 1 = Ry < Ry < Ry < ---, such that

€
pe, (R™) = / dm(y) < nfa.
=R, 5

Take A = 3-5"7%- 2Py, (R") in Lemma 2.2, then there exist x;, and p;p,
where R,_1 < |zj,| < Ry, such that

= pj,p n—o i
(e < =,

=1 |5,

if Ry, 1 <|z| < Rpand x ¢ G, = U B(x;p, pjp), We have
|G(2)] < Aepla]-
Thereby

oo oo

>od (L

pe1j=1 |5

Set G = U2, G, thus the main theorem holds.
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In this paper, the problem of smooth solutions for a general second order
parabolic type complex equation

Ugg — Uyy + 2iUgy — 202(ug +iuy)e = f(z,y,1), (z,y,t) € R

is discussed, and the result—there are C'*°-functions f for which the equation
above has no C?-solutions is proved by using a method of function construc-
tion, moreover, the dependent relations between the solution u and the diffu-
sion term f is given.

Keywords: Parabolic type complex equation, holomorphic solution, Cauchy-
Kowaleski theorem, Schwarz reflection principle.

AMS No: 35A07, 35B30, 35K10.

1. Introduction

The analysis of nonlinear parabolic type equations has experienced a dra-
matic growth in the last ten years or so. The key factor in this has been
the transition from linear analysis. It is well known to us, in dealing with
the existence of solutions of partial differential equations, it was customary
during the past years and it still is today in many applications. For large
classes of equations this extension of the range of equation and solution has
been carried out, since the beginning of the last century, in particular much
attention has been given to linear partial differential equations and system
of such. If the coefficients of a linear partial equation are holomorphic,
then by the Cauchy-Kowaleski theorem in [3], we can always conclude that
there exist plenty of solutions to the given differential equation. However,
as pointed out by Lewy [6] in 1957, if the coefficients are not holomorphic,
there may be not exist any solutions at all. Since Lewy’s paper, there has
been an extensive investigation into the conditions under which a given
linear differential equation admits solutions, this can be referred to Egorov
[1], Homander [5], Nirenberg [7] and Nirenberg-Tréves [8-9] for past and
current developments in this area. Here our aims are more modest, and
we simply wish to present an example of a general parabolic type complex
differential equation having no solution (cf. Garabedian [2] and Grushin

IThis research is supported by NSF (No.Y2008A31)
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[4]). On the side of complex equations, we want to especially mention G. C.
Wen, he has first established a new method to research the real equations
using the complex analysis method, in which avoided the using of the com-
plicated functional relations, obtained and generalized a host of results (for
example to see [10-15]). The connection of the present example with the
subject of this article is in one sense negative—that is, instead of a solution
being as nice as possible, i.e., holomorphic, it is as bad as possible, i.e., it
does not even exist—and in another sense positive.

2. The Main Results and Its Proof

In this section, we deal with the following problem of smooth solutions for
a general parabolic type complex equation of second order

Ugx — uyy + 27fua:y - 212(“1 + ’L'Lty)t = f(xa y,t)a (xvyvt) € Rgv (1)

where z = x +iy € C,i? = —1. If f(x,y,t) is a holomorphic function, then
from the classical Cauchy-Kowaleski theorem [3], the equation w,, — ty, +
2y — 2i2(uy +iuy ) = f(z,y,t) would admit holomorphic solutions. But
if f is not a holomorphic function, what would be happen in this cases?
For this problem, here and henceforth, we denote the right hand of the
equation (1) by using £, i.e., Lu = gy — Uyy + 29Uyy — 202(Uug + 1Uy )¢, then
first, we begin by giving one theorem as follows.

Theorem 1. Suppose that p(t) be a real function of C*°. Then, if ¢ is not
holomorphic at t = 0 we have, the equation Lu = ' (t) has no C?-solution
in any neighborhood of 0 € R3.

Proof. Suppose that u = u(x,y,t) is a solution of equation Lu = ¢'(t) in
|z| < R, |t| < T, where z = x + iy. In the region [t| < T,0 < r < R, let

g(r,t):/ (ux—l—iuy)dz:/ uxdx—uydy—i—i/ uydr+ugzdy, (2)
\ \ \

z|=r z|=r z|=r

we have

g(r,t) = —2/| Uzy dxdy—i—i/l (Uze — Uyy)dady
<r <r

2m
—2// ulypdde—i—z// Ugg — Uyy ) pdpd?,

by Green’s theorem. Set y = 72, G(y,t) = g(r?t). Then G, = g,r, =

3)
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gr/(2r), so that using the equation Lu = ¢'(t), we have
1
G, = / iuxydz/z—O—i/ (Uge — Uyy) dz/2z
2= |

z|=r?
1

3 / (Ugy — Uyy + 20Ugy) dz/2

z|=r?

1
z/ (ug +iuy)  dz + 5 / o' (t)dz/z
| 2] =r2

z|=r2
= iGy + %cp'(t) i
=[Gy + 7o' (1)],

that is Gy = 1[Gy + 1@/ (t)] or Gy + ¢/ (t) = —iGy. If we set F(y,t) =
G(y,t) + mp(t), then Fy, = G, F, = G, + 7y (t) = —iG, = —iF,, i.e.,, F; +
iFy, =0 or OF = (F; +iF,)/2 = 0. Thus F satisfies the Cauchy-Riemann
equations, and since F is a C%-function, F is a holomorphic function of
t + iy. From F(0,t) = G(0,t) + mo(t) = mp(t), we see that F is a real
function on y = 0. By the Schwarz reflection principle, F' can be extended
to a holomorphic function in the region D := {-R? < y < 0,]t| < T},
by defining F(t + iy) = F(t —iy) for y < 0. Thus we(t) = F(0,t) is
holomorphic at ¢ = 0, so that this proves the equation Lu = ¢'(t) has
no C?-solution in any neighborhood of 0 € R?, if ¢ is not holomorphic at
t = 0. Therefore the proof of the Theorem 1 is completed.
From Theorem 1 we immediately have

Theorem 2. Suppose that p(t) be a real function of C*° and if u =
u(x,y,t) is a C%-solution of the general parabolic type complex equation

Upy — Uyy + 20Uy — 2i2(uy +iuy)e = ¢’ (t), (z,y,t) € R? (5)

in a neighborhood U(0) of the point 0 € R3. Then o(t) is holomorphic at
t=0.
By a change of coordinates, we have the following results.

Theorem 3. Let u = u(x,y,t) be C? near (xo,y0,t0). Then the equation
Lu = @' (t—tg—2yox+2xoy) implies that ¢ is holomorphic in a neighborhood
of 0 € R3.

Proof. Let T =2 — x0,¥ =y — %o,t =t — to — 2yox + 2x0y. Then we can
easily to obtain

LU = Ugy — Uyy + 20Uyy — 212(Ugy + TUy )y
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Hence Lu = ¢'(t — tg — 2yox + 220y) has a solution in a neighborhood of
(z,7,t) if and only if Lu = ¢'(f) has a solution in a neighborhood of 0 € R3.
From the proof of the Theorem 3, we have the corollary as follows:

Corollary 4. Suppose that o(t) be a real function of C* and if u =
u(x,y,t) is a C?-solution of the general parabolic type complex equation (5)
in a neighborhood U(xq,yo,t0) of the point (zo,%0,t0) € R3. Then ¢(t) is
holomorphic at tg.

Using the same method as the proof of Lewy [6], we have the following
result.

Theorem 5. There exits C-function f(x,y,t) such that the general
parabolic type complex equation Lu = f(x,y,t) has no C%-solution any-
where in R3.
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1. Introduction

The set of all oriented lines in the plane can be identified with the spaces
R x S! by associating the pair (p,w) € R x S with the line L(p,w) = {z €
R2|z-w = p}. A parameterization of this line is then given by the mapping
t — pw + tw', w' is obtained by rotating ¢ counterclockwise through a
right angle, where w = (wy,ws) = (cos ¢,sin¢) € S* C R? is a unit vector,
 is a real (usually positive) number, which plays the role of a parameter,
dot product = - w = xywy + Tows, and p is a real number.

Let f be a smooth, compactly supported function in the plane R2.
The Radon transform of f is the function Rf on R x S! defined so that
Rf(p,w) is the integral of f along the line L(p,w). If p is a real number,
the exponential Radon transform R, f is defined by the weighted integral

+oo

Rufp.0)= [ flow + twb)erat. 1)
— 00

Note that the ordinary Radon transform is obtained as a special case of

the exponential Radon transform when p = 0.

Both the Radon transform and the exponential Radon transform, as
well as the still more general attenuated Radon transform, arise in appli-
cations to medical imaging, see [3, 6, 7]. It is then of interest to invert
and characterize range of the transform. For the ordinary Radon trans-
form was studied by J. Radon and A. Hertle [5] and a generalization to the
exponential Radon transform was derived by O. Tretiak and C. Metz [2];
V. Aguilar, L. Ehrenpreis and P. Kuchment, see [1, 4]. A further general-
ization to the attenuated Radon transform was recently developed by R.
Novikov and Xiaochuan Pan, see [9, 10].

1This research is supported by the NSFC (No. 60872095), and Ningbo Natural Sci-
ence Foundation (2008A610018, 2009B21003, 2010A610100).
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The aim of this paper is to find range conditions, and to prove their
equivalent relationship theorem.

2. Main Results

Let §(§,w) be the Fourier transform of R, f(p,w) with respect to the first
variable. Then

G1(&)(€ + p)' is an even function of ¢ for any integer /, (A)

where

3Ew(@) = u(©)e™ (2)

is the Fourier expansion of §(&,w(¢)) with respect to the angle ¢ (as before,
w(¢) = (cos ¢ sin¢g)). The range conditions for R, are obtained

Theorem 1. Let g(p,w) be a function on R x SY, and p be a positive
real. Then g = R, f for some function f € C§°(R?) if and only if g €
Cs°(R x SY), and the Fourier transform §(&,¢) with respect to p variable
of g(p,w()) satisfies the following condition for all real o:

. . o ) . . o
g (w, ¢ — arcsin m) g( io, ¢ + arcsin \/m)
Here we employ the relation w = (cos ¢, sin ¢) between w and ¢.

In [1], they used the projection-slice theorem, which is introduced in [3]

to prove the necessary condition of the theorem and implied Paley-wiener
theorem, constructed a new function to prove the sufficient condition of the
theorem. In the following we only give the proof for its necessity.
Proof. Necessity. The inclusion g € C§°(R x S) for f € C§°(R?) is
obvious. Let us assume that the attenuation coefficient p is strictly positive
(the case of a negative p can be handled exactly the same way). The
projection-slice theorem for R, reads

R f(&,w) = (2m)% f(éw + ipwt), (4)

where hat denotes the one-dimensional Fourier transform with respect to
the p variable, and tilde denotes the two-dimensional Fourier transform. If
we put purely imaginary values £ = io into (4), and get

Ry f(io,w) = (27)% f(i(ow + pw™)).

The vectors v = ow 4+ puw obviously cover the exterior of the disk of radius
1 centered at the origin in R?, and a vector v of the above form belongs
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to the line tangent to this disk at the point puw®. Every point a outside of
the disk can be reached along two different tangent lines, and hence it can
be represented as v in two different ways:

a=ow+ uwf = —0owsg + ,uwj.
If the polar angle of wi- is ¢, then the polar angle of ws- is

¢ + 2 arcsin

o

Hence, if a function r(o, ¢) can be represented as
(o, ¢) = const - f(i(ow + pw™)),

then it automatically satisfies the following condition:

r(o,¢) = r(—o, ¢ + 2arcsin (5)

)
o2+ p? -
In order to make the relation more symmetric, we use the angle ¢ —

arcsin(o/+/02 + p?) instead of ¢ in (5)

— 0, ¢ + arcsin

r (U, ¢ — arcsin

\/a2a+ u2) :r( \/020+ MQ)'

So we get

N . o ~
g(w,qb — arcsin ) =g
Vo2 + p?

This finishes the proof of the necessity of the theorem.

Due to the simple geometric meaning, the analog of (3) can be easily
written in the case of an angle-depending attenuation u(w). In this case,
we get the following necessary range conditions:

( — 10, ¢ + arcsin

o
o2 +#2)'

Theorem 2. Let g(p,w) be a function on R x S, u be a positive real, and
g = R,f for some function f € C§°(R?). Then g € C§°(R x S'), and the
Fourier transform g(§,w) with respect to p variable of g(p,w) satisfies the
following condition for all real o1,09:

glioy,wr) = g(ioa, wa), (6)
for any o, w; such that

o1wi + u(wl)wf = oowsy + u(wg)wj. (7)
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Proof. The inclusion g € C§°(R x S1) for f € C§°(R?) is obvious. In the
above proof of Theorem 1, instead of the disk of radius u, we get a curve
with parametric representation

a=ow+ pw)wt,

where p(w) is an angle-depending attenuation. At every point of this curve
we draw the line which is perpendicular to the radius vector of the point.
If two lines intersect at some point, then we have for any o, w; such that

a = 01w + p(w))wi = oows + p(ws)wy .
If a function r(o,w) can be represented as
r(o,w) = const - f(i(ow + pw™r)),
and we have

r(o1,w1) = r(o2,ws).

Since the projection-slice theorem (4) and let us put purely imaginary val-
ues £ = io into (4), and get

Ry, f(io,w) = (2m)% f(i(ow + pw')).

Then we have

ﬁ(ial,wl) = g(iJQ,WQ).
Remark. From the proofs of Theorems 1 and 2, we get condition (3) is
equivalent to (6) and (7), and they have the similar geometric meaning.

Theorem 3. Let §(§,w) be the Fourier transform of R, f(p,w) with respect
to the first variable,

G1(6)(€ 4 )" is an even function of ¢ for any integer I. (A)

Then we have

. ( 6+ . o > A( .6 . o ) ®)
gl io, arcsin ——— | = g —io, ¢ — arcsin —— |.

/o2 + 112 /o2 + 12
Here we also employ the relation w = (cos ¢, sin ¢) between w and ¢.

Proof. Since (A): §;(¢)(¢€ + p)! is an even function of ¢ for any integer /,
so we get

€€+ = a(=&) (=& +n). 9)
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Since we assume the function f is compactly supported, we may plug any
complex & into (9). Let us use for this purpose purely imaginary values
& = io. Then we get in (9) the values

gulio)(u +io)' = gi(—io)(u —io)". (10)
In order to prove our result, we use m instead of ¢ in (10), then

(10) can be written as

— sin ¢+1 cos ¢ :
it it
cos ¢+1isin ¢

. . l
in(-io) (- 2R ) Ly

gu(io) (/H—
We have (11) multiplied by (cos ¢ + isin¢)!, and get
Gi(io)[p(cos ¢ + isin @) + o(—sin ¢ + i cos ¢)]!
=§1(—io)[u(cos p+isin ¢) —o(—sin ¢+i cos )]
Divide (12) by (y/02 + u2)!, and then

P 1% .. o . .
Gi(io) [= v/ 02 + p2 (cos ¢ + isin @) + \/ﬁ(—sm(b—i—zcosgb)]l

(12)

:gl(fz'a)[#(cosgb+isin¢)f 7 (—sin ¢ + i cos ¢)]',
/0-2 +ILL2 0-2 +ILL2
(13)
ai1(io) [cosa (cos ¢ + ising) + sina (—sin ¢ + icos @) ] (14)
14
= Gi1(—i0)[cos a(cos ¢p+i sin ¢p) —sin a(— sin ¢+i cos @)]',
where sina = \/02‘17, cosa = \/02’17 It is easy to know that (14) can
be written as
Gi(ia) [ (cos avcos ¢ — sin arsin @) + i (cos asin ¢ + sin a cos ) |! (1)
15
= §i(—io)[(cos a cos p+sin asin ¢) +i(cos asin ¢ —sin a cos @)]',
S0
g1 (i) [cos(p+a) +isin(p+a)] = §i(—io)[cos(p—a) +isin(¢p—a)]'.
Obviously, we get
au(io)e™F) = g (—ig)e' (o=, (16)

and by summing about [ on both sides of (16), then we have

Zgl(io)eil(¢+“) _ Zﬁl(—iﬂ')eil((bia).
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Due to the definition of §(¢,w(¢)) (as (2)), we get
g(ia,(b—l—a) :g(—’i(]’,(b—a). (17)

Since
I

. o
sina = ———=——, cosa =
Vot

so we have
o

o = arcsin ——— (18)

NCETE

Substituting (18) into (17), furthermore we obtain the result

o o
gl io, ¢ + arcsin ) = g( — 10, ¢ — arcsin >
( /o2 + MQ /o2 + /1'2

Theorem 4. Let conditions be stated as Theorem 1. Then the condition
(8) is equivalent to (3).

Proof. In the proof of Theorem 1, if the polar angle of wi- is ¢, then the
polar angle of ws- also can be

¢ — 2arcsin N —
o + p?
We can get

r(o,¢) = r(—o, ¢ — 2arcsin (19)

7 )
Vo2 4 u? .
We use the angle ¢ + arcsin(o/+/0? + p?) instead of ¢ in (19)
r<a gb—i—arcsina) = r( —0,0— arcsina)
’ 02 + 12 ’ 02 + 12 ’

So

o o
gl io, ¢ + arcsin ) = g( — 10, ¢ — arcsin >
( /o2 + MQ /o2 + /1'2
Hence the condition (8) is equivalent to (3).
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In Carnot-Carathéodory space, we prove the existence of an exponent r1 (1<
r1 <p), such that every very weak solution u € Wllo’:(ﬂ) (r1 <r < p) of the
equation div(|Vu[P~2Vu) = 0 is a Q-quasiminima of functional [q, | Xu|"dz,
and Q is independent of r.
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1. Introduction

Let © C R™ be a bounded region and X = (Xi,...,X,) be a family of
smooth vector fields in R™ defined on a neighborhood of Q with real, C'*>°
coefficients. The family satisfies the Hérmander condition, if there exists
an integer m such that a family of commutators of the vector fields up to
the length m, i.e. the family of vector fields

Xla---aXn;[Xi17Xi2]7---a[Xila[Xi27[-~-aXi,,,L]]"']7 ij:1,2,...,’l7,,

spans the tangent space T, R" at every point x € R".
For u € Lip(R"™), we define X;u by

X]'LL((E) = <XJ(:E)7 vu($)>a i=12,...,n,

and set Xu = (Xju,..., X,u). Its length is given by

Xu(z)| = (Z |Xju<x>2)l/2,

X* = (X{,...,X};) is a family of operators, where X7 is a formal adjoint
to X; in Lo, i.e.

/ (Xju)vdz = —/ uXjvdz for functions u,v € C§°(R").

Given R™ with the family of vector fields, we define a distance function p.
We say that an absolutely continuous curve v : [a,b] — R is admissible,
if there exist functions ¢; : [a,b] — R (j =1,...,n), such that

n

A1) = ¢;()X;(y(t)) < oo and ch(t)2 <1

j=1
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Functions c¢; do not need to be unique, because vector fields X; do not need
to be linearly independent. The distance o(x,y) between points x and y is
defined as the infimum of those 7" > 0 for which there exists an admissible
curve v : [0,T] — R™, such that v(0) = z and v(T) = y. If such a curve
does not exist, we set o(z,y) = oo. The function p is called the Carnot-
Carathéodory distance. In general it does not need to be a metric. When
the family X3, ..., X,, satisfies the Hormander condition, then g is a metric
and we say that (R™, o) is a Carnot-Carathéodory space.

Here and subsequently all the distances will be with respect to the
metric p. The metric o is locally Holder continuous with respect to the
euclidean metric. Thus the space (R™, o) is homeomorphic with the eu-
clidean space R™, and every set which is bounded in Euclidean metric is
also bounded in the metric p. The reverse implication is not true. How-
ever, if X1, ..., X, have globally Lipschitz coefficients, then it is known that
every bounded set with respect to g is also bounded in euclidean metric.

In the following, all the balls B are balls with respect to the C. C.
metric. If o > 0 and B = B(z,r), then 0B will denote a ball centered in x
of radius o - r. By diamf) we will denote the diameter of the set 2. We will
consider the Lebesgue measure in the Carnot-Carathéodory space. As we
change the metric, the measure of B(x,r) is no longer equal to the familiar
wyr™. However, the important fact is that the Lebesgue measure in the
Carnot-Carathéodory space satisfies the so-called doubling condition.

Theorem 1.1. Let Q be an open, bounded subset of R™. There exists a
constant Cq > 1 such that

| B(xo,2r)| < Cq|B(x0,7)], (1.1)

provided xg € Q and r < bdiam().

The best constant Cy is known as the doubling constant and we call a
measure satisfying the above condition a doubling measure. Iterating (1.1)
we obtain a lower bound on u(B(z,r)). Given a first-order differential
operator X = (X1,...,X,), the Sobolev space Wy”(Q) is defined in the
following way:

WP(Q) ={ue LP(Q): Xjue LP(Q), 5 =1,2,...,n},

where Xu is the distributional derivative. The W)l(’p norm is defined by

[ullip = llullp + [ Xullp.

Smooth functions are dense in W)l(’p (Q). The existence of smooth cut-off
functions is known. We have Sobolev and Poincaré type inequalities.
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Theorem 1.2. Let Q be a homogeneous dimension relative to 2. There
exist constants C1,Cy > 0, such that for every metric ball B = B(z,r),
where x € Q and r < diam (), the following inequalities hold:

1/s* 1/s
(7[ lu —ugl|® dx) < Clr<7[ |Xu|5dx> for 1<s<Q,
B B

where s* = Qs/(Q — s) and
][ lu —up|®dr < Cgrsf | Xul®dz for 1<s< o0.
B B
Consider the integral functional

F(z, Xu(z)dz, (1.2)
Q

in which Q is an open subset of R" (n > 2), u: Q@ - R™(m > 1) and F':
Q x R™ — R is a Carathéodory function, such that

|F(2,8)] < cl¢]” + a(x)

for p > 1 and a(x) € L'(Q2). If F satisfies the following Lipschitz type
condition

|F(2,&+n) = F(z,6)] < clnllle"~" + [P~ + g(a)],

then the notion of the weak minimizer makes sense.

Definition 1.1. A mapping u € V[/II’T(QR"L), max{l,p—1} <r < p,is

called a weak minimizer of the integral (1.2), if

/[F(m,Xu+X<I>) — F(z, Xu)ldz >0
Q

for all ® € WhH/(r=P+1)(Q, R™) with compact support.

If we assume that F' is differentiable with respect to the variable £ €
R™™_ then it can be proved that the weak minimizer of (1.2) solves the
equation

/ Az, Xu)XPdz =0 (1.3)
Q

for all @ € Wol’r/(r_pﬂ), where A(z,§) = X¢F(x,€). Let us note that
r/(r—p+1) > pfor r < p. Then we can say that u is a very weak solution
of the Euler-Lagrange system.
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In this paper we will prove that very weak solution of equation of type
(1.3) are quasiminima of the functional

I(u,Q):/ | Xu|"dx.
Q

Thus we consider a mapping A : Q x R™ x R™ — R™" such that for
(x,u,€) € A x R™ x R™"

Az, u, )€ > alélP, p>2, (1.4)
|A(z, u, &) — Az, u,n)| < blE =l (€] + [n])P2, (1.5)
|A(z,u,0)| < h(x) + dlu|P~?, (1.6)

where a, b, d are positive constants and h is a non negative function of class
L/ (?=1)(Q), with some 7 < p.
Let u € Wli’cr(Q, R™) be a very weak solution of the A-harmonic equa-
tion
divA(z,u, Xu) = 0. (1.7)
Our main result is

Theorem 1.3. For each A-harmonic system (1.7), there exist exponents
p_]- <7 :Tl(ma n,p,a, bv d) <p<T2 :Tg(m, n,p,a, b7 d)7

and a constant Q = Q(m,n,p,a,b,d) such that, if r1 < r < ro, then for
any test mapping © € Wol’r(B,Rm) and a ball B CC Q, we have

/(|Xu|r+|u|r+h(xy/<p-1>dx

B (1.8)

SQ/<|X<u+so)\"+lu+so\"+h<x>"/(”‘”)dx.
B

The inequality (1.8) reads that a solution of (1.7) is a quasiminimum of
the functional

I (u, Q) = /(|Xu|T + Jul” + h(z)™ D)z
Q

(see Definition 1.2 below).
Let us consider the functional

Q(u,Q):/QG(x,u,Xu)dx, (1.9)
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in which Q is a bounded domain in R", u = u(u',---,u™) is a mapping

into R™ (m > 1) and G(z,u, 2) is a Charathéodory function. The latter
means that G is measurable in z for every (u,z) and continuous in (u, 2)
for almost every x € €.

Suppose that G satisfies the following growth and coercivity conditions

|2]* = blu|® — a(x) < G(z,u,z) < plz|* + blu|* + a(z), a > 1,

where a(z) is a given non negative function and b, 4 are non negative con-
stants.

Definition 1.2. A function u € VVl{)ca (Q, R™) is a Q-quasiminimum (Q >
1), for the functional G if for any ball B cC ©Q and for any ¢ € Wy“(B),
we have G(u, B) < QG(u + ¢, B).

It turns out that under the above assumptions every quasiminimum
u € VVﬁ)ca (©,R™) of the functional (1.8) is a quasiminimum (with different
constant Q) of the simple functional

/Q(|Xu\a Fblul® + a(z))da. (1.10)

Let’s recall the following regularity result of quasiminima.

Theorem 1.4. Letu € VV;S(Q,Rm) be a Q-quasiminimum and a quasi-
minimum of the functional (1.10) with a(x) € L°(Q),s > 1. Then there
exists an exponent q > a, such that u € VV;S(Q,RW) Moreover, there

exists Ry > 0, such that for every ball Br C Q with R < Ry

ul® ulYde < ¢ ul®+|u|)dx) @ a(z)?dz]d
/BR/f'X'“’") ds{[/BR<|X|+|>d] +[/B (2)7/2da]1),

R

in which fBR stands for the integral mean over the ball Bg.

Proposition 1.1. Let u be a Q-quasiminimum of G(u,Y) of class WZIOC“

(Q,R™) (1 < a < q), with a constant Q independent of a. Then there exists
a constant ¢ = ¢(q,Q,n), such that

/ (| Xu|® + |u|*)dx < c[/ (| Xult + |ult)dz]¥/t + c/ a(z)dz

Br/2 Br Br

for every t with max{l,na/(n+ a)} <t < a, for every pair of concentric
balls Br/2, Br with Br CC ().

Proof. Let B CC R and R/2 <o < s < R. If ¢ = —n(u — u,), where
us = §5 udz and n € C§°(B;),0<n<1,n=1on By, |[Xn| <2(s—0)"*,
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from the definition 1.2 it follows that

[ (xue +yar <@l - neixurds
B, B

s

+/ |Xn|“|u—us\“dx+/ \u—us|“da:+|us|a|BS|+/ a(x)dz,

s B B,

where Q1 = Q1(Q, q).
Noting that [, |u — us|®dx < |Bg|¥™ [5 |Xu|%dz, if R < 1 is such

that Q1| Br|*/™ < 1, we can subtract the term [ |lu—us|*dz from the left
hand side, and get

[oaxur <@l [ s

o s o

: / /
+— u — ug|*dx + |ug|*|Bs| + a(z)dz].
g, el 1 [ et

s

Since

/ |lu — us|*dx < c/ |u — ug|*dx, ¢ = c(n),
B

s R

s < 2"][ lulde,
Br

we have

[ axur <@ s
B,

o Bs_Ba
1

e [, e Al i+ [ ot

Adding the term
Qs [ (xul + fuf*)da

o

to both sides and applying Lemma 6.1 of [3], we obtain

/ (| Xu]®* + |u|")dz < C[R*a/ lu —ug|*dx
Br/2 Br

+/BR a(z)dx + BR|/BR |uldz)"],

where ¢ = ¢(q,Q,n).
Finally, if {1,na/(n + a)} <t < a, by Sobolev-Poincaré inequality, we
have the result

/ (|Xu|“+|u|“)dm§cR(1_“/t)”[/ (\Xu\t+\u|t)dx}“/t+c/ a(x)dz.
Brya

Br Br
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If f is a function of class L*(£2), we have

1l = ( /Q fledz) Ve,

In order to prove theorem 1.3, we also need the following lemma.
Lemma 1.1. Let Q C R™ be a reqular domain and w: Q — R™  with
w € W&’“(Q,Rm), a>1, and let —1 < e < a—1. Then there exist ® €
Wy T (QR™), and H € LY/+9)(Q,R™) such that H is divergence-
free and

| Xw|*Xw=Xd+ H.

Moreover

[H | osover < ela,n,m)el[| Xw][ 155,

(1.11)
||X(I)||La/(1+5) S C(a,n,m)“Xw”}j;67

where the constant ¢ in (1.11) is independent of a, provided a € K, for
some compact K C (1,400).

2. Proof of the Main Theorem

Suppose that A : Q x R™ x R™"™ — R™" satisfies (1.4), (1.5) and (1.6). Let
us consider the equation (1.7).

Definition 2.1. A function u € Wli’g(Q,Rm) is a very weak solution of
the equation (1.7), if

Az, u, Xu)XP =0
Q
for any ¢ € Wol’r/(rﬂﬁl)(Q,Rm).
Proof of Theorem 1.3. Let u € Wli’!(Q, R™) be a very weak solution of
(1.7). Fix a ball B = B(zo, R), such that B(xzo, R) CC  and a function
¢ € WE(B,R™), by lemma 1.1, there exist & € W'/ """*)(B R™) H €
L7/(r=p+1) (B R™) such that

X® = |X®|"PX¢p — H, (2.1)
[H |/ (r—pt1) < clr = plI| X7 7PH, (2.2)
[ X @,/ (rpr1) < | Xl PH, (2.3)

where ¢ is independent of xg, R and r (p —1 < r < p). By definition 2.1 we
have

/ Az, u, Xu)X® = 0. (2.4)
B
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According to (1.4), (1.5), (1.6), we have

a/ |Xg0|rd:v§/A(:c,u,Xga)|X<p|T*ngadx
B B

:/[A(:E,u,ch)—A(x,u,Xu)]\XgoV*ngodx—}— Az, u, Xu)Hdz
B B

<b [ 1Xu= Xel( Xl + 1 Xu) Xl 7o
—|—/B[A(x,u,Xu)—A(m,u,O)]de—i—/BA(m,u,O)Hdw
gb[/B |Xu—X<p|(|X<p|+\Xu|)7"—1dx+/3\XU\P—1|H|da:]
+/ h(x)\H|dx+d/ ([P~ | H]|da.

B B

Let g(z) = (Xu — Dy)(x). Then by (2.2) and (2.3), we get

al| Xel7 < bllgll-[1Xe + (g + Xe)lI;~
+oelr — plI X777 gl + 1 Xl )P~

el = plll o | X ol + delr =l X ol 2+,

Moreover by Young’s inequality, we have
al| Xelr < eVt |r = p)) | Xolly + calr = pl(lull;
-1 1 r r
RT3 + eal(2) + Dligll-
On the other hand, by Sobolev’s inequality, we get

r T(n_l) r r/n r p(n_l)
lelly < (8= g xgy < (22D
p

Combing (2.5), we have

all Xolly < (/Y + | —pl) | Xl

T -1 T T
+e (BB + lu = lly + | Xu — X|l7).

Wlth C/ = C/(b’ d7p7 m? n)’ C// = C//(b3 d’ p, m’ n)'
We can choose 7, € such that

d(jr —p| + e/ =1y < a/2,

PAQL+ DXl

(2.5)

(2.6)
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so we can find r; and r9, which are in the statement of the theorem, such
that, for r; < r < ry and for some constant ¢ independent of r,

/ | Xo|"dr < c/ (1 Xu — X" 4 |u— @|" 4 h(z)” P~ dz. (2.7)
B B

Remark that

/B (Xul” +ul")dz <2 /B (1Xu—Xol +lu—p|")dz+2" /B Xl +]gl")dz.

Then, by using (2.6), (2.7), we can get the result.
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1. Introduction

Let w(z) be a local integrable nonnegative function in R (n > 2). A Radon
measure g is canonically associated with the weigh w(z):

w(E) :/Ew(a:)dx. (1.1)

Thus
d(w) = w(x)da,

where dz is n-dimensional Lebesgue measure. In what follows, the weight
w(z) and the measure y are identified via (1.1).

We say that w( or u)is p-admissible, if the following four conditions are
satisfied:

(1) 0 < w < oo almost everywhere in R™ and the measure p is doubling,
i.e. there is a constants C7 > 0 such that u(2B) < Cyu(B), where B is a
ball in R™.

(2) If D is an open set and ¢; € C°°(D) is a sequence of functions such
that

/|¢i|pdu—>0 and / [V —v|Pdp — 0 as i — oo,
D D

where v is a vector-valued measurable function in L?(D; y; R™), then v = 0.
(3) There are constants x > 1 and Cz > 0, such that

(#(13) / |¢|Xpdu)l/xp<c2r (H(lB) / ¢|pdu>l/p,

1The research is supported by Natural Science Foundation of Hebei Province
(A2010000910) and Tangshan Science and Technology projects (09130206¢).
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whenever B = B(x,7) is a ball in R™ and ¢ € C§°(B).
(4) There is a constant C3 > 0, such that

/ 16— dplPdu < Cyr? / VélPdp,
B B

whenever B = B(xg,7) is a ball in R", and ¢ € C§°(B) is bounded. Here

%) /B ody.

For the details of p-admissible to see [3].
Let Q be a bounded open subset of R™. Consider the functional

loc

I(u; Q) / f(x,u, Du)dz,u € WEP(Q), (1.2)

where the integrand f: Q x R x R" is a Carathéodory function. The
regularity property for minima of the functional I is an important research
content in the Modern analysis.

Definition 1.1. By a local minima of the functional I we mean functions
u € VVlif(Q), such that for every ¥ € W1P(Q)with supp¥ CC €2, it results
in
I(u,supp¥) < I(u+ U, supp?). (1.3)
The aim of the present paper is to prove the local regularity property
for minima of the functional I. Recently, Giachetti and Porzio proved in
[1] the regularity theory for local minima of (1.2) with the functional I
satisfies the condition

al&P< fz,5,6) <b[E]P +po(x), (1.4)

where ¢g(z) € L] .(2), p > 1, 7 > 1. This result was extended by Hong-
ya Gao et al.l? to the local regularity result of the minima of function I
with the more general growth conditions than (1.4). Precisely, the authors
considered the minima of functionals, where f is a Carathéodory function
satisfying the growth conditions

[P =bls|"—po(x) < fz,8,8) <alEP+b]s|"+pr(x),  (1.5)
where p>1, po(z) € LlOC(Q) pi(x) € L2.(Q), r1,72 > 1,a > 1 and b is

This paper is almed at brlnglng weight function into the minima of
function, and proving the regularity result of the minima of function (1.2),
which meet the weighting growth condition

f(z,5,8)
w(x)

alg < <SBIEP +y]s]®. (1.6)
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2. Lemma and Preliminary Knowledge

Definition 2.18l. Given a nonnegative locally integrable function w, we
say that w belongs to the A, class of Muckenhoupt, 1 < p < oo, if

sup (|C12/dex> <|C12|/lelpdx)p_1: Ap(w) < oo, (2.1)

where the supremum is taken over all cubes @ of R™.
When p = 1, replace the inequality (2.2) with

Muw(z) < cw(z)

for some fixed constant ¢ and a.e. € R", where M is the Hardy-Littlewood
maximal operator.

It is well known that A; C A,, whenever p > 1 (see [3]). We say that a
weight w is doubling, if there is a constant ¢ > 0 such that

1(2Q) < cpu(Q),

whenever () C 2@ are concentric cubes in R™, where 2@ is the cube with the
same center as () and with sidelength twice that of Q). Given a measurable
subset E of R™, we will denote by LP(F,w), 1 < p < oo, the Banach space
of all measurable functions f defined on E for which

s = ([ 15001 w(x)dx)'li (22)

The weighted Sobolev class WP (E, w) consists of all functions f for which
f and its first generalized derivative belongs to LP(E,w),1 < p < co. The
symbols L} (F,w) and W'llof (E,w) are self-explanatory.

We need the following Lemma in the proof of the main theorem.

Lemma 2.1[‘{]. Let Q@ = Q(R) be any cube with side-length R, 7 > 1
and u € C*(Q). Then there exist constants c, §* > 0, such that for all

1<K <K* = 1 +6,

1
=

(g [ 1 ww@ 1 du)KlTS or (s [ 1vnran) ey

where

1
uQ = M/QUCIM.

It is obvious that (2.3) can be extended to functions u € W1E7(Q) by
an approximation argument.
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Lemma 2.201.  Let f(t) be a nonnegative bounded function defined for
0 <79 <t< 7. Suppose that for 1o <t < s <7, we have

f@O) < A(s—t) "+ B+0f(s),

where A, B, a, 0 are nonnegative constants and 0 < 1. Then there exists a
constant ¢y, depending only on a, 0, such that for every p, R,79 < p < R <
R1, we have

f(p) < colA(R - p) + BJ.

We need the following Lemma in the proof of the main theorem.

Lemma 2.3, Suppose that w is a doubling weight and non-negative
ferLl (Qw)(l<t<oo) satisfying

loc
1 : 1
— [ f4a C—— d
(M(Q)/Qf ") : 1u<2@>/2Qf“

for each cube Q such that 2Q C ), where the constant c¢; (> 1) is indepen-
dent of the cube Q. Then there exist ¢ > T so that

G ) < (i [, 0)

where the constants co (> 1) is independent of the cube Q. In particular,
f € Wid(Qw).

3. Theorem and Its Proof

Theorem 3.1. Suppose that w € Ay be a doubling Muckenhoupt weight.
Then there exists p1 > p, such that for any local minima u € VVli’cp(Q,w) of

the functional I, we have u € Wll’p1 (Qw).

oc

Proof. Let w € A; be a doubling Muckenhoupt weight and u € Wllo’f(Q7 w)
be a minima of the functional I. For an arbitrary cube 2QQ CC €, take a
cut-off function n € C§°(2Q), such that

0<n<1,n=1inQ, \DWISL]?7

where R is the side-length of Q). Choose

U=-nu—c)—ec
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where ¢ is a constant to be determined later on. By the minimality of w,
we obtain

f2 f(z,u, Du)dx < f(x,u+ VY, Du+ DV)dx
’ /2Q (3.1)
:/%];(x, (1-n)(u—c), (1—n)Du—Dn(u—c))dz.

Using (1.6) and (3.1), we have
afy | DulPdp < /Qf(m,u,Du)dx
< /2@ f(z,u, Du)dz,
<[ re-mu-o,0-nDu-Diw-o)ds (32)
2Q
8 [ 10 =D Dau =)
[ 10

By the basic inequality
(a+b)P <277 H(aP +b7), a,b>0, p > 1,

we have
a[o|Dul’dp <276 | |(1—n)Dul’ dp+283 | |Dnf” u—cl” dp
Q 2Q 2Q

2 2
[ o an
2Q
(3.3)
Taking ¢ = usg and by Lemma 2.1 with K7 =p,7> 1,1 < K < Ll—i—é*
n—

for any 1 < K < min {p, nl}’ we obtain that
n—

/2Q |Dnl? lu —¢|’ du < CR (N(;Q)>K_l (/Q \Dul” dﬂ) K' (3.4)

Thus

/2Q [1—n|"|u—c|"du < CR (@)Kl (/Q Dquu) K, (3.5)
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substituting (3.4), (3.5) into (3.3), and adding
s [ it
Q

on both sides of previous inequality, we obtain
op
Jiardn< 20 [ puld
Q o+ 2176 2Q

ceon Y o)

By Lemma 2.2, there exists a constant ¢y such that

@B49CR (1 N[ e
/Q|Dupdugc0 e (u(QQ)) (/Q|Du| du>. (3.6)

Dividing by p(Q) in both sides of the above inequality yields

M(IQ)/QDMPCIM < (u(2162)) (/Q IDulﬁdu>K, (3.7)

we are now in a position of using Lemma 2.3 to improve the degree of
integrability of |Du|. Accordingly, there exists p; > p such that |Du| €
L (Q,w). By Sobolev imbedding theorem we have u € Wé’fl (Q,w). This
completes the proof of the theorem.
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In this paper, the solutions of the Riemann boundary value problems on infi-
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1. Introduction

The theory of classical singular integral equations and boundary value prob-
lems of holomorphic functions on a complex plane C into another complex
plane has been summarized in [6]. Solutions of boundary value problems
(BVP for short) on C into Banach spaces or locally convex spaces has been
studied as well (see [3,4]). But the research into the solutions of BVP of
holomorphic mappings on an infinite dimensional space into another infi-
nite dimensional space are much more difficult. In this paper, solutions
of BVP on an infinite dimensional locally convex m-algebra, except for lo-
cally convex and bounded differential manifolds with infinite dimensions as
a boundary into another infinite dimensional locally convex m-algebra are
explained.

We shall state solutions of BVP on an infinite dimensional complex lo-
cally convex space in the following aspects: Section 2 gives locally convex
spaces for a class, the concepts and properties of holomorphic and mero-
morphic mappings on locally convex spaces. In Section 3, the concepts and
properties of singular integral, the Holder condition, and the Plemelj formu-
las on infinite dimensional spaces are obtained. In Section 4, the solutions
of Riemann boundary value problems of holomorphic mappings on infinite
dimensional spaces into other infinite dimensional spaces are constructed.

2. Locally Convex Spaces for A Class

2.1. Product spaces
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In this subsection, the properties of product spaces are showed. Be-
cause every locally convex space is topologically isomorphic to a linear
subspace of a topological product of Banach spaces by conclusion 18.3.(7)
of Section 18 in [5], the topological product of Banach spaces is discussed
in this subsection and the following subsections, in order to establish the
solutions of boundary value problems on a set in infinite dimensional
spaces into other infinite dimensional spaces. We introduce product spaces
as follows. Let £ and F, be commutative and complex Banach algebras
with the unit element e, and with the unit element é, for any ¢ respectively.

Let &€ = [[€, and F = [[F,. Let a: (0,1) — (0,1) be a bijective

mapping. Similarly, define []z, =[]z, € E(F). Here ' = at. Define the

L L
multiplication in & by zw = [ z,w,. Here z,,w, € £,. From the definition
L

of the multiplication we can derive that the inverse 271 of z is written as
[Tz if 271 exists in €& In &,(F,), the point at infinity is defined by

L

[|2.|| = co, denoted by oo,. Define co= H 00,. Let

o-{ 1I S)XH{ZT] e U TS

0<e<1,L#T; 0< Tr; < 0

Then Q in (2.1) is the base of neighborhoods of 0 in €. Here 0 = J]0

and NT is a set consisting of all positive integers. Any neighborhood in
is one-to-one correspondent to a 7-norm (i.e. semi-norm) ||z|-), where

k 1
l2llrk) = (Z ||sz||2) * for any positive integer k. We can get that &
=1

is Hausdorff by using all £, being Banach spaces. In fact, assume z; #
z9 € &, then there exists a ¢y such that z;,, # 22, in &,. It follows
that there are two neighborhoods satistying 7, (2140) () Vra,, (22,0) = 0,
because &,, is Hausdorff. Here 7,, (2ju,) = {210 * (200 = 2jso || < 700 } for
J = 1,2. So there exist two neighborhoods v/, (z;) (j = 1,2) C £ such that
Vi (21) Vi, (22) = 0, where 7y, (2;) = I & X Vr,,, (254,). Thus € is

LF#Lo
Hausdorff. We can check that £ is a Hausdorff complex locally m-convex

and commutative algebra with the unit element é = []e,.
L

Let L(E,,F,) be a set consisting of all bounded linear mappings from
a locally convex space &, into F,. Let L(E,F) = [[£L(E,,F.). Define the

operation E n

Z H Tur, = H Z Tz, (2:2)

=1 j=1 j=11=1
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for any T, € L(&:,,Fr;). For convenience we also define z* = J]z.
Here « € R =]]R,, @, € R, = (—00,00) and z € £.
Let D, C &, be an open set for any ¢. It follows that D =[] D, C £ is

a finitely open set (cf. [2]). Let the set H(D,F) consist of all holomorphic
mappings on D into F.

Let D be a finitely open and connected subset of £. A mapping f :
D — F is said to be differentiable (derivable), if for each point zy € D,
there exists a mapping T € L(E, F) such that

o 1£02) = £(20) = Tz = 20|y _

0
=20 |z — ZO”T(k)

for arbitrary 7-norms || - [, on £ and F. Here Tz = [[T,2, and T is

denoted by D f(zp).

Let D be a finitely open and connected subset of £&. A mapping f :
D — F is said to have an (L)-derivative T € L(&,F) at z = zo, if for each
e €RT,aéd Rt can be found such that

1f(2) = f(20) = T'(z = 20) |l (k) < &r(ayllz — 20l (k)
as ||z — zollr(k) < 0-(k)- Here Rt =[](0,00,). If f(z) has a (L)-derivative
at each point of D, then it is said to be (L)-analytic in D.

Theorem 2.1. A mapping f € H(D,F) if and only if f can be expressed
as f(z) =11 f.(z.), where f, € H(D,,F,) and D C £ is open.

Proof. Assume that f € H(D,F). Let Il () : F — Fr) be a projective

operator to the product of all 7, j = 1,..., k. Here F ;) = H§:1 Fr; and
Fr(k) is a commutative and complex Banach algebra with the unit element

Er(k) = Hle ér,. Lemma 2.7 in [1] yields that II. ) f(2) is a holomorphic
mapping on D into -7:7—(1@) It follows that H.,.(k)f(z) S H(HT(k)D, F—r(k)) It
is clear that a mapping f : D — F is differentiable if and only if it is (L)-
analytic in D. So from Theorem 13.16 in 7] we derive that f is (L)-analytic
in I ) D if and only if it is holomorphic in Il ) D. Because Fr ) is a
Banach algebra with the unit element, Theorem 26.4.1 in [2] yields

NE

Iy f(2) =Y Triy 2y — 200 ()’
=0
_ (ZTT.; (Zri=20m) ooy D Ty (2, —onk)J) (by (2.2))
=0 =0

= (fri(zry)s -5 fr(27))
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. k
m V’F,—(k) (zO'r(k)) = Hl:l VTTl (zOTL)a where
TTj(k) = (TTf yeee Tri) € 'C(ET(k)v-’TT(k))a

Zr(k) = (Z‘ru R z'rk) € gT(k})? TT{' € 'C(gnaf'rl)a

) .
and fr,(z7,) is the analytic continuation of ) T (2, — 20r,)’, and where
j=0 !

k k
= [l rn. So Il f(2) = II fr,(25). Using the arbitrariness of
I=1 =1

operator I (;y and Lemma 2.7 in [1], we obtain that f(z) can be rewritten
as [[ f.(z.)-

L

Inversely, a mapping f can be written as the product form of all f,(€
H(D,,F,)). From Definition 5.1 of a holomorphic mapping in [7], we derive
that

:Hipz[”j] L= Z00) —ZHP[] L= 20.) ipﬁ (z — 20)
Jj=1

L =1 j=1

converges uniformly in v/(zp) for any 7-norm and any zg € D, where
P[]](zL - zob)(P} ](z — 2p)) is an j-homogeneous continuous polynomial
of z, — zo.(z — 2z9) to be generated by f,(f) in suitable neighborhood
V(20.) (v (z0)) of the point zg,(z). Hence f is holomorphic in D according
to the definition of a holomorphic mapping. The proof is finished.

A meromorphic mapping on an open set D without appearance in [1]
and [7] may be defined as follows: A mapping f: D C £ — F is called mero-
morphic, if there exists a holomorphic mapping ¢ ( with ¢, # ¢, for any ¢):
D — F such that ¢f is holomorphic and ¢~1(2) exist in D except for the
zeros of ¢, where ¢, is a constant for any ¢ € (0,1). A set of all mero-
morphic mappings from D into F is denoted by M(D,F). From The-
orem 2.1 we derive that f € M(D,F) can be represented by [] f.(z.),

where f, € M(D,,F,). In fact, because ¢ is holomorphic in D and ¢!

exist except for its zeros, ¢! = [][¢.(2,)]~ . Sitting ¢f = g we have
L
f=9¢tg=T1lg.(2)[p.(2)]"" without common factors between holomor-

L
phic mappings ¢ and g in D. A holomorphic (meromorphic) mapping f on
D into F(F) is said to be actual, if its each component f, # c,. The zeros
of ¢ is called the poles of f.
A holomorphic mapping f is called to have a zero of order k at the point
zo, if its each component f, has a zero of order k at zp,. This property of
f is called to be of the homogeneous order at a zero zp (the homogeneous
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order for short). A pole zy of a meromorphic mapping f is called to be of
order k, if the holomorphic mapping ¢ has a zero of order k at the point
Z0-

A zero (pole) zp of f is called to be isolated, if there exists a finitely
open subset Dy C D containing zy, such that f(z) # 0 (f(2) 756\0) for
z € Do\{z0}. Then there are the following results.

Theorem 2.2. Let f € H(D,F). A holomorphic mapping f of the ho-
mogeneous order at any zero of f is actual if and only if any zero of f is
isolated, where D(# 0) C € is an open set.

Corollary 2.3. If a mapping f € M (D, F) with poles possesses the homo-
geneous order, then f is actual if and only if any pole of f is isolate.
The following conclusion is obviously.

Proposition 2.4. If f at a pole zy is of order m with the property of the
o0

homogeneous order, then f can be written as Y, T;(z—z0)? with T—,, # 0
j=—m
in some punctured neighborhood <7, (z0)\{z0}-
In particular F = &, we can define the exponential mapping exp z =

oo .
e+ >, ';—J, Theorem 2.1 yields expz is an entire mapping, because each
j=1
component is entire by Theorem 3.19.1 in [2]. The inverse mapping of
exp z is called the logarithmic mapping, denoted by log z. It follows that

we have exp(logz) = z. Because [[expz, = exp[]z, by the definitions

L L
of the multiplication and the exponential mapping on £ for any 7-norm,
log z =[] log z,. Hence log z is also holomorphic in its domain by Theorem

L
2.1 and the uniqueness of the analytic continuation.
2.2. Integrals
Assume that v : A = [[A, — & is a strongly continuous mapping in the

L
sense of any 7-norm, where A, C R, is a closed interval, that I' C £ is the
graph of v, and that f: ' — &£ is a mapping. If

Vaf[’ﬂT(k) = SUPZ v(t) = v(Ea—1)llrx) < o0
"=t

for all possible finite partition of A, then ~ is called to be of the strongly
bounded variation, and Var[’y]T(k) is called the strongly total variation,

where {¢;}7-, C A. If the limit of the partial sum s,(7) = Y f(z)[z1 —
=1

2(1—1)] exists for any partition 7, then this limit is called the integral on T,
denoted by [ fdz, where z; = (t;).
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Let P,, C & be a hyperplane via the origin for n, € ©,. Let the
interior of the graph I';, of any closed simple smooth curve 7, be in a
simply connected subdomain of a relative domain P, (D, C &,. Here

HD C & is an open set, |J P, (1D, = D, is satisfied. The
n.€0,
posfmve direction of I' C P, can be defined by the positive direction of I',

for each ¢. Here P, =[[P,, and n=][[7n, € © <— H@L). Let Dg, be the
interior of T', and D = [[ D.. Let ES_ = Hﬁ(—i.

Lemma 2.5. If f : T' — & is holomorphic and -y is the product of the simple
and rectifiable curves vy, , then

IRCCE Il / IO

where f(z) =] f.(2.).

L
Next the most main theorems on D C £ can be derived from the defi-
nition of integral and those corresponding results with classical conclusions
in complex analysis respectively. For examples, Cauchy’s integral theorem
and formula hold on D C €.

3. Singular Integral
3.1. Manifolds

In this subsection, the concept of a manifold is developed to the case on £.
Let A be a set. A chart on A is a bijection z from a subset U C A to an
open subset of a locally convex space £. We sometimes denote z by (U, z),
to indicate the domain U of z. An C* atlas on A is a family of charts
B ={(Uj,z;) : j € NT} such that

(i) A=U{U; : j e NT}, and

(ii) any two charts in B are compatible in the sense that the overlap
mappings between members of B are the C* diffeomorphism: for two charts
(Uj,zj) and (Uj,z;) with U; ﬂUl # (), we form the overlap mapping: 21y =
2,0z Y2;(U; N UL), where z; 12, (U; N U;) means the restriction of zj Lto
the set z;(U; N U;). We requ1re that z;(U; (" U;) is open and that z;; is an
C* diffeomorphism.

Two C* atlases By and By are equivalent, if B; B2 is an C* atlas. An
C* differentiable structure D on A is an equivalence class of atlases on A.
The union of the atlases in D, Bp = |J{B : B € D} is the maximal atlas
of D. If B is an C* atlas on A, the union of all atlases equivalent to B is
called the C* differentiable structure generated by B.
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A differentiable manifold M C £ is a pair (A, D), where A is a Hausdorff
space and D is an C* differentiable structure on A. We shall often identify
M with the set A for notational convenience. If a covering by charts takes
their values in a locally convex space, then we say that M is an C* locally
convex manifold on the locally convex space.

A mapping f : M — F is said to be holomorphic, if there is a fam-
ily {Uj};en+ D M of open sets such that the composite mapping fo
(zj]U;)~' : z;(U;) — F is holomorphic for each j. Similarly, we can define
a meromorphic mapping on M into F.

3.2. Holder condition

Assume that £ and F are the complete Hausdorff locally m-convex algebras.
If a mapping f: M(C £) — F satisfies for any semi-norm

LF(E) = £ e < AllE — 7] for 0<a<1

for any t',t” € M, where A and « are constants, then f is called satisfying
the vector-valued Holder condition of order .. The set VH, (M) (or VH,)
consists of all mappings of satisfying the vector-valued Holder condition of
order a on M. A semi-norm || f|-(x), on V H, is defined for any f € VH,
and for any semi-norm on £ and F as follows

= FE, ,
1£( /) ff a)ll ® .y eM}.
[

|mmfwmmmwmeMHm{

Using similar to the classical methods (see [6]) and the properties of the
complete Housdorff locally m-convex algebra (see [7]) we can obtain the
following properties:

Proposition 3.1. Assume f,p € VH, (M), the following conclusions hold:
(V) if fe VH(M)(=UV H,), then f is continuous on M;

(2) if0< B <a and f € VHL(M), then f € VHg(M);
(3) if F is a complete Hausdorff locally m-convex algebra and if f,o €
VH,(M), then f + ¢, fo € VH,(M).

3.3. The principal value

Let M be a locally convex manifold in £, D a domain in £ and 0D (= M)
a boundary of D. Assume that B(§,,0,) is a ball in £, with a center &, and
a radius 0, i.e, {z : |z — & < §,} C &, that B(£,9) = [[ B(&,,9,), and

that o(£,8) = M N B(&,9).
Assume for convenience, that M C £ is a closed manifold and L, =

P, (M is a section of M satisfying M = ¢ L,,. Here [t} means that the
neoe
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set © satisfies M = |J L, and there is the unique n € © for any point
neo
t € M such that t € L,. Let L, = [[L,,, and L,,(C P,,) be a simple

smooth closed curve in the sense of isomorphism.
Let ¢ and &€ be on M (C &) . Define the integral

| rwa- [ ety =BT / iy

to be in the sense of any semi-norm. Here f(t) = @ f,(t;) =
n
DI/, (t,) (€ VHy): M — &€ and f,(t,) denotes that the domain L,

n ot

of mapping f(t) is restricted to P,, and € denotes f(t) = f,(t,) as t = t,,.

If (t—¢&)~! € € exists and the mtegral hr% [ f@)(t—&)dt exists for
M—c(£,5)

any semi-norm, then the limit is called the principal value of the Cauchy

type integral, denoted by

/Mf(t)(t — &)t (3.1)

Theorem 3.2. If f(t)(€ VH,) : M — & and £ € M and if (t — &)~ exists
fort,& € M except for t = &, then integral (3.1) exists in .

3.4. Plemelj formulas
Let p(t)(€ VHy) : M — £. Tt follows that

/ ontn)(ty — 2) At

n

is also holomorphic function of z, for z, ¢ L, in P, and is denoted by
®, (2,). Applying classical Plemelj formulas in [6], we deduce that

1 1
B (60) = 500 (60) + 57 [ Pnltadltn —6) Ny (32)

for any ¢, € L,, and any ¢, where @%{ (&,) (either € Hy as 0 < a < 1 or
€ Hy_. as o = 1) are the boundary values of ®,, (2,,) as z,, tends to L,,
from the interior and the exterior of L,, for any ¢ respectively. Let

(&) Hcp &), H<1> (2p,),and ®(z @@ (2n)-

Relations (3.2) and (3.3) imply the following conclusion.



422 Chuan-Gan Hu

Theorem 3.3. (Generalized Plemelj formulas) If (€ VH,): M — £ and

sup{|len, [[m, = ¢ € (0,1)} < oo,

and if (t — &)~ exists for t,& € M except for t = £, then

(i) DE(E) = +50(8) + 55 [o 9()(E — &)~ 'dt, where DF(&) and &~ (€)
are boundary values in VHy (0 < a < 1) or VHi_. of a mapping ®(z) as z
tends to L from the interior and the exterior of L respectively, to be defined
by z,, tending to L, from the interior and the exterior of L,, in the sense
of isomorphism respectively;

(ii) the piecewise E-valued mapping ©(z) is holomorphic as z ¢ M.

4. Riemann Boundary Value Problems
In this section, the holomorphic solutions ®(z) with form @ ®,,(z;) of the
n

Riemann boundary value problem
OT(t) = G)® (t) + g(t), t € M, (4.1)

satisfying ||(I)(O/2>)||.,.(k) < oo for any semi-norm are found, where G(t) =
D Gy(ty) = DIIGy (ty,) and g(t) = D gy(ty) = D19y () (€ VHa):
]\T)J — & are ginverLl. ! e

Let Indp, G(t,) = [[Indr, Gy, (t,,) € R (s, = [] Ky, for short) be the
index of G. Let ' L

X (z,) = €l (o) if 2, € D
N\ ? yn 7.7
‘<7h( m) {

X, (2n,) =2y, —209,) " el ) if 2, € D,

Here
1 » -
FT]L (th ) = % /L [log(tm - 2077/. ) " an (tm )] (t"h - Z”]L ) 1dt77L

for z, & Ly, zop € D,J{L , log denotes the principal value, the bound-

ary 0D, of Dy is Ly, D} and D, are the interior and the exte-

rior of D, (a domain) C P, respectively. Let X(z) = @I[X,, (z),
n ot

P.=@IIP., (2), and k = @ r,. Here P;, is a polynomial of degree
K, - v !

Classical corresponding methods in [6] yield the solutions of (4.1) as
follows.
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(i) If & > 0, then
P(z) = ?q’n(zn)
Xy (2n) _ + -1 > 5
61? { /Ln gn(tn)[(tn n)Xn (tn)] dty + Pm,( n)Xn( n)}

271

X(z)

T 2mi /M g(B)[(t — 2)X T ()] " dt + P (2) X (2),

where P, is any polynomial of degree , and P, = € P,, any polynomial
n

of degree k.
(ii) If kK = —1, then (4.1) has a unique solution

25 =52 [ g0l - 2x 0] (4.2
where 1 =[] 1.
(iii) If k< —i and [, 9@t X+ (@) tdt = 0 for k = 0,1,...,—k — 2,

then (4.1) has a unique solution (4.2).
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